Start of Lecture 14

Last time: Pigeonhole Principle, Proof by Counting in Two Ways

Today: Graph Basics



Graphs

Graphs are made up of vertices (nodes) and edges (connections
between nodes).

Good for representing relationships, networks, connections, etc.



Graphs: Definitions

Definition: A graph G is an ordered pair (V, E) where: ﬂ
e V is a set of vertices.

e F is a set of edges, which are unordered pairs of distinct
vertices from V



Graphs: Definitions

Definition: A graph G is an ordered pair (V, E) where:
e V is a set of vertices.

e F is a set of edges, which are unordered pairs of distinct
vertices from V

Example: V =[4] and E = {{1,2},{1,3}}

1\. e 4

3

2



Graphs: Definitions

Definition: A graph G is an ordered pair (V, E) where: ﬁ
e V is a set of vertices.

e F is a set of edges, which are unordered pairs of distinct
vertices from V

Example: V =[4] and E = {{1,2},{1,3}}
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Example:

V = {SEA, SFO,LAX, LAS, DEN, PHX, DFW, ATL, MIA,
ORD, MHK, EWR, SYR, JFK, LGA},

E = {{a, b} : there is a direct flight between a and b}.



Graphs: Definitions

Definition: In a graph G = (V/, E), two vertices u and v are
adjacent (aka. neighbors) if there is an edge connecting them.

SEN

Equivalently, {u,v} € E.



Graphs: Definitions

Definition: In a graph G = (V/, E), two vertices u and v are
adjacent (aka. neighbors) if there is an edge connecting them.

SEN

Equivalently, {u,v} € E.

Example: SEA and JFK are adjacent in the airport graph.
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How to define a graph?
e Use a diagram.
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How to Define a Graph?

How to define a graph?
e Use a diagram.

Example:

e Use a formula and set-builder notation.
Example:

v = [4]%, E={{(x,y1), (x2,y2)} : |x1 — x2| + |y1 — y2| = 1}.



How to Define a Graph?

How to define a graph?
e Use a diagram.

Example:

e Use a formula and set-builder notation.
Example:

v =[4)? E={{(a,n), (x2,y2)} : [x1 = x| + Iy1 — yo| = 1}.

e List out all the vertices and edges.



How to Define a Graph?

How to define a graph?
e Use a diagram.

Example:

e Use a formula and set-builder notation.
Example:

v =[4)? E={{(a,n), (x2,y2)} : [x1 = x| + Iy1 — yo| = 1}.

e List out all the vertices and edges.
vaa:mp?fl, 1,2,1, 6,1, 4 1), 1,2, 2,2, (,2), (¢,2),
(1,3), (2, 3), (3,3); (4, 3), (1, 4), (2, 4), (3, 4), (4, 9},

E={{,n, 1} {21, 6 1} {61, @1} {12,022}, {22,632}, {6,2, 42},
{1,9,2,9},{2,3,3,3}, {33, 4,3}, {1, 9, 2,9}, {2,9, 3,9}, {3, 9, ¢, 9},
{@,1,0,2}, {1,2,1,3}, {1,3), 1,9}, {2, 1, 2,2}, {2,2, (2,3}, {©2,3), 2,9},
{6:1,6,2},{3,2,6,39},{3,3, 6,9}, {4, 1, @2}, {(+,2, 4,3}, {4, 3), ¢, 9} }.
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Definition: The degree of a vertex v, denoted deg(v), is the %
number of neighbors of v.

Equivalently, deg(v) = |{u € V : {u,v} € E}|.



Graphs: Definitions

Definition: The degree of a vertex v, denoted deg(v), is the %
number of neighbors of v.

Equivalently, deg(v) = |{u € V : {u,v} € E}|.

