THE POWER OF STANDARD INFORMATION
FOR MULTIVARIATE APPROXIMATION
IN THE RANDOMIZED SETTING

G. W. WASILKOWSKI AND H. WOZNIAKOWSKI

ABSTRACT. We study approximating multivariate functions from a reproducing ker-
nel Hilbert space with the error between the function and its approximation measured
in a weighted Lo-norm. We consider functions with an arbitrarily large number of
variables, d, and we focus on the randomized setting with algorithms using standard
information consisting of function values at randomly chosen points.

We prove that standard information in the randomized setting is as powerful as
linear information in the worst case setting. Linear information means that algorithms
may use arbitrary continuous linear functionals, and by the power of information we
mean the speed of convergence of the nth minimal errors, i.e., of the minimal errors
among all algorithms using n function evaluations. Previously, it was only known that
standard information in the randomized setting is no more powerful than the linear
information in the worst case setting.

We also study (strong) tractability of multivariate approximation in the randomized
setting. That is, we study when the minimal number of function evaluations needed
to reduce the initial error by a factor € is polynomial in e ! (strong tractability), and
polynomial in d and e~! (tractability). We prove that these notions in the randomized
setting for standard information are equivalent to the same notions in the worst case
setting for linear information. This result is useful since for a number of important
applications only standard information can be used and verifying (strong) tractability
for standard information is in general difficult, whereas (strong) tractability in the
worst case setting for linear information is known for many spaces and is relatively
easy to check.

We illustrate the tractability results for weighted Korobov spaces. In particular,
we present necessary and sufficient conditions for strong tractability and tractability.
For product weights independent of d, we prove that strong tractability is equivalent
to tractability.

We stress that all proofs are constructive. That is, we provide randomized algo-
rithms that enjoy the maximal speed of convergence. We also exhibit randomized
algorithms which achieve strong tractability and tractability error bounds.

1. INTRODUCTION

Multivariate approximation is one of the most commonly studied problems in inform-
ation-based complexity. The main reason is that many other continuous problems are
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intrinsically related to multivariate approximation. Examples include multivariate in-
tegration, solution of partial differential or integral equations, quasi-linear problems,
and some non-linear problems, see for example [25, 30] as well as Section 4.

In this paper, by multivariate approrimation we mean approximation of functions
defined on D C R? that belong to a reproducing kernel Hilbert space. We stress that
the number of variables, d, can be arbitrarily large. The distance between the function f
and its approximation A(f) provided by an algorithm A is measured in the p-weighted
Lo-norm,

I = A1 = ([ 1f(@) - A@) pla) e "

for a probability density function p.

The algorithm errors can be studied in the worst case, average case, asymptotic
and/or randomized settings, see e.g., [13, 19, 20, 21, 22, 23, 29] for more details. We
focus here on the randomized setting and show relations between the randomized and
worst, case settings.

We consider algorithms that use a finite number of information evaluations about the
function f being approximated, where one information evaluation corresponds to the
evaluation of one linear functional. In a number of applications, information evaluation
is constrained to be a function value at some point; this corresponds to the class AStd
of standard information. If evaluation of an arbitrary continuous linear functional is
allowed then this corresponds to the class A*! of linear information.

These two classes, A**Y and A*!, have often been studied for multivariate approxima-
tion. We measure their power by the speed of convergence of the nth minimal errors,
i.e., of the minimal errors among all algorithms using n information evaluations. More
precisely, we are looking for the largest exponents p*' and p** for which we can find
algorithms using n information evaluations from A*!' and As*d whose errors are of order
n " and nP", respectively. Obviously, p*!! > p*'d which means that A% is at most
as powerful as A", Due to the practical significance of A**Y, it is important to verify
for which spaces and settings the class A**? is as powerful as the class A*", i.e., when

all _  std
p =D

The analysis needed to determine the maximal speed of convergence is usually much
casier for the class A*' and is constructive. For example, for the multivariate approx-
imation problem studied in this paper, it is known that the algorithms with minimal
worst case errors are fully determined by the eigenpairs of a certain compact operator
W which depends only on the reproducing kernel and the weight p of the Ls-norm,
see Section 2.1. Furthermore, the nth minimal errors are the square-roots of the eigen-
values \,4; of the operator W. Hence, the power of the class A®! in the worst case
setting is fully determined by the speed of convergence of /A, to zero, and p*' = p if
A, = ©(n~?). A similar characterization holds in the average case setting.

The analysis for the class A** is much harder. For general reproducing kernel Hilbert
spaces, there are a few non-constructive results relating the power of standard infor-
mation to the power of linear information, see e.g., [5, 28] for the worst case setting
and [8, 28] for the average case setting. In the worst case setting, it was shown that
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pt > pall(1 — B3) for some positive 3 depending on the space, whereas in the average
case setting it was shown that p*? = p?!'. These results were obtained under some
assumptions on the Hilbert spaces. In particular, in the average case settings it was as-
sumed that eigenfunctions of the operator W normalized in the Ly-norm are uniformly
bounded in the L,-norm. The last assumption holds for weighted Korobov spaces, see
Section 5. For some specific spaces there are a number of constructive results for multi-
variate approximation in the worst case and average case settings, see e.g., [9, 10, 27];
however, with the exception of [27], it is still open if the algorithms proposed there
achieve the speed of convergence n? with the optimal exponent p = p*4.

There are so far no constructive results showing that ps*d = p2!! for all d either in the
worst case, randomized or average case setting. In this paper, we address this question
for multivariate approximation in the randomized setting.

Before we describe the main results of this paper, we briefly recall what has been
known so far for multivariate approximation in the randomized setting, see, e.g., [6,
11, 13, 15, 21, 26]. It was proven in [15, 26] that linear information in the randomized
setting is no more powerful than the linear information in the worst case setting. That
is, if we denote the maximal exponent of convergence in the worst case setting for the
class A by p*!=%°r and the maximal exponents of convergence in the randomized
setting for the classes A and A4 by pall=ran and pstd—ran respectively, then
std—ran < pallfran

all—wor

p =D
The main result of this paper, Theorem 1, states that standard information in the
randomized setting is as powerful as linear information in the worst case setting and,
hence, both of them are equally powerful as linear information in the randomized
setting, i.e.,

(1) pstd—ran — pall—ran — pall—wor.

