Recitation 0: Logic, truth tables, even/odd

Solutions

Sep 11, 2026

Practice Problems

1. Let P be the set of prime numbers. Write, using logical operators and quantifiers, the statement
that “every prime number greater than 2 is odd.” Can you write this two different ways?

Solution. There are many correct answers, for instance:

o Vne Pifn>2then (3ke€Z:n=2k+1).
e ~d(ne P:n>2and (Ik € Z:n = 2k)).
e VzeNz>2 = —((reP)and Ik €Z:x=2k)).

You can also use the notation for “divisible/not divisible by 2,” e.g. Vn € P, n >2 = 2{n.

2. Prove the following equivalences using a truth table:

~—p=p
p = q=-pVg
p = q=—q = —p (contrapositive)

Solution. In each table, the two columns being compared agree in every row, so the expressions
are equivalent.

P = p:
TIF| T
F| T | F
p = q=-pVg
p q|p = q|-p|-pVg
T T T F| T
T F F F| F
F T T T| T
F F T T| T

p = q=-q = P



P g |p = 4| q Tp| g = TP
T T T F F T
T F F T F F
F T T F T T
F F T T T T

Prove the following tautologies using a truth table. A tautology is a logical expression that
always evaluates to true, no matter what the arguments (p, q) are.

pV —p = true

(p = ¢)Ap) = q=true (modus ponens)
p/N\Nq = p=true
false = (p A —p) = true

Solution. In each table, the final column is T in every row, so the expression is a tautology.

pV p:
pl-p|pVv-p
TIF| T
FlT| T

p qlp=q|llp= O)Arp|((p = 9Arp) = ¢
T T T T T
T F F F T
F T T F T
F F T F T
pPAqg = p:
p q|pAg|phg = p
T T| T T
T F| F T
F T| F T
F F| F T
false = (p A —p):
D ‘ ﬂp‘p/\—'p ‘ false = (p A —p)
T F| F T
F| T| F T

Note that the hypothesis is always false, so the implication is true regardless of what p A —p
evaluates to (which happens to also always be false).

3. Decide for each of the following which are true, where P and @) are arbitrary predicates.



(a) Yz (P(z) A Q(z)) <= Yz P(z) AVz Q(x)
Solution. True.
(b) Vz (P(z) vV Q(z)) <= Va P(z)V vz Q(x)

Solution. False: <= is true but = is not. For example, let  range over the integers,
P(x) be “z is even,” and Q(z) be “x is odd.”

(¢) 3z (P(z) VQ(z)) <= Iz P(z)V IzQ(z)
Solution. True.
(d) 3z (P(2) A Qz)) <= 3aP(z) Az Q(x)

Solution. False: = is true but <= is not. For example, let P(z) be “z = 7" and Q(x)
be “x =2."

4. When we factor a quadratic, we often do something like
(x—a)(x—b)=0 = x=aq,b,

but then there’s sometimes an extraneous solution. Why? What is the fact that we’re using
here?

Solution. It’s really (z —a)(x —b) =0 = z=a OR x =b.

Similarly, when “we square root both sides,” we often do something like
?=b = z=+Vb

What’s the exact fact here?

Solution. It’s really 2=b = 2=vVbOR z=—Vb.



