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Abstract

We present a general method for calculating the genushilisisns of those infinite families of
graphs that are obtained by iteratively amalgamating sopiesome base graphs along theiot-
edges We presume that thgartitioned genus distributionsf these base graphs are known and that
their root-edgeshave 2-valent endpoints. We analyze and adapt the usecombinant strands
partials, andproductionsor deriving simultaneous recurrences for genus distioinst
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1 Introduction

In this paper, we illustrate a general method that enablde deal with recursively defined infi-
nite families of graphs, the calculation of whose genugidistions has not been hitherto possible
without the new methods in this paper. In particular, we destrate how to calculate the genus
distribution of an arbitrary chain of copies of one or moragrs, that results from the iterative
amalgamation along theioot-edgesThis may be done for edge-linked chains constructed bygusin
copies of different types of graphs or by using multiple espdf the same graph. We can produce
genus distributions for various infinite families of 3-régugraphs in this manner, apart from many
other infinite classes. Another contribution of this papean easily understood methodgé for
constructing pairs of non-homeomorphic graphs with theesgemus distribution. Moreover, the
results of this paper are used by [9] to construct a quadtiatie algorithm for calculating the genus
distribution of any 3-regular outerplanar graph.

Prior research on counting imbeddings on various orieatabld non-orientable surfaces in-
cludes [3], [4], [5], [10], [11], [13], [16], [17], [18], [1® [21], [25], [26], [27], [28], [29], [30],
and [31]. Prior work on counting graph imbeddings in a minimgenus surface includes [2], [7],
[6], and [15]. The second installment of this paper [22] desimates how to calculate the genus
distribution of a graph that results from self-amalganatitong its root-edges.
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F. Khan, Jonathan L. Gross)

Copyright(©) xxxx DMFA — zaloZnistvo



2 Ars Mathematica Contemporanea x (Xxxx) 1-x

In this paper we assume a basic background and familiarity twpological graph theory (see
[14] or [32]). We denote an orientable surface of gehbyg .S; and the number of imbeddings of a
graphG on the surfaces; by ¢;(G). Unless indicated otherwise, an imbedding will be congder
2-cellular and orientable, and a graph will be considerethecoted. We use the abbreviatibrwalk
for face-boundary walkWe allow a graph to contain multiple adjacencies and seips. We refer
the reader to [14] or [1] for a more detailed guide to the tetigy assumed here.

We designate two edges of a graph asrb@-edgesor roots of a double-edge-rooted graph
We presently require a root-edge to have 2-valent endpoirite edge-amalgamationf a pair of
double-rooted graph&~, e, d) and(H, g, f) is the graph obtained by merging the roé@ndg. We
denote this operation by an asterisk:

(G,e,d)*(H,g,f) = (I/V,e,f)

wherelV is the merged graph ardindf are its roots. There are two different ways of amalgamating
edgesd and g, depending on how the endpointsdfare paired up with the endpoints @f This
information is not captured in our notation, and it is obwdtom context what is intended for a
particular scenario. Insofar as the genus distributioascancerned, we will establish in this paper
that graphs resulting from either way of edge-amalgamadtame identical genus distributions.

The definition of edge-amalgamation for graphs carries nagirally to the edge-amalgamation
of graph imbeddings. The imbeddings of the graph= G x H are obtained by combining the
rotation systems for the graptisand H in all possible ways. Thus, each imbeddimng of the graph
W induces unique imbeddingg and.y of the graph<> andH, respectively, such that the rotation
system corresponding tgy is consistent with the rotation systems correspondingtand. .

Another useful concept is that ofstrand, which we define to be an open subwalk of an fb-walk
that runs between any two occurrences of the endpoints obtaedgee, such that there are no
occurrences of the edgeor the endpoints of in its interior.

We analyze the effects of amalgamating two graph imbeddigigsing rules callegroductions
which we describe later.

2 Partitioned Genus Distributions

In order to explain what a production is, we first describe svlty categorize an imbedding of a
double-rooted graph. We are primarily interested hereerflbhwalks incident on the root-edges, as
the crux of our work focuses on how these fh-walks changesparse to the amalgamation opera-
tion on the graphs. Each root-edge has two 2-valent endpaateach root has either two distinct
face-boundaries incident on it, or the same fb-walk is iantcbn both sides of it. Accordingly, we
use the mnemonié for double ands for single in defining thelouble-root partialsn Table 1. Note
that the subscriptin the definitions refers to the genus of the surface

Table 1: Double-root partials ¢t e, f).