We stress that this holds when multivariate approximation is defined over reproduc-
ing kernel Hilbert spaces and the error is also measured in a Hilbert space. It is proved
in [6, 11] that (1) is not true if multivariate approximation and its error are defined
over some Banach spaces.

The proof of (1) is constructive. That is, we provide randomized algorithms and
distributions of their sample points with the errors achieving the speed of convergence
with the exponents arbitrarily close to p'=%°'. More precisely, for any integer k, we
construct randomized algorithms using nk function values at randomly chosen sample
points with the randomized error of order n™P%, where

all—wor k
PE = pall—wor 1— 2p !
2pall—wor + 1

We also show that by taking k£ of order In In n we obtain an algorithm that uses m =
O(n In(In(n))) function values and whose error is of order 7"~ (In(In(m)))?"" """ +03,
Hence, modulo a power of the double logarithm of m we achieve the best possible speed
of convergence.

For given k, the randomized algorithm uses k different distributions each for n sample
points, and all distributions depend on the eigenpairs of the operator W from the worst
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case setting. If such distributions are hard to implement, one can use only one simpler
distribution of the sample points under an additional assumption. Indeed, the same
speed of convergence can be achieved by using independent and identically distributed
sample points whose distribution uses the weight p as its probability density function,
providing that the normalized in the p-weighted Lo-norm eigenfunctions of the operator
W are uniformly bounded in the L.-norm, see Theorem 2. This assumption is the same
as in [8], where it was used for the analysis of the average case setting, and it holds for
weighted Korobov spaces, see Section 5. If, however, the last assumption is not satisfied,
and instead the values of the kernel of the Hilbert space are uniformly bounded, then
we provide randomized algorithms using nk function values with convergence of order
n~Pk with py arbitrarily close to 1/2. Hence, in this case, we may lose the speed of
convergence if the eigenvalues of W tend to zero faster than n~'/2. Note, however, that
the speed of convergence n~/? is independent of d which parallels the well-known and
celebrated speed of convergence of the classical Monte Carlo algorithm for multivariate
integration.

As already mentioned, results for multivariate approximation can be applied for
other problems. To illustrate this point, we apply them in Section 4 to derive efficient
randomized algorithms for approximating weighted integrals [ p f(x) p(x) dz. More
precisely, we apply the classical Monte Carlo algorithm with the well-known variance
reduction technique utilizing the multivariate approximation algorithms of this paper.
When we do this with the three multivariate approximation algorithms mentioned
above, we obtain three integration algorithms whose randomized errors are y/n times
smaller than the randomized errors of the corresponding multivariate approximation
algorithms. In particular, our algorithms guarantee the speed of convergence arbitrarily
close to n~! (or higher) for all uniformly bounded reproducing kernels of the Hilbert
spaces. Needless to say this is much faster convergence than the convergence of the
classical Monte Carlo method.

We also study (strong) tractability of multivariate approximation in the randomized
setting for the class AS*d. That is, we analyze when the minimal number of randomized
function values, n""(e,d), needed to reduce the initial error by a factor £ depends
polynomially on d and e, If this holds then multivariate approximation is tractable in
the randomized setting for the class AS*d . If n™* (¢, d) can be bounded by a polynomial
only in e7! independent of d then multivariate approximation is strongly tractable in
the randomized setting for the class A",

Based on Theorem 1, we prove in Theorem 4 that strong tractability and tractabil-
ity in the randomized setting for the class AS'*! are respectively equivalent to strong
tractability and tractability in the worst case setting for the class A®!. Furthermore,
the estimates of n™" (e, d) are practically the same as its counterparts in the worst case
setting. This is important since the conditions on strong tractability and tractability
in the worst case setting for the class A*! are known for many spaces and, in general,
are easy to obtain. We illustrate this point for weighted Korobov spaces of periodic
functions with general weights which moderate how functions depend on the groups
of variables. We provide in Theorem 5 necessary and sufficient conditions on strong
tractability and tractability as well as bounds on the minimal number of information
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evaluations in the worst case setting for the class A*! and in the randomized setting
for the class A%*d in terms of general weights of this space. In particular, we show that
for product weights independent of d the notions of strong tractability and tractability
coincide.

We end this introduction by a note on future research. We believe that the proof
technique presented in Theorem 1 can also be applied for multivariate approximation
in the worst case and average case settings, and will permit improving the existing
results on the power of standard information. In particular, in the worst case setting
for reproducing kernel Hilbert spaces, we would like to verify whether we always have
pi=wor — pstd=wor Ty the average case setting, we believe that the assumption used in
[8] on the uniformly bounded eigenfunctions in the L.,-norm can be eliminated and we

always have p*l=8v& = pstd—ave Thjg will be reported in a forthcoming paper.

2. MULTIVARIATE APPROXIMATION

We begin with basic definitions and facts concerning multivariate approximation.
Let H be a separable Hilbert space of real functions f defined on a domain D C R
The inner product and the norm in H are denoted by (-,-); and || - ||, respectively.
Since we approximate f based on its function values, we need to assume that f(x)
is a continuous functional for any « € D. This is equivalent to assuming that H is a
reproducing kernel Hilbert space whose kernel is denoted by K. For general properties
of reproducing kernels, we refer the reader to, e.g., [1, 24]. Here we only recall that

K(,x) € H and fx) = (fL,K(.x)y VfeHxeD.
In particular, we have
[f(@)] < flla- [KC2)lp and [|K(,2)|a = VE(z, 2).

We are interested in approximating functions f with errors measured in a weighted
Lo-norm. That is, let p be a given probability density function,

p:D — R, and /p(:c)da: = 1.
D
Without loss of generality, we can assume that p(ax) > 0 for almost all . Then
G =G, = {g:D—>]R : /D|g(:1:)|2p(a:)dm < oo}
is a well defined Hilbert space whose inner-product and norm are given by

{(f:9)a = /Df(w)g(w)f)(w)dw and  |gll¢; = /Dlg(w)\zp(w)dw-

Multivariate approzimation considered in this paper is defined as the problem of
approximating f with the error measured in || - ||g. Without loss of generality, we can
restrict our attention to linear algorithms of the form

@ AG) = Y L)
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where n is a non-negative integer, the functions g; = ¢, ,, belong to G, and L; = L, ,, are
continuous linear functionals. For n = 0 we set A = 0. For the settings of this paper we
can assume that the number n of functional evaluations is fixed, i.e., is deterministic
and does not depend on f, see also Remark 1. It is called the cardinality of A and is
denoted by
n = card(A).

