Problem e+ 2 Golwhons .

Problem |.
() B b €Z, W od+abipizo , thev o, b both even.
Proot . We prove he contposttive -
1 (a, b heth even) = o34 mbq-\-b%'#o.
A(a etV avd b EvEn) i o 0dd or b odé.

(et 1 o 0dd, b even. Twn ak, Qe%m ot {0‘2—2“"
So od+ ablep3 = (2 (e (20 + (20)° L0722

= 8\43«' YA + 3k0’r 40+ 903
= L(4E¥ b3y + g% 200 403) + )
Which is 0dd. So &4 abtb> 0 sime Ois even. /
(use 2 O evtn, b odd.
Tien a& Evtn (W\u\-h'plﬂ\‘no evén %anb-ﬂn:no = even)
ovd Ab? even (Same vemon).
md o odd (multiplying odds = 0dd).
SO odvablthd i Oun v pwtnvodd i< 088, So #0.
Cast 3: poth 0dd.
Sinle w[ﬁplajhg 0dd S s odd ¥s,
o}, o, and b avt o\l odd.
Thn nf Sum i§ 004 4084 +0dd = °dd, So alse Fo0. /
Tams i all Casts, Gc+ab’+b>F0. .

(6) Theet 1S 0o cattonal X Such that X3 x+1=0.
Prook. AFSOC dhar I e whrt Y3+ x+ =0.
Lt x=%% G ww 6L in vdued frm. Woand woave wet
ot e, S WV in Wduud forwa.

Then (MY R w120 D wmiy MV ¥ N =0 by Wl Fiplying
\ookin sides oy ne,
By part (&, M amd n ik be oot ewtn . This €« contradichion. 9
TWws, % cannet” b2 yadional. 1.



! ?m\o\cm 2, \(—‘ nelN s oAA thn —\ % divisible by g.
E ¥(o‘\ r nel W odd. Then AKET = n=2xl.
So wi-l = (’Z\vf\\ -\ = LQetage -l = drlern),
Bimer k or Kkl i even: {W K extn, vV

& kold, K=ql+l for LEZ D i = 2LH2

=2Lh)
whidh 1§ @ven

So K(k+)) s evn : AMEZ, w(e+) =2mn

So w1 = UK (k) = Y4 (1m) = $m, as needed . a.
(). Prock. we procasd ou twhuction.

Lt Plw) be tw pdica " g | pwio"

We wont v shaw P(n) B twe v all odd 1.

Base Case: n=y. 42 - ©, and Blo (because (= g.p.)

\nductive step: ﬁxAn, and assume  G|n'-) . We Wwant b Show

d
“‘Wat P(na-'z)a i< e '3\ (V\+2)1—|.
We expand:
2 n
(n+2) =) = W4ln +4-)

= w4 4(n+)
%‘3 WAV W potesis | Wi = Q1 for com ¥el. So

(WMDY'“1 = Qy 4 (w).

N Wil S even swlt g odd, So Wt =720 Kvowe Q67 So

(v -1 = QW 4l (1 0) < B(k+0).
Thw (V\-P'Z) -1 1¢ divigible b\j -

By W printiple of wmathematica) Wwarchn , P(n) i e o all odg .

Nt - an altnapvp Wﬂj would B2 -fo Prot  Huat 8\ (2\‘“\)2"'1 YkeN



Problem 1. |
Thorew. | Can ﬁe* n \o\“P°PS for = ’%,F,b, and all Nn2g.

Prof. 3 = | pack of
5 = | pack o §
b = 2 poclks of 3.
We pove e yest | (S‘Wwb) induchon . Let
P 2= "\ can ot W Tollipops Usiag pocks o 3 amd 5"
want 4o show  P(n) 4me fo ol p2g.
Bose cases: PRY - | puck of 5, | pock ot 3

P+ 3 packs o 3
Plie): 7 pocles of §.

Wduchive SKP. Let w211, Assumwie had POm) i e for al)
3£ mMen.

To  wuka bug w lellipeps, 1 st by V-3 (dllipaps.
Se w3 2% and W3I<W, P(n-3) iS dvue.

0, twns a %4 et X packs of 3 awd Y packs ot § is
n-3 lollipeps +otal.

Then | can oet \olipops using XY packs ot 2 aui

Y packs od 5.
s P(n) s dvme.

\Zaj WAuction, e thorem K twe. Q.



foblemH-
E\KVﬁ n 6N con ¥ exPNS‘Wol s the Sum ot ishwet Pu.«c,s .,,L 2.

boge Cong: V=) \=2°
n=2. 4+3"
\udtion SKP: Assuwe  Hrad VeeN e 1£ken,
ditwct pots of 2. (induchon
k can W GY‘PWSWk o P (n)/]\"obeS).
Con$i MY V\"\" ‘
- 1€ vl S a poey ot 7«, Yot nel = QM fov Somt mEN.
Y T B P \arges porty of 2 less o nil,
Whrt s g sinee  ntl 22, (becanse v 2] )

Am

|

by e \H., W - 25N can e expressed og dihnek povas
F 20 =222 ™0™y ™ S atagd.#om.
?

|

Al & W as mwk ve # Q. sine 2%k e lavat pae
oF L lessthan vt (if ome of the 21 =0, tHen
ne o222 9% s oM i cvvand 20 eud e
The lavgest pover of 2 Jess Han v.)

Se Nt = Za"f ...+2q”‘+. 2Q 1< Nl expmm\ as
oisinet  pones of 2.
e privcipl A watre pafiaal dwedw, all il Hs o can be

B
) €xPresyd A3 A0l Dot A472. o



Vféo\em—s,
Claim. ¥ n | o malple of S e paer who g3 next loses .
frocp.

Base Cose: 0=0. The player W e went alrtady W, 5°
e neet player has (osr.

(Mote: \jo\ive wot satisfed \0'9\%"3 base Cose, Uou could Mo do n=5
oy o additonal ase (ase, hut T avguwent & =5 i
Wort o less YW Saml as the indudive SHP.)

lnduckion sitp. Assume dhat, & Hhrl il p-5k mables [ept,
e Wk player loses . (kez)

Suppose Yt Wt Skt 5 warbles,
- 1} Bradontalces | marble | khine Can take 4 wmarbles,

- W ¢l “ - 2 "
- h 3 ” - 2 | %
-— % q, L e l

ln ol cases, Khnine  (an wmake it sudn Yt Hurt ot S
movBes v it iS5 Biemdon s dwin AHAM .

by 1he indvction WYPTHeSE, Hnis 1S o losing  sifuation v
Branton, and Hws  BLes wavbles & og well.

The claim implies that when n is NOT a multiple of 5, the next player can
win, by taking a number of marbles that makes the remainder a multiple of 5.
Thus, the next player loses if and only if n is a multiple of 5.

QED.


Gabriel Chuang
The claim implies that when n is NOT a multiple of 5, the next player can win, by taking a number of marbles that makes the remainder a multiple of 5. Thus, the next player loses if and only if n is a multiple of 5. 

QED.