Partial Counts these imbeddings.ff

dd (G,e, 1) e and f both occur on two fb-walks
i(G,e, f) | eoccurs on two fb-walks andl on one fb-walk
f)
f)

e occurs on one fb-walk anfl on two fb-walks
e occurs on one fb-walk anflon one fb-walk
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Moreover, the fb-walk incident once or twice on one root®dgght also be incident on the other
root-edge. Thereby arises the need for refinement of thesalpanto sub-partials We will later
see that this abstraction may necessitate an additioreldévefinement to facilitate the calculation
of genus distributions of double-rooted open chains. Farrdason we term the sub-partials at the
first level of abstraction as tH&st-order sub-partials We now proceed to define these sub-partials:

First-order Sub-partialsof (G, e, f)
The following three numbers are the sub-partiald®f G, e, f):

dd(G,e, f) = the number of imbeddings of typé#; such that
neither fb-walk ak is incident onf.

dd;(G,e, f) = the number of imbeddings of typ&t; such that
exactly one fb-walk at is incident onf.

dd!(G,e, f) = the number of imbeddings of typ&#; such that
both fb-walks at are incident ory.
We observe, by definition, that
dd;(G) = dd}(G) + dd}(G) + dd} (G)
Similarly, the sub-partials afs; (G, e, ) andsd; (G, e, f) are as follows:
ds?(G,e,f) = the number of imbeddings of typés; such that

neither fb-walk at is incident onf.

ds;(G,e, f) = the number of imbeddings of typés; such that
exactly one fb-walk at is incident onf.

sd)(G,e, f) = the number of imbeddings of typet; such that
the fb-walk ate is not incident ony.

sd;(G,e, f) = the number of imbeddings of type#; such that
the fb-walk ate is incident onf.

Thus,
dsi(G) = ds?(G) +dsi(G) and  sdi(G) = sd)(G) + sd(GQ)
Finally, the partiaks, (G, e, f) has these sub-partials:

ssY(G,e, f) = the number of imbeddings of type such that
the fb-walk ate is not incident onf.

ss;(G,e, f)

the number of imbeddings of typey; such that
removing the two occurrences of the edgieom
the fb-walk breaks it into two strands, exactly
one of which contains both occurrencesfof
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ss2(G,e, f) = the number of imbeddings of type such that
removing the two occurrences of the edgeom
the fb-walk breaks it into two strands, each
containing an occurrence ¢t

Clearly,
55;(G) = 58Y(G) + 557 (G) + 557 (G)

The set of partials/sub-partials as defined above coresitapartitioned genus distribution It
follows from the definition that

Single-root partialsof (G, e)

Similarly, the imbeddings of single-rooted graphs can iffedintiated into two distinct types de-
pending on whether the two occurrences of the root-edgendheisame or in different fb-walks of
an imbedding. Thus, the numbgKG, e) is the sum of the followingingle-root partials

si(G,e) = The number of imbeddings @f such that
e occurs twice on the same fb-walk.

d;(G,e) = The number ofimbeddings &f such that
e occurs on two different fb-walks.

3 Modeing Edge-Amalgamation

Let p andq be any of the partials such as those discussed above. Tpraactionexpresses how
an imbedding of the single-rooted grapfi, ¢) of type p on surfaceS; and an imbedding of the
double-rooted graplH, g, f) of type g on surfaceS; amalgamate on root-edgesand g to give
certain types of imbeddings of the single-rooted gréph /). This is represented as

pi(G) * q;(H) — crug, (W) + covg, (W) + czwry (W) + cazi, (W)

wherecy, co, c3, ¢4 are integer constants arg, k-, ks, k4 are integer-valued functions éfand .
Such a production can be read as follows:

An imbedding of the grapf(, ¢) of typep on surfaces; and an imbedding of the graph
(H,g, f) of typeq on surfaceS; amalgamate on edgesandg to givecy, ¢z, c3 andey
imbeddings of the graplWV, f) having typesu,v,w and z, respectively, on surface
Sk1 s SkQ, Skg andSk4.