We consider two classes of L;. The first class is A = A?!! which consists of all continuous
linear functionals. That is, L; € A! iff there is an element of g; € H such that
Li(f) = (f,gi)y for all f € H. The second class is the class of standard information
A = A** which consists of function evaluations. That is, L; € A®*d iff there is a point
t; € D such that L;(f) = f(t;) for all f € H.

2.1. Deterministic Worst Case Setting. We now briefly recall what is known for
multivariate approximation in the deterministic worst case setting with A = A?*!. In
this setting, the functions g;’s from G and L;’s from A®! in (2) are fixed, and the
(deterministic) worst case error of an algorithm A is defined by

" (AsH,p) == sup ||f —A(f)lle-

I flle <1
For a fixed value of n, let e"**(n; H, p, A*!) denote the n-th minimal error, i.e.,
ewor(n; H, P, Aall)
= inf {e"(A; H,p) : A given by (2) with L; € A* and card(A) <n}.
In another words, e"°"(n; H, p, A*!) is the smallest worst case error among all algo-
rithms that use at most n continuous linear functionals. An algorithm that achieves
this smallest error is said to be an n-th optimal algorithm.

We now recall well-known results, see e.g., [23, Thm.5.3], that characterize n-th
optimal algorithms via eigenpairs of the following operator W,

(3) W:H—-H and Wy := /g(t) K(-,t) p(t)dt.

One of the results states that
lim ™ (n, H, p, A*) = 0 iff W is compact.

n—oo
This is why we assume throughout this paper the compactness of W. The operator W
is also self-adjoint and non-negative definite. Moreover,

(4) <f7g>H: <f7Wg>G ‘v’f,gGH

This implies, in particular, that H is continuously embedded in G, and
1F Il < W21 flle with e (05 H, p, A) = [[W2].

The operator W has eigenpairs (A, 1x),

(5) Wy, = ey k=1,2,...,

with orthonormalized n;’s and ordered A, i.e.,

<77j,77k>H = 5j,k and /\k Z )‘k—i-l Vk with kh—>rgo /\k = 0,
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where 0, denotes the Kronecker delta. We can also assume that all the eigenvalues
are positive since otherwise the problem would be trivial. Another result states that

n

(6) A(F) =) o)y me

k=1
is an nth optimal algorithm and

(7) eV (AX H, p) = " (n; H, p, A" = \/Any1.
In particular, for n = 0 this means that [|[W/2|| = /A;.
Observe that for any f € H and k£ > 1, we have

(8) e {fsme) g = (s W)y /f @)ne(x)p(e) de = (f, k) -
This implies that

9) (M M) = M Ojk

Therefore, if we set

(10) = A

then the functions 7y are orthonormal in G,

(11) (5, k) = Ojk-

This is why A} can be rewritten as
AL =D T e T
k=1

2.2. Randomized Setting. In the randomized setting, we consider algorithms A of
the form (2) for which both the g;’s and L;’s could be randomly selected according to
some probability measures. We explain in Remark 1 that randomization does not help
for the class A?!. That is why we restrict our attention to the class A**® and consider
the following class of simplified random algorithms that use function evaluations at
randomly chosen points. They are of the following form:

(12) As(f)ZZf(t)gz

where t = [ti, ..., t,] for random points ti,...,t, from D which are independent, and
each t; is distributed according to some probability whose density function is denoted
by w;. The functions g,z may depend on the selected points ¢;’s. For any f, we can
view A.(f) as a random process, and Ag(f) is its specific realization.

The randomized error of A is defined as

1/2
(A H, p) = sup (/D--~/DHf—Az(f)lléwl(tl)---wn(tn)dtl "-dtn> :

If <t

To simplify the notation, we will write Eg||f — Az(f)||% to denote

Eellf — A1) = /D /D 1 = A(F)Bwi () wnlty) dty . dt,
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It is easy to see that for algorithms (12) we have

(Eellf — AN < | fllae™ (A Hyp) Y f € H.

Similarly to the worst case setting, by €' (n; H, p, AS*!) we will denote the smallest
randomized error among all such algorithms A with cardinality at most n,

e (n; H, p, A**) := inf {e™(A; H,p) : Ais given by (12) with card(A) < n}.

Here, the infimum is taken with respect to all possible choices of distributions of sample
points ¢; as well as all possible choices of functions g; .

There are a number of results showing that, essentially, A*" is equally powerful in
the deterministic worst case and the randomized case settings for multivariate approx-
imation defined over Hilbert spaces, see, e.g., [6, 11, 13, 15, 21, 26]. For instance, we
know from [15], see also [26], that

s H, p M) < e (s H,p, ) < V2 ([0 1)/2) 3 H,p, A,

One of the main contributions of the current paper is to relate the power of A!
with As*d. Indeed, in Section 3, we provide conditions under which e“°*(n; H, p, A*!)
and €' (n; H, p, A*'Y) have similar rates of convergence to zero as n tends to infinity.
This and the following remark are the reasons why, without loss of generality, we can
restrict our attention to simplified randomized algorithms of the form (12).

Remark 1. In the randomized setting, one may consider a very general class of ran-
domized algorithms of the form

Aw{f) = ¢w (Ll,w(f)a L2,w<f)’ SR 7an,£d(f))

with a random element w distributed according to some probability measure. Here, L; ,,
can be from the class A**d or A, the random mapping ¢,, can be linear or non-linear,
and we may use adaption, see e.g., [4, 6, 7, 12, 13, 15, 18, 21, 26]. Moreover, the number
n, = n,(f) of functional evaluations may be random and may depend adaptively on
f; in such a case card(A) is defined by sup ¢, <1 Eunw(f)-

Let e (n: [ p. A?!) denote the nth minimal error among all such generalized
randomized algorithms with L;, € A*L Clearly

egen—ran(n; H, D, Aall) S eran(n; ]{7 P, Aall) S ewor(n; H, P, Aall).