Definition: A regular graph is a graph where all vertices have the
same degree.
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e the star graph: one central vertex joined to all the others;
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e the star graph: one central vertex joined to all the others;
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Some common types of graphs:

e the star graph: one central vertex joined to all the others;

the complete graph K,,: every pair of vertices is adjacent;

the path graph: the vertices in a row, each joined to the next;

the cycle graph C,: a path whose two ends are joined up;

the empty graph: no edges at all.
@ Q
star path empty

Exercise: For each of the examples above, how many edges do
they have if there are n vertices?
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e the star graph: one central vertex joined to all the others;

the complete graph K,,: every pair of vertices is adjacent;

the path graph: the vertices in a row, each joined to the next;
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Some common types of graphs:

e the star graph: one central vertex joined to all the others;

the complete graph K,,: every pair of vertices is adjacent;

the path graph: the vertices in a row, each joined to the next;

the cycle graph C,: a path whose two ends are joined up;

the empty graph: no edges at all.
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e the star graph: one central vertex joined to all the others;

the complete graph K,,: every pair of vertices is adjacent;
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Graphs: Some Common Types

Some common types of graphs:

e the star graph: one central vertex joined to all the others;

e the complete graph K,,: every pair of vertices is adjacent;
e the path graph: the vertices in a row, each joined to the next;
e the cycle graph C,: a path whose two ends are joined up;
e the empty graph: no edges at all.
@ Q
star path empty
n—1 (;) n—1 n 0

Exercise: For each of the examples above, how many edges do
they have if there are n vertices?



Bipartite Graphs
Definition: A graph G = (V/, E) is bipartite if the vertex set V

can be partitioned into two disjoint sets L and R such that every
edge in E connects a vertex in L to a vertex in R.

bipartite



Bipartite Graphs

Definition: A graph G = (V/, E) is bipartite if the vertex set V
can be partitioned into two disjoint sets L and R such that every
edge in E connects a vertex in L to a vertex in R.

bipartite

Definition: The complete bipartite graph has every possible edge
between the two sets of vertices with |[A| = m and |B| = n,
denoted K, p.

K34
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and v is an endpoint of e.
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veVv

Proof: Define an incidence as a pair (v,e) where v € V, e € E,
and v is an endpoint of e.

We count the number of incidences in 2 ways.

LHS: Each vertex v contributes RHS: Each edge e contributes 2
deg(v) incidences, so the total is incidences (one for each
> ey deg(v). endpoint), so the total is 2|E|.



Handshake Lemma

Theorem: In any graph G = (V, E)
S deg(v) = 2/E| N iﬁ

veVv

Proof: Define an incidence as a pair (v,e) where v € V, e € E,
and v is an endpoint of e.

We count the number of incidences in 2 ways.

LHS: Each vertex v contributes RHS: Each edge e contributes 2
deg(v) incidences, so the total is incidences (one for each
> ey deg(v). endpoint), so the total is 2|E|.

Remember shaking hands in lecture 17



Subgraphs

Definition: A subgraph G’ = (V' E’) of a graph G = (V,E) is a
graph such that V/ C V and E' C E.
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Definition: A subgraph G’ = (V' E’) of a graph G =(V,E) is a
graph such that V/ C V and E' C E.
Examples:

G;: Just the New York airports and flights. Gy: Airports and flights serviced by United.
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Subgraphs

Definition: A subgraph G’ = (V' E’) of a graph G =(V,E) is a
graph such that V/ C V and E' C E.
Examples:

D)
Gs: Airports and flights serviced by Southwest G,: Airports and flights Styopa has taken.



Subgraphs: Spanning

Definition: A subgraph is spanning if it contains all the vertices
of the original graph, (i.e., V' =V.)



Subgraphs: Spanning

Definition: A subgraph is spanning if it contains all the vertices
of the original graph, (i.e., V' =V.)
Which of the 4 examples of subgraphs are spanning subgraphs?

Gy

ﬁT G3: Southwest Ga: Styopa



Subgraphs: Induced

Definition:
For a graph G = (V/, E) the induced subgraph on a set of vertices
V' C Vis (V' E') where E' = {{u,v} € E: u,v e V'}.