Remark 1. Clearly, since we have 2 single-root partials @rand 10 first-order double-root sub-
partials forH, if we set out to derive all possible productions with these would need to write out
20 productions. While these are not so many in number, tlegivations are fairly routine, and so
we will derive only those productions that are necessargéweloping our examples.
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Theorem 2. Let (G, e) be a single-edge-rooted graph aff, g, /) a double-edge-rooted graph,
where each of the root-edges has two 2-valent endpoints fhieefollowing two productions, which
cover all possible cases of edge-amalgamation where theddihg ofH is of typedd”, hold true.

di(G) * dd}(H) — 2di1j(W) + 25i4 j41 (W) 1)

Proof. When an imbedding ofG, e) is amalgamated with an imbedding @, ¢, f), the fb-walks
on edges andg are broken into strands that recombine into new fb-walksérésulting imbedding
of W, i.e., the imbedding whose rotations at all vertices aresisbant with those of the imbeddings
of G and H. On the amalgamated edge there are two possibilities forata¢ions at each of its
two endpoints. Figure 1 demonstrates the changes in thalkswesulting from recombining the
strands. In all four cases there is a decrease of 2 vertick$ adge after the amalgamation.
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Figure 1:d;(G) * ddj(H) — 2diy j(W) 4 255141 (W)

The first and the last imbedding &f show a decrease of 1 face, as only one fb-walk at edge
combines with only one fb-walk at edge These arel-type imbeddings of¥’. By using the Euler
polyhedral equation, we can see that the genus of the mnegutibedding ofit” is the sum of the
genera of the imbeddings 6f and H .

The second and the third imbeddingléf show a decrease of 3 faces as the 2 fb-walksaatd
the 2 atg are merged into a single fb-walk. Both of these imbeddingsdype imbeddings ofl’.
By the Euler polyhedral equation, we can see that the geniieagsulting imbedding dfi” is the
sum of the genera of the imbeddingsg@find 4 with an additional increment of one.

Production (2) similarly follows from the Euler polyhededuation and yields imbeddings of
typed in all four cases for imbeddings &F as evident from Figure 2. O
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Theorem 3. Let (G, e) be a single-edge-rooted graph aff, g, /) a double-edge-rooted graph,
where each of the root-edges has two 2-valent endpointsn fiteefollowing productions, which
cover all possible cases of edge-amalgamation where thedutihg ofH is of typess® or ss!, hold
true.

di(G) * ss)(H) — 4sip;(W) 3)
5i(G) * ss)(H) — 4siy;(W) (4)
0(G) * 551 (H) —> 4sisy(W) 5)
si(G) x ssj(H) — dsi;(W) (6)

Proof. For Productions (3) and (4), the fb-walk at edfjgemains unaffected by the amalgama-
tion. Thus, all four imbeddings df induced by the amalgamation of an imbedding-biith an
imbedding of H are s-type imbeddings. An examination of the recombinant stsatetls us that
the amalgamation merges two faces incident at the rootsediges is shown for Production (3) in
Figure 3. Production (4) also has a similar illustration ethive omit.

...........

Figure 3:d;(G)  ss}(H) — 4si;(W)

The same is also true for the Productions (5) and (6). We ldeproof of Production (5) to the
reader and demonstrate it for Production (6) in Figure 4. O
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Figure 4:5;(G) * ssj(H) — 4si4;(W)

Theorem 4. Let (G, e) be a single-edge-rooted graph aff, g, /) a double-edge-rooted graph,
where all roots have two 2-valent endpoints. Then the fafigyroductions hold true:

di(G) * dd)(H) — 2d;1j(W) + 2diyj11 (W)
5i(G) = dd)(H) — 4dl+j (W)

0(G) w ddy (H) — 25 (W) + 2diy 11 (W)
5:(G) + ddy(H) — 4dsy5(W)

di(G) * ds}(H) — 28i15(W) + 2si141(W)
$:(G) ds?(H) — 4s;1;(W)

di(G) * dsi(H) — 2si4;(W) + 25i1541(W)
5i(G) x dsj(H) — 4si1 (W)

4i(G) » sd)(H) — Ad;y; (V)

5i(G) x sd)(H) — 4diy;(W)

4i(G) » sy (H) — Adyy; (V)

5:(G) * sdj(H) — 4diq (W)

di(G) * 5535 (H) — 2dij(W) + 25,15(W)
$i(G) x ss7(H) — 4si (W)

Proof. We omit the proof for the sake of brevity. O

To illustrate our technique, we present the derivation efghnus distribution of the historically
significant family of closed-end ladders [5].