The standard proof technique to obtain a lower bound on 2"~ (n; H, p, A2l is the
reduction to the average case with some probability measure on the unit ball of H
which was first applied by Bakhvalov in 1959, see [2], and used in many papers, see
e.g., [6, 7, 11, 13, 15, 18, 21, 26]. By choosing an appropriate probability measure on
the unit ball of H one obtains an estimate in terms of the worst case setting, see e.g.,
[15, 26] for multivariate approximation. More precisely, from [14] we know that varying
cardinality of n,, can only help by a fixed factor, and using again the results from [15]
we conclude that even such generalized randomization does not help for A?! since

ewor(n; H, P, Aall) S 2\/§egen—ran(|_(n+ 1)/4J’ H, D, Aall)‘

In particular, this means that under the conditions of the next section, the simpli-
fied randomized algorithms (12) of this paper are almost as powerful as very general
(perhaps complicated and expensive to implement) randomized algorithms.
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3. MAIN RESULT

Throughout this section we assume that the eigenpairs of the compact operator W
satisfy

(13) Ve < G C(:) Vo =1,2,...

n

for positive numbers p and Cj, and a monotonically non-decreasing function C(n) for

which C(1) = 1. Let
2D 1
(14)  pp = p—p; :_—: with py := 0  and  my = [pPrtD/CrED ]
p

It is easy to check that

(15) Pk =P (1 - (2in 1)k) :

Hence, pi’s are increasing and limg p, = p. Moreover, the sequence {my}y is non-
decreasing and m;, < n. Let

m
(16) Oy (8) = p(E) -t (8)  with g, (8) == mit Y )],

j=1
where the 7;’s are given by (10). Clearly, due to orthonormality of the eigenfunctions
7;, the function w,,, is a probability density function.

For given n > 1, we consider the following family of randomized algorithms {A,, x}7° ;.
The algorithm A, ; will have cardinality at most nk, and will sample the functions at
points whose collection is denoted by fn,k. To stress the role of these points we write
Apg = An,k,fn,k'

For k =1, we define

(17) A, ) =Y [% > L"_(j)] 7

=1 = Y (Te

with EM = [T1,T2,..., Ty for independent and identically distributed (i.i.d. for short)
points 7,’s that are distributed according to the probability density function w,y, .
For k > 2, we define

(18)
— |1 © (7o) |
A () = Az (DD - DO TN ¢ ) [C) i) |
j=1 (=1 LA
with
En,k = [En,k—h T.], where T, =[1T1,...,7T4]

for i.i.d. 7,’s that are distributed according to the probability density function wy,, .

Of course, the whole vector ¢, consists of components distributed according to the
probability density functions wy,,, ..., wn,, respectively. Clearly,

card(A, ,z ) < kn Vt,, € D"
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Theorem 1. Let (13) hold. Then for every n and k,

C
(19) e (A H,p) < —=\/K[C 24 1.
Proof. The proof is by induction with respect to k. Since A, ; z  is a linear combination
of jj for j =1,2,...,my, we have for every n and k,
(20) <An7k5nk(f),n—j>c =0 VE,eD" VfeH Vj>my+l.

We begin with & = 1. Consider now functions f with || ||z < 1. Due to (8), (10), (11),
and the fact that the eigenfunctions 7; form an orthonormal system in H, we have

If = Anr2(DNE = BE(F8)+ Y (Fd Imill
j=m1+1
Z /\ f777j < El(f T)+)\m1+17
j=mi+1
where

mi 2
Ev(f;®) == Y [(/ e Zf 7o) M5 (Te) [y (T0)

7j=1

It is well-known, and can be easily verified, that then

7 (Ev(f;T) / / Ei(f;T)wm, (T1) - - wpy (7)) A1 ... d7y

/|f Um1 “p(@) daz:%/DfQ(az)pa: dex

<M< ™e
n n

Since m; < nY/®*) <m; +1 <n+ 1 and C(n) is monotonic, we obtain

Co

6ram(14n71;ll'—[7 p)2 < )\m1+1 + Cg — W

[(Cn+1)]*+1).

This completes the proof for k£ = 1.
Consider now k& > 2 and the algorithm A, ;. For functions f with || f||z < 1 we have,
as for the case of k =1,

(21) 1f = Az (DIE < Amerr + Br(f5E0k)
with

Ek(f; an)
mg
j=1

n 2

<f - An,k—1,zn,k_1(f>a77_j>0 - % > - Ab1g, 0, (T2 7;(7e)
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Taking now the expectation of Ex(f; an) with respect to fmk and using the indepen-
dence of Zn,kq and 7, we obtain

Bz, (Bx(fitnr)) = Bg,  Ea (Bi(f; [Enp1, 7))

<E nk1< > [ nkmM1<»<MQﬁjg§p@nm>

my myg
= By = Az, (DIE < WBMH(An,k—l;H, p)?

< mpn PO (k= 1) [Cn+1)])P+1) .
This and (21) imply that
Clmp+ 1) mpC3 (k—1)[Cn+1)]*+1)
(myg + 1)% n2pe-1t1
o

- nka

e (An s H, p)? < cg[

(k[C(n+ 1) +1),
with the last inequality due to monotonicity of C'(n) and the fact that
my < n(2Pe—1+1)/(2p+1) <mip+1<n+1.
This completes the proof. U

We already remarked that the exponents py converge to p. In fact, due to (15), we
have an exponentially fast convergence

B 219( ) = 2p \"
p pk—2p+1p Pk-1) = %+ 1 p

Hence, it is enough to perform a few steps to get py very close to p. More precisely, we
have the following proposition.

Proposition 1. For

_ [ (/s)

N [111(1 + 1/(2p))w
we have

pe > p(1—9).

Theorem 1 states that we can achieve nearly the same speed of convergence in the
randomized setting in the class A**d as in the worst case setting in the class A*!. Due
to Remark 1 it is the best possible result. Furthermore, the factors multiplying n™"* in
the randomized case are roughly only vk larger than in the worst case. Again, since k
is relatively small, this extra factor is not very important.

Assume now that C'(n) =1 in (13) and take

)
"= ‘[mu+¢mwnw
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for n such that In(In(n)) > 1. Then it is easy to show that

In(In(n))
In(1+1/(2p))

(A H,p) < eCy np\/2+ =0 <n’p ln(ln(n))).

This yields the following proposition.

Proposition 2. Let m = k*n = O(n In(In(n))). If C(n) = 1 in (13) then the algorithm
A, = Ap g+ uses at most m function values and

<1n<1n<m>>>p+°-5>

mpP

(R H ) = O (

with the factor in the big O notation independent of d and m and depending only on Cy
and p. Hence, modulo a power of In(In(m)), we obtain the same speed of convergence
as for the optimal algorithm A, .