Subgraphs: Induced

Definition:
For a graph G = (V/, E) the induced subgraph on a set of vertices
V' C Vis (V' E') where E' = {{u,v} € E: u,v e V'}.

Which of the 4 examples of subgraphs are induced subgraphs?

G3: Southwest Gy: Styopa



Subgraphs: Cliques

Definition: A clique is a subset of a gaph's vertices that induces
a complete graph.
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What is the largest clique in the graph above? }ﬁ



Subgraphs: Cliques

Definition: A clique is a subset of a gaph's vertices that induces
a complete graph.

What is the largest clique in the graph above?
The highlighted vertices {a, b, ¢, f} form a clique of size 4.



Subgraphs: Independent Sets

Definition: An independent set is a subset of a graph's vertices
that induces an empty graph.

b c



Subgraphs: Independent Sets

Definition: An independent set is a subset of a graph's vertices
that induces an empty graph.

b c

What is the largest independent set in the graph above?

i



Subgraphs: Independent Sets

Definition: An independent set is a subset of a graph's vertices
that induces an empty graph.

b c

What is the largest independent set in the graph above?
The highlighted set {a, c, e} is an independent set of size 3. %&ﬁ



Exercise 1

Exercise: Can you construct a graph where every vertex has a
different degree?
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Exercise 1

Exercise: Can you construct a graph where every vertex has a
different degree?

On 1 vertex, yes. On 2 or more vertices, no.

Claim: In any graph with n > 2 vertices, there must be at least
two vertices with the same degree.

Proof: All vertices have degree in the range [0,n — 1].

In a graph with n > 2 vertices, it's impossible to have both a
vertex of degree 0 and a vertex of degree n — 1.

Therefore, there are at most n — 1 possible degrees for n vertices.
By the Pigeonhole Principle, at least two vertices must share the
same degree.



This is how far we got in this lecture.
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Question 1: Can you construct a graph on 5 vertices which has
no clique of size 3 and no independent set of size 37



Exercise 2

?

Question 1: Can you construct a graph on 5 vertices which has
no clique of size 3 and no independent set of size 37

Yes, the cycle graph is an example.



Exercise 2

?

Question 1: Can you construct a graph on 5 vertices which has
no clique of size 3 and no independent set of size 37

Yes, the cycle graph is an example.

Question 2: Can you construct a graph on 6 vertices which has no
clique of size 3 and no independent set of size 37



Exercise 2

?

Question 1: Can you construct a graph on 5 vertices which has
no clique of size 3 and no independent set of size 37

Yes, the cycle graph is an example.

Question 2: Can you construct a graph on 6 vertices which has no
clique of size 3 and no independent set of size 37

No, this is impossible. Why?
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size 3 or an independent set of size 3.
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By the pigeonhole principle, at least 3 of them are connected to v
or at least 3 of them are not connected to v.
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Claim:In any graph on 6 vertices, there must be either a clique of
size 3 or an independent set of size 3.

Proof: Let G be a graph on 6 vertices. Pick any vertex v. It has 5
neighbors.

By the pigeonhole principle, at least 3 of them are connected to v
or at least 3 of them are not connected to v.

Case 1: At least 3 of them are connected to v. If any two of them
are connected to each other, we have a clique with v and those
two vertices. If none of them are connected to each other, we have
an independent set of size 3.



Exercise 2

Claim:In any graph on 6 vertices, there must be either a clique of
size 3 or an independent set of size 3.

Proof: Let G be a graph on 6 vertices. Pick any vertex v. It has 5
neighbors.

By the pigeonhole principle, at least 3 of them are connected to v
or at least 3 of them are not connected to v.

Case 1: At least 3 of them are connected to v. If any two of them
are connected to each other, we have a clique with v and those
two vertices. If none of them are connected to each other, we have
an independent set of size 3.

Case 2: At least 3 of them are not connected to v. If any two of
them are not connected to each other, we have an independent set
with v and those two vertices. If all of them are connected to each
other, we have a clique of size 3.