4 Application: Closed-End Ladder

Let Ly be the closed-end ladder with end-rungs but no middle-ritigjequivalent under barycentric
sub-division to the four cyclé€’y, with the two non-adjacent edges serving as the root-edged.,,
be the closed-end ladder withmiddle rungs; one end-rung is trisected, and the middld gerves
as a single root-edge. Thus, = L, 1 * Ly (forn > 1). See Figure 5.
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Figure 5: Closed-end ladders

Remark 5. For Ly = Lg * Ly, it is understood here that the first amalgamand is singierb
whereas the second is double-rooted.

Applying the face-tracing algorithm [14] oh, reveals thatld; is the only non-zero partial of
Ly. Theorem 2 lists the productions necessary for edge-amalian when the second amalgamand
is add"-type imbedding, and it has the following implications:

Theorem 6. Let(L,_1, f) = (L.-1,¢) * (Lo, g, f), where each of the root-edgesy, f/ has two
2-valent endpoints. Then,

k

di(Ln) =) (2di(Ln1) +45i(Ln-1)) % ddjl_;(Lo) ()
k—1

sk(Ln) = 2di(Ln-1) x ddi_;_;(Lo) (8)

Proof. Production (1) indicates that amalgamating-type imbedding of the single-rooted graph
L,_1 onS; with add”-type imbedding ofL, on surfaceS; induces fourl-type imbeddings of the
single-rooted grapli.,,, two on the surface,,; and two on the surfacg;; ;1. This explains the

termst:0 2d;(Ln—1) x ddj/_,(Lo) of Equation (7) and accounts for the Equation (8). The terms
Zf:o 4s;(Ln—1) x dd}_,(Lo) of Equation (7) follow from the Production (2). O

Sincedd; (L) = 1 for ¢ = 0 and0 otherwise, we obtain the recurrences:
di(Ly) = 2dp(Ln_1) + 4sp(Ln_1)) x ddj(L1) = 2dg(Lp_1) 4 45x(Ln_1)
5k (Lp) = 2dp—1(Ln_1) x ddj(L1) = 2dg_1(Ln_1)
which are analogous to the forms of recurrences obtaineddioble-stone paths in [5], and which

can be solved identically to produce this formula, which ai® first computed by [5].

7 n+l—1

on—1+i n+1—1\ 2n+2-3i fori Ll,
9i(Ly) = ( ) ?
0 otherwise

5 Application: Open Chains of Copiesof L,

Let L, be the graph obtained from the ladderby trisecting the two side-rungs and designating the
middle third of these trisected edges as root-edgesGldie a single-rooted graph homeomorphic
to Lo, with the middle third of the only trisected side-rung seg/as a root-edge. We can form an

open chain(,,, of copies ofL, by takingG,, = G,,_1 * L (for n > 1) as shown in Figure 6.
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Figure 6: Open chains of copies bf

Face-tracing of., demonstrates that its only non-zero-valued double-raitéirder sub-partials
aredd(Ls), ss9(L2) andss!(Ls). Thus, the only productions we need for calculating the genu
distribution of an open chain of copies bf are those listed in Theorems 2 and 3. These productions
make contributions td, (G,,) or s;(G,,) as captured in the following equations:

i, (G) = Zfzo [zdi(Gn,l) s dd!_ (L) + 45;(Gn_1) * ddg,i(ig)}

sk(Gn) = Zf 0

[4di(Gn,1) * ssg_i(ig) +4s;(Gp_1) * ssg_i(ig)
+4d;(Gp_1) % 555 _;(Lo) 4 45;(Gp_1) * ss,lc_i(ilg)} +
k-1 . ..
S [2aiGa) e dd (L)
= Z.: |:4gz(Gn—1) * SS%?Z-(EQ) + 4gz(Gn—1) * SSiil(Lg)} +