We now relate the speed of convergence in the worst case setting for the class A?!
with the speed of convergence in the randomized setting for the class A**Y using the
concept of the optimal rate of convergence.

The optimal rate of convergence in the worst case setting for a class A is defined as

p"(H, p,\) = sup{r >0 lim e"(n; H,p,A)n" = 0}

n—oo

with the convention that the supremum of the empty set is zero. When A = A?! then
we have, due to (7),
P (H, p, AM) = sup{r >0 lim \/ A " = 0}.
The optimal rate of convergence in the randomized setting for a class A is defined
analogously as
pran(H’ P, A) ‘= sup { r > 0 . hm eran<n; H, P, A) nT = 0 } .

Then Theorem 1 and Remark 1 yield the following corollary.

Corollary 1.
pran(1¥7 0, Astd) — pran(H’ P, Aall) — pgen—ran(H’ P, Aall) — pwor(H’ P, Aall).

The algorithms A, ; achieve nearly the optimal speed of convergence. They use
randomly generated points ¢4, ..., ¢, with different distributions. Indeed, w,,, is the
probability density function of ¢, with ¢« = [¢/k]. Note that w,,, given by (16) depends
on the eigenfunctions 7; in a way that might be sometimes too difficult to implement.
Therefore, it is natural to ask if a similar result could be obtained with the same
distribution for all the points and whether this distribution could be simplified and
be independent of the eigenfunctions 7;. It turns out that this can be achieved under
an additional assumption on the eigenfunctions 7); as already proven in the different
context in [8], where multivariate approximation has been studied in the average case
setting.
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We consider therefore the following algorithms A7 ; that are modifications of the
algorithms A, ;. They are given by (17) and (18), however with the i.i.d. points 7,
distributed according to the density function p, i.e., w; = p for every 1.

Theorem 2. Suppose that the eigenpairs of the operator W satisfy (138) and
(22) sup [[7nllee < C2

for a positive constant Cy. Then the algorithms A, ;. satisfy

Co Cs VECn+ 12+ 1.

(23) (Al H, p) <

n,ks

nPk

Proof. The proof of this theorem is very similar to the proof of Theorem 1 as well as
to the proof in [8], and hence is omitted. O

We illustrate the above results by applying them to the space H of d-variate functions
with mixed partial derivatives of order one bounded in the Lo-norm. This space has
been considered in many papers dealing with the integration problem as well as the
approximation in the worst case and average case settings.

Example 1. Consider D = [0,1]? and p = 1. The space H is the reproducing kernel
Hilbert space of functions f : [0,1]% — R with the kernel

K(z,y) = [ [(1+ min(z;,5;)).

j=1
It follows from [17, Thm.2.1] that the eigenvalues of the operator W satisfy

1 <lnd_l(n +e)

A pu—
" d— 1) aHd

- )2(1+0(1)) as n — oo,

i.e., the assumption (13) holds with p = 1, Cy = 1/(7??\/(d —1)!), and C(n) =
In"!(n +€)(1 + o(1)) as n — oo. Then Theorem 1 yields

ran \/E lnd_l(n + 6)
e (An,k) S ﬂ-Zd (d — 1)| npk

(14+0(1)) as n— oc.

In particular, for k = 4, we have ps > 0.8 and

d—1
(A, ) < 4 In“"“(n+e)
’ w2\ /(d—1)! no-8

(14+0(1)) as n — oc.

Theorem 2 yields a weaker result:

PR p Sd— 1) n

(14+0(1)) as n— oo

since the Lo,-norms of the eigenfunctions 7; are equal to 2%2(1 + o(1)) as n tends to
infinity, see again [17].
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The assumption (22) may be difficult to verify. We now show that this assumption
can be replaced by another one that is easy to verify; however, at the possible expense
of the speed of convergence. We now assume that

(24) C3 := esssup/ K(z,x) < o0
xcD

instead of (22). As shown in the following example, (24) does not imply (22).

Example 2. Let D = (O, 1], p = 1, M = 1(1/(n+1)71/n], and )\n = 1/(n(n + 1))
Clearly K(z,y) = > .~ nu(x) na(y) is a well defined kernel and 7, = n, /n(n+ 1)
are orthonormal in Ly. Moreover, 7, are the eigenvectors of the operator W, |7l =

vn(n+1), yet K(z,x) =1, ie., C3=1.

The assumption (24) implies that
Iflloe = esssup | (f, K(@, )}y | < |Iflln esssup /K (@) < C3[flla VfeH
xe xe

Furthermore, the eigenvalues of W are summable. Indeed, K (z,y) = >, n;(z)n;(y)
and (9) yield

Z)\ Z/n] dw—/me xz)dx < CF.
This implies that nA, < > °° i1 A; < C% and

\/>\_n S Cg n_1/2.

Hence, (13) holds with p > 1/2, and Cy < Cs.
Consider now a family of algorithms A7 ; that differ from A ; only by the definition

of the values m;. We now define my,, for - 1,2,..., such that
C3Cy(k — 1)
A1 < S ECE Ay
where

Co\*
Cu(k) == 2C5 (ﬁ) < 204

3
Theorem 3. Let (24) hold. Then the algorithms Ay, satisfy

Ay Hop) < Calkyn™ 220

Proof. As in the proof of the previous theorems, consider first & = 1 and the cor-
responding term Fj. Its expectation with respect to the points 7, for || f||lz < 1 is
bounded by

E; (Ey(f Z/ p(x)dx = %/Dj?(m) p(x) Zm(m)Q dax

Note that

mi

> wy()? ZA ni(@)? < ALY mi(a)? < N Kz x) < N OF

j=1



MULTIVARIATE APPROXIMATION 15

Hence
Ci C3
nAmy

Eg (B (f; 7)) < % /D () pla) dz —

This means that
C’g C§ < 2C, Cy

AL ) < A+ P < =0

n,1»

due to the definition of m;. Hence we have that

(Al s H p) < Cy(1)n™™

n,l’
since Cy(1) = v/2C,C5 and with s; = 1/4, as claimed.
Suppose by induction that

AL s H, p) < Cy(k)n™F  with s, = 1okt

For the algorithm A7 ., we have

EEn,kH (EkH(f; Zn,kJrl))

<E, (% [ 16 =20 (D@F ple) Zn]?(w)/Ajdw)

< Cg eran(A//k; H, ,0)2 <
A n " -

C5 Ci(k)

)\ n1+25k :

mrg41 ME41

Due to the definition of m;.,; we have

C5 Ci(k)

1/2
eran(A:;,k—i-l; ]—]7 p) S (/\mk+1+1 —+ \ n1+25k> S C4<k + 1>n—8k+1

ME41

Cy(k+1) = /205 Cy(k).

with

It is easy to show that

Co \*
— 0 <
Ci(k) = 2Cy (203) < 20,

as claimed. O

As already pointed out, (24) implies that A\, = O(n~1/2). Since the convergence rate

of the errors of the algorithms Aj ; approaches n~/2, they are almost optimal only

when the eigenvalues A, do not converge to zero much faster than n=1/2,

4. MULTIVARIATE INTEGRATION

Based on the results of Section 3, we now derive efficient randomized algorithms for
multivariate integration. For this problem, we want to approximate

1(f) = /D /() pla) dz
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by randomized algorithms of the form

n

Qfiw) = Y ftjw) aju

i=1

for some random element w with ¢;, € D and a;, € R. The randomized error of () is
given by

e (Q: H 1) = \JEL(L(f) — Q(f:w)).
We now use a well-known variance reduction technlque for deriving a randomized algo-
rithm Quad,, ; 7 - from a randomized algorithm Alg,, ; 7 for multivariate approximation:

n

(25)  Quad,as(f) = I (Algua) — = D [f — Alga(7)] (9)

=1
for i.i.d. points y, whose distribution has p as its density. It is well-known and easy to
verify that

1 .
Eg (I,(f) = Quad, . 55(£)° < —[1f = Alg, , 5(H& VE.

This and the results of the previous section yield the following proposition.

Proposition 3. Let 2, Q- and Q" . be the randomized algorithms obtained by
p nvkvt’ ’I’L,k‘,t n,k,t

applying (25) with Alg equal to A, ¢, Al -
Fach of them wuses at most n(k + 1) function values and, under the corresponding
assumptions from Section 3, their randomized errors are bounded from above by
Co Co Cy Cy(k)
m\/k[C(n+1)]2+1, n1/2+pk \/k‘ TL—}-]_ 1 cmd W,

respectively.

and A" - from Section 3, respectively.

We stress the increase by 1/2 in the order of convergence for multivariate integration.

5. APPLICATION TO WEIGHTED KOROBOV SPACES

In this section we consider multivariate approximation for the weighted Korobov
space of periodic functions defined over D = [0, 1]¢, see e.g., [8, 9, 16]. We take p = 1
and then G = Ly([0,1]¢). To stress the dependence on the number d of variables, we
will write H; and Gy instead of H and G, and we will drop p from all the notation.

Let « be a given number greater than 1, and v = {y4u}4. be a given family of
non-negative numbers, called weights. This family is indexed by d € N, and u C
{1,2,...,d}. The reproducing kernel K, of the weighted Korobov space H; is of the
form

Kd(m7 y) = Yd,0 + Z Vd,u Kd,u(ma y)?
0#£uC{1,2,....d}
where

(2 ,
Kiu(z,y) Hzexp Tk = y;)) with @+ = v—1.

JjeEu k#0 |k|a
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It is convenient to write Ky4(x,y), see [3], as

Kd m y Z 6 27T2h )
hezd

where Z¢ = {...,-1,0,1,...}¢, h - ¢ = Z;.lzl hjxz; denotes the inner product of the
vectors h and x, and

Va0 if h =(0,0,...,0),

B(h,v) = . '

Y [jeu, il if b # 0 with up, = {j : h; # 0}.

The weighted Korobov space Hy is equipped with the inner product

(f.9)g, = > Bh)" f(h)g(h) V[ g€ Hy,

heZzd

where

f(h) = /[01)d exp(—2m1h-x) f(x)dx

is a Fourier coefficient of f. Here, if G(h, ) = 0 then we assume that f(h) = 0 for all
f € Hy, and we adopt the convention that 0/0 = 0.

If v is an even integer, the reproducing kernel K is related to the Bernoulli polyno-
mials B,. For a even, we have for z € [0, 1],

e2mrhz B (_1)a/2+1(2ﬂ_)a
|h|le al

B, (z).

In this case the kernel K, can be written as

2m)“
Ka(@y) = a0+ Y. w((>(
0#uC{1,2,....d}

_1)@/2-{-1 [u

) st - )
JEU

where the notation {x} means the fractional part of x, {z} =z — [z].

The role of « is to specify how fast Fourier coefficients decay which is also related to
the regularity of the functions from the space Hy. Roughly speaking, functions from Hy
have square integrable mixed partial derivatives of order < «/2. The role of the weights
V. 1S to quantify the importance of the interactions of variables from the subset u; the
smaller the weight ~y,,, the less significant the interaction.

Often in the literature, the so called product weights are considered, i.e.,

Yag = 1 and  yau = [[ras
JEU
for given weights 0 < v44 < Ya4-1 < -+ - 74,1 < 1. For product weights, the kernel takes
the following form

d
Ky(x,y) = H (1 e Z exp(27 |Zk/7(_ig — yj))) .

j=1 k0

For general weights 74, it follows from [8] that the eigenpairs of the operator W =
W, are:
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o for u=_0,
Aap = Y49 and T4 = 1,
o for u=# (),
(Adkes ﬁd,ku,e)
for ¢ =1,2. Here, k, = [k1, ko, ..., kjy] with all k; # 0 for j € u, and
Adke = Vdu H/f;a
jeu
is an eigenvalue of multiplicity two and the corresponding two eigenvectors,
orthonormal in Gy, are

Mg 1(T) = V2 cos <27r2ijj) and Nk, 2(T) = V2 sin (QWZk:ja:j> )

JEU JjEU
For the weighted Korobov space we may apply Theorem 2 with
Cy = V2 Vd.