S [2aiGa) e dd (L))
Genusdistribution of G,,
Sincedd(Ly) = 4, ss9(La) = 4, ssi (L) = 8, it follows that

di(Gr) = 2dy(Gr_1) * ddjj (Lo) + 45 (Gp_1) * ddfj (L)
5k (Gn) = 4gr—1(Gp_1) % 55V (L2) + 4gr—_1(Gp_1) * 553 (L2)
+ 2dp_1(Grr) * ddf) (L)

R
sk(Gn) = 48gk—1(Grn-1) + 8dr—1(Gn-1) (10)

As L, = Gy, the partitioned genus distribution & implies thaidy(Go) = 4 ands; (Go) = 12.
Therefore, we can iteratively plug values into Equations(®l (10), and thereby calculate the genus
distributions given in Tables-24.
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Table 2: Genus distribution @f;

k| k=0|k=1|k=2k

G| 32 [ 192 | 0
sn(G1) | 0 | 224 | 576

(G1) | 32 | 416 | 576

3

olo|o|lv

Table 3: Genus distribution @5

ko | k=0|k=1|k=2|k=3|k>4
4 (G2) | 256 | 5120 | 9216 | 0 0
si(Ga) | 0 | 1792 | 21504 | 27648 | 0
91(G2) | 256 | 6912 | 30720 | 27648 | 0

Table 4: Genus distribution @3

k k=0|k=1] k=2 k=3 k=4 |k>5
di(Gs) | 2048 | 69632 | 417792 | 442368 0 0
sk(G3) 0 14336 | 372736 | 1548288 | 1327104 0
gr(G3) | 2048 | 83968 | 790528 | 1990656 | 1327104 0

Remark 7. From Tables 24, the genus distributions for open chainsiofappear to support the
unimodality conjecture that all graphs have unimodal gatissibutions. The amalgamation ap-
proach is likely to be useful in such contexts either by poidy counterexamples to the conjecture
or by providing recurrences like Equations (9) and (10) Wwhitay be instrumental in proving uni-
modality for certain families of graphs.

6 Non-Homeomorphic Graphswith Identical Genus Distributions

The earliest published example for non-homeomorphic grayth identical genus distributions is
given in [12]. [20] provides a more general method for getiegasuch pairs. We now discuss a
simpler method for constructing such examples.

There are two ways of edge-amalgamating the grdghe) and (H, f), depending on how
the endpoints of the root-edgesand f are paired. We observe that all the productions for edge-
amalgamation in Theorems 2 — 4 are independent of how theo@mdf the respective root-edges
are paired, that is, they are true for both possible pairifsis, for both ways of pasting, we get the
same genus distribution.

One can exploit this fact to construct pairs of non-homearhimrgraphs having the same genus
distribution. For instance, Figure 7 shows two non-homeguiia graphs resulting from the two
ways of edge-amalgamating the same graphs. They have tleeggarus distributions. To prove that
they are non-isomorphic, consider the set of distancesdsstwhe two double adjacencies. Since
these two graphs are 3-regular, they are also non-homedsorp
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Figure 7: Non-homeomorphic graphs with the same genushiistn: 32 + 928g + 6720g> +
76809° + 1024g*

7 Second-Order Sub-Partials

The first-order sub-partials that can be further partittbimto second-order sub-partials are charac-
terized by having an fb-walk incident on both roots, but noat four occurrences of these roots. In
particular, these aréd’, dd”’, ds’ andsd’. In order to describe second-order sub-partials, we ineagin
a “thickening” of the root-edges of the graf@, ¢, f), and we label the two “sides” of the thickened
edgee as 1 and 2, and the two sides of the thickened gtlge 3 and 4, as shown in Figure 8.

I

Figure 8: Modeling second-order sub-partials

Distinguishing which of these labeled sides come togetiani fb-walk is an important piece
of information, which we would like to capture in our secooidter sub-partial, as it is essential for
double-rooted edge-amalgamation. Thus, for exampld)-&ype imbedding may combine the faces
1 and 3, faces 1 and 4, faces 2 and 3, or faces 2 and 4. Accordingldefine the second-order
sub-partials foeld" as illustrated in the top half of Figure 9. We show the remmagrsub-partials in
the bottom half of the figure. We thus define the second-ordeipartials as follows:

dd';(G,e, f) = the number of imbeddings of typ&#, such that
the sides 1 and 4 occur in the same fb-walk.
(ﬁi(G,e, f) = the number of imbeddings of typ&#, such that
the sides 2 and 3 occur in the same fb-walk.
dd';(G,e, f) = the number of imbeddings of typ&#, such that
the sides 1 and 3 occur in the same fb-walk.

gc?i(G,e, f) = the number of imbeddings of typ&#, such that

o the sides 2 and 4 occur in the same fb-walk.
Similarly,

cﬁi(G, e, f) = the number of imbeddings of typ##, such that
the sides 1 and 4 occur in the same fb-walk and
the sides 2 and 3 in another.
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Figure 9: Models for second-order sub-partials.