This means that we can now use uniform distribution for all sample points in the

algorithm A], , whose error bounds are worse only by a factor V2 than the error bounds

of the algorithm A, ; which uses a more complicated distribution of its sample points.
As in [8], for r € [1, «), consider

1/r 1/r 1/r u
(26) May = Y A = Vo + 2 vdu 2¢(a/m)",
uky @7511

where ( is the Riemann zeta function, {(x) = 2511 j % for x > 1. For product weights,
My, reduces to

My, = f[ (1429 ¢la/m).

j=1

If \g1 > Aag2 > ... are the ordered eigenvalues Ay, , then the nth largest eigenvalue
satisfies A;{; n < My,, ie.,
(27) /\d,n S Mdfr n-

Therefore we can apply Theorem 1 with p = r/2, Cy = ;"/TZ, and C'(n) = 1 to conclude

that
(k + 1) Mdir r r k
e (Agnp; Hy) < with p = 3 1-— ( )

—

|3

npk r+1

For the algorithms A; ;, Theorem 2 yields

2k +1) M

NPk

ran
€ ( nk? Hd) —
Since r can be arbitrarily close to «, we have

e (n; Hy, A = O(n™*?*%) asn — oo.
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The exponent /2 is optimal since even for d = 1 we have e(n; Hy, A*) = ©(n=%/2).
We stress that the implied factor in the O-notation may depend on § and d, and may
go to infinity as d and/or 6! goes to infinity, see the next section where this problem
is discussed in detail.

6. TRACTABILITY

As in the previous section, we consider multivariate approximation for a sequence of
spaces H; and G4 for d = 1,2, .... The weight p in the space G4 may also depend on
d, and we write p = pg.

We are now mostly interested in large d and want to verify when the minimal error
bounds are polynomially dependent on d or even independent of d. This leads us to
tractability which has been extensively studied in information-based complexity.

To stress the dependence on d, we denote the minimal errors as

eV (n,d) = e (n; Hy, pg, A,
e (n,d) = ™ (n; Hy, pg, A*Y).
For n = 0, we do not sample functions, and we have the initial errors
" (0.d) = e™(0,d) = [W;"].
where W,; = W is given by (3).
For € € (0,1), we denote
n"(e,d) = min{n: " (n,d)

n™(e,d) = min{n: e*(n,d)

ee™(0;d) },
ee™(0;d) }

as the minimal number of information evaluations needed to reduce the initial error by
a factor . We stress that one information evaluation in the worst case setting means
a functional from the class A®"', and in the randomized setting a functional from the
class A4, We are ready to recall the notion of tractability and strong tractability, see
[31].

Multivariate approximation is tractable in the worst case setting for the class A®!
(and for the sequence of spaces Hy and Gy) iff there are non-negative numbers ¢, per
and ¢qin, such that

n"(e,d) < ce Per d9dim Vee (0,1), Vd=1,2,....

<
<

Multivariate approximation is tractable in the randomized setting for the class Astd
(and for the sequence of spaces Hy and () iff there are non-negative numbers ¢, pe;;
and ggim such that

N (e, d) < cePr dim Yee (0,1), Vd=1,2,....

The numbers pe,, and qqi, are called the exponents of tractability. We stress that they
need not to be uniquely defined.

If gginy = 0 in the formulas above then multivariate approximation is strongly tractable
and the infimum of p,,, satisfying the formulas above with gg;,, = 0 is called the expo-
nent of strong tractability.

Based on Theorem 1, we now prove the following theorem.
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Theorem 4. Consider multivariate approximation for the spaces Hy and Gg4. Then

(i): Strong tractability in the worst case setting for the class A™ is equivalent to
strong tractability in the randomized setting for the class A4, Furthermore the
exponents of strong tractability are the same.

(ii): Tractability in the worst case setting for the class A is equivalent to tractabil-
ity in the randomized setting for the class A*. Furthermore the exponents of
tractability are roughly the same, i.e., if

n"(e,d) < cePerd¥im for alle € (0,1) andd=1,2,...,
then

k11
nran(67 d) < mkink‘ . ’7[3Ckperr/2 g~ Perr deimj| [1_(ﬁ) ] —‘

= O([m(in(e™" + -+ 1)) 1 g qaim )

Proof. Clearly, €™ (n; Hy, pg, A*) < e (n; Hyg, pg, A**4). Remark 1 states
€w0r<n; Hd7pd7AaH) < 2\/§€ran(|_(n+ 1)/4J;Hdapd7AStd)'

This means that (strong) tractability in the randomized setting for the class AS*d implies
(strong) tractability in the worst case setting for the class A®!. Thus, it is enough
to prove that (strong) tractability in the worst case setting for A! implies (strong)
tractability in the randomized setting for A**d. Assume then that

n"(e,d) < ce Per gddim Vee (0,1), Vd=1,2,....

Here, gaim = 0 for strong tractability, and gqgi,, > 0 for tractability. Note that n*°" (e, d) >
1 which for e tending to one and d = 1 implies that ¢ > 1.
Let n = [ce™Por d%im | If we vary € € (0,1) then n varies in ([cd%in], 00). It is easy

to check that

c dqdim 1/pe”

£ = ( ) for some n € [0, 1).
n—+mn

From Section 2.1 we know that e“*(0,d) = /41 and

n"(e,d) = min{k v Adk+1 < 5\/)\(171},

where \;;’s are ordered eigenvalues of the operator W; = W. This yields that

(] tim \ 1/Perr
(28) VAdnt1 < (C ) A1 forn > [cd®m].

n

This implies that (13) holds with p = 1/per, Co = VA1 and
[ d9dim] forn=1,2,..., [cd%m],
C(n) =
(1+ %)l/pm (cdwm) /P for p > [ed%m],

9 k
1— P
2p+1

From (15) we have

P =P
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From Theorem 1 we conclude that

ElC(n+1)]2+1
e (Ap; Ha, pa) < \/ & ) A1 < e/ A

nPk

holds if

n = |e VP |k <1—|—

1/(2pk)

2/perr
) (Cdeim>2/perr + 1

2/perr 1/(2pr)
) (C dqdim)2/perr]

n+1

e 1/Pk | Jo 92/Perr <1+

IA

n+1

< |:3 Ckperr/Q g Perr dqdimj| {lf(wﬁ)k} 1-‘ |

The cardinality of A, is at most nk, and therefore n"**(e,d) < nk which proves
(strong) tractability in the randomized setting for the class As*d. The exponents of
tractability can be arbitrarily close to pe,y and qain if £ is large enough. This completes
the proof of (i) and the first part of (ii). We now take

p— In(In(e™ +d + 1))-‘
In((2 + pewr)/2) |
Then (2/(2 + perr))® < 1/In(e™! + d + 1) and the second formula in (ii) easily follows.
This completes the proof. O

Theorem 4 states the equivalence between (strong) tractability in the randomized
setting for the class A with (strong) tractability in the worst case setting for the class
A3l We stress that it is relatively easy to verify when (strong) tractability holds in
the worst case setting for the class A?! since it requires to analyze the behavior of the
eigenvalues \; = A\g;. The latter problem has already been analyzed in many papers.