Zﬁ”i(G, e, f) = the number of imbeddings of typ##, such that
the sides 1 and 3 occur in the same fb-walk and
the sides 2 and 4 in another.

And finally,

E;’i(G,e, f) = the number of imbeddings of typ&s, such that
the sides 1,3,4 occur in the same fb-walk.

c<l-8'i(G,e, f) = the number of imbeddings of typ&s, such that
the sides 2,3,4 occur in the same fb-walk.

s_d;i(G,e, f) = the number of imbeddings of type#, such that
the sides 1,2,4 occur in the same fb-walk.

js_d/l-(G,e, f) = the number of imbeddings of type#, such that
the sides 1,2,3 occur in the same fb-walk.

A complete list of productions for edge-amalgamation usinty double-root partials can be
derived in a manner akin to our methods®. One could work out all6 x 16 = 256 productions by
using the first-order sub-partials and substituting theadiskl’, dd”’, ds’ andsd’ by their respective
second-order sub-partials defined in this section. For #ke sf brevity, we list in Table 5 only
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the productions needed for the first of our target applicatio §8 and outline their proofs on our
website [33]. We abbreviate the partials through omissich@graphs, H andWV.

Table 5: A subset of the productions for the edge-amalgaméti, e, d) = (H, g, f).

Productions

dd + dd"
- —)
dd’; + dd’

— —)
dd'; + dd” ;
— —
dd/i * dd”j
«— —
dd/i * dd”j

— —
dd”i * dd”j
— —
dd"; « dd";

—
ds9 x dd" ;

— —>
dS/i * dd”j

— —
ds’; * dd' !
sdo * dd”

d * dd"
—

? * dd"
11 * dd”
2
’L

* dd"

— 2dd?, ; +2ds0,
— dd’b+] + dd/l+3 + 2d8 l+]+1
— ddiJrj + dd/i.g_j + 2d8 i+j+1
— —
—_— dd?Jrj + dd/iJrj + 2d8/i+j+1
— —
—_— dd?Jrj + dd/iJrj + 2d8/i+j+1
— A+ dd g+ 2557, j41
— —
— dd/iJrj —+ dd/iJrj + 25512+j+1
— 4dd?+J
—
— 2dd i+j + 2dd/i+j
— —
— 2dd’;; + Qdle_j
— QSd?Jr]— + 255?+j+1
0 i 1

T Sdiyy + 50y + 288,050
— sd?Jrj +sd'ivj+ 25511+j+1
— 4Sd10+3
2Sd i+j + 2Sd i+j

— dd“z-‘,-] + dd i+j + Sd i+j + Sd i+j

In general, when amalgamating copies of a base graph, sotme pértials of the base graph may
be zero-valued. Accordingly, we can eliminate a lot of uressary work and use this good fortune
to derive a smaller subset of productions relevant to outiquéar application. The productions in
Table 5 lead to Theorem 8.

Theorem 8. Let (W,e, f) =

(G,e,d)

2-valent endpoints and the imbeddings of the graphre of typedd”. Then,

ddj, (W)
dd' (W)
dd' (W)
dd' (W)
dd' (W)

Y
dd" (W)

1M MMM

(2dd(G) + dd(G) + 4ds%(G)) x dd" ,_(H)

1=

K2

K2

K2

K2

K2

i—0
k

k

k

k
i—0

(dd'i(G) +Cﬁi(G) + 26?571'(0)) x Cﬁk—i(H)

(dd';(G) +Cﬁi(G) + 267;1'(0)) x Cﬁk—i(H)

Il
=]

(dd'§(GQ) + dd"(G) + 2d5 s dd"
; ; S1(G)) x dd"y_s(H)

Il
=]