We illustrate the last point for the weighted Korobov spaces from Section 5 for
general weights v4, with d =1,2,... and u C {1,2,...,d}. For v = {744} and ¢ > 0,
define

ra(7Y,q) :=supq 7 € (0,) : sup L Z <M)T [2¢(a/r)M <

_ dq
d=1,2... uC{1,2,....d} Yd,max
Here,
d, = max d
Vd,max ug{1,2,.‘.,d}7 o
( is, as in the previous section, the zeta Riemann function, and |u| = 0 for u = §.

Note that ((a/r) is well defined since o/r > 1 and 2¢(a/7) > 2. We also adopt the
convention that sup @) = 0.

Theorem 5. Consider multivariate approximation for the weighted Korobov spaces
defined as in Section 5. Then
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(i): Strong tractability in the worst case setting for the class A*' and in the ran-
domized setting for the class A holds iff 7o(v,0) > 0. When this holds then

the exponent of strong tractability is 2/r,(7,0).
(ii): Tractability in the worst case setting for the class A and in the randomized

setting for the class A% holds iff 7o (7, q) > 0 for some positive q.
(iii): If ra(v,q) > 0 for some ¢ > 0 then

(e, d) < Codie7" Ve (0,ra(7,q))
with

-

C, = sup L > (ﬂy[zg(a/r)]'“

_ da
d=1,2... uC{1,2,....d} Yd,max

which s finite.
Proof. Assume first that (strong) tractability holds. Then for some non-negative ¢, pe;;
and ggim We have
n"(e,d) < cdddim g7Per Vee (0,1), Vd=1,2,....

We know that pe.: > 2/a since n" (g, 1) = ©(£%), and in the case of strong tractabil-
ity qaim = 0. From (28) we get

C deim 2/perr
Adn+1 < < - ) A1 forn > [cd%m ]

with [ cd%m ] > 1, and therefore [ cd%im | < 2¢d%im. Note that A\g1 = Yamax-
Using (26) we then obtain for r € (0,2/per) and ¢ > 2qqim/ (TDerr) > dim,

1
1 ( Vi ) N LSy
— Y () 2K = —— > A
/r 47
d¢ uC{1,2,....d} dmax dq>\d’l =t
[edmam] | (edmm)®/UP) S0 )
S dq _I_ dq Z j

j:[cdqdim —|+]_

2 2/ (rper) )
= d 4—4dim T d 4—24dim/ (2perr) ¢ (Tperr) '
Hence r,(v,q) > r > 0. Since r can be arbitrarily close to 2/pe, this yields that
To(Y;q) = 2/pere > 0. For strong tractability we have gqim = 0 and we can take ¢ = 0
which implies that r4(v,0) > 2/per > 0.

Assume now that r,(7v,q) > 0 with ¢ = 0 for strong tractability. Hence, for r €
(0,74(7,q)) we have C, < oo with C, given in (iii). From (27) we conclude

Ain < (Z Ai{j) n"
j=1
= > (—W’“ ) 2¢(a/r)" | n" Aay

WC{12,..dp N Tdmax

-

< CTdT R Ay
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Then Agpi1 < €2Xg1 if CTd? (n+1)7" < €% which holds for
n"(e,d) < n < C, d1e2,

Hence, we have tractability for ¢ > 0 and strong tractability for ¢ = 0. Furthermore, r
can be arbitrarily close to r, (7, ¢) and therefore

n" (e, d) < C,diePe

with pe arbitrarily close to 2/r,(7,q). For ¢ = 0 this means that the exponent of
strong tractability is 2/r,(, q). This completes the proof. O

The definition of (7, ¢) simplifies for product weights, i.e., for
Yoo = 1 and ygu = H%,j with 0 <44 < <741 < 1L
JEU

Indeed, we then have

d
ro(7v,q) = sup {7’ € (0,a) : sgpd_q H (1 +27;7/jr ((a/r)) < 00 }

=1

The necessary and sufficient conditions for (strong) tractability can be simplified due
to the following equivalences:

d
(29) ro(y,0) > 0 iff sngfyé,/jT < oo for some r € (0,a),
=1
and

Sl
(30) ra(v,q) > Ofor someq >0  iff  sup ==L

P @t 1) < oo for somer € (0, ).

For example, take 74; = 1 for j = 1,2,..., min(d, [8 In(d + 1)]) for some positive .
Then strong tractability does not hold since r,(7,0) = 0. However, tractability holds
since 74(7,q) > 0 for ¢ > GIn(1 + 2¢ (/7)) with r € (0, «).

The situation is even simpler when the weights are independent of d as indicated in
the following proposition.

Proposition 4. Consider multivariate approzimation for the weighted Korobov spaces
as in Section 5. If the weights v are of product form and do not depend on d, i.e.,

Ya; = Y Vd,j and 1>y >y >--->0

then tractability is equivalent to strong tractability which, in turn, is equivalent to
1/r
(31) Zvj/ < oo
j=1

for some r € (0,«). When this holds then the exponent of strong tractability equals
2/ min(a, r*), where r* is the supremum of r satisfying (31).
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Proof. Tt is enough to prove that tractability implies strong tractability. Assume that
we have tractability. Then r(«, ¢) > 0 for some positive ¢, and (30) yields

for a positive number » < «. Then for any d > 1, we have dvi/r < Coo In(d + 1). For
any positive 0, and a = r/(1 + §) we obtain

g S

e o it In'™(d + 1)
J=1 Z
This and the equivalence (29) imply strong tractability and that r,(7,0) > a. Since a
can be arbitrarily close to r and 7 can be arbitrarily close to min(«, 7*), we conclude
that 74(v,0) > min(a,r*). For 7 > min(a,7*), the product []7Z, (1 + 27]/T C(a/T)) is
divergent or not well defined, and therefore r,(7,0) < r*. Hence, r,(7,0) = min(c, r*).
Theorem 5 states that the exponent of strong tractability is 2/7,(7,0) which completes
the proof. O
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