(dd () + dd"(G) + 2d5'; dd’
; ; S1(G)) x dd i (H)

Il
=]

—
552(G) x dd"y,_;(H)

(H, g, [), where each of the root-edgesd, g, / has two

(11)
(12)
(13)
(14)
(15)

(16)
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(W) = 3 ss3(C) x ddi(H) (17)
dsO (W) = Z";Ol 2dd"(G) x ddp+_:(H) (18)
ds (W) = S 2@ (G) + dd (@) x dd"y i (H) (19)
BW) = S 2d(G) + A (G)) x () (20)
kf —
sdQ(W) = Zi:o (25d%(G) 4 sdi(G) + 45s9(G)) x dd"j_;(H) (21)
LW = 3 (dA(G) +2551(G) + 553(G)) x ddimi(H) @2
SEAW) = 30 (S (G) + 25H(G) + 552(G)) x dd’y_i(H) (23)
1 .
ssU(W) = Zi_o 25d%(G) x dd"_1_;(H) (24)
1 kil —
ssp(W) = Zi_o 25d(G) x dd" j_1_i(H) (25)
k-1 —
ssp(W) = Zi:o 2dd! (G) x dd" _1_;(H) (26)

Proof. Consider the production:
—>
dd}(G) * dd";(H) — 2dd), ;(W) + 2ds{, ; (W)

It indicates that eactid’-type imbedding of> on S; when amalgamated Withﬁ—type imbedding
of H on surfaceS;, induces two imbeddings &# having typedd® on surfaceS; . ; and two of type
ds” on surfaceS; ;1.

These contributions account for the teEfzo 2ddY x ddj,_, in Equation (11) and for the Equa-
tion (18). Taking into account all contributions made by gineductions in Table 5, the result fol-
lows. O

8 Application: Closed-End Ladders

We showed irg4 how to compute the single-root partials for the genusiigiion of closed-end
ladders. We can accomplish the same for double-root padfallosed-end ladders.

Remark 9. In [22], we use these double-root partials for calculatiegus distributions of closed
chains which are “cycles” of copies of a given base graph. thleeclosed chains corresponding to
closed-end ladders are circular ladders and Mobius ladder

By face-tracing we know that all partials fdx, are zero-valued except foﬁ;o(Lo), whose
value is 1. This is the vital piece of information which weliggd in selecting the 16 productions
that we chose to derive for this application and that wedisteTable 5, from amongst a total of
256 productions. We can use the value of this partial andtitexly apply Theorem 8 to obtain the
partitioned genus distribution for the closed-end laddéhe reader will observe that the values for
grx(L») agree with the values first obtained by [5]. For the sake ofgletion, we include the table
of partitioned genus distributions fdr, throughZLs in [33].

The reader may also observe that the same results could Ilsavse®n achieved using first-order
sub-partials and may question the need for using secorer-suth-partials for amalgamating double-
rooted graphs. However, in general, with more complex appbtins requiring amalgamations of
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double-rooted graphs having higher degrees, one is liketged the additional information captured

in second-order sub-partials. One such application isutatiog the genus distribution of an open
chain of copies of the complete bipartite gralgh s.

9 Application: Open Chains of Copiesof K 3

We omit the proof and list only the results computed by usingtechnique. In particular, we list
only the non-zero columns.

D0 DACOR] Dot -

Figure 10: Open chain§y = K33, G1 = Go * K33, G2 = G1 * K3 3.

Table 6: Genus distributions of open chains of copie& gf.

Gn GO Gl G2
k 1 2 2 3 4 3 4 ) 6
ﬁ% 0 0] 1656 0 0] 262976 436224 0 0
dd'y, | 4 0| 344 440 0] 13296 78064 31040 0
dd'y, | 4 0| 344 440 0| 13296 78064 31040 0
—
dd'y, | 6 0] 280 440 0| 13808 78064 31040 0
—
dd'y, | 6 0] 280 440 0| 13808 78064 31040 0
—
dd'y | 0 0 24 144 0 144 2160 5184 0
—
dd"y | 6 0 24 144 0 144 2160 5184 0
ds? 2 0] 424 1040 0| 58784 339488 171392 0
—
ds'y, | 2 0] 104 1016 0 4384 68256 158336 0
—
ds'y, 2 0] 104 1016 0 4384 68256 158336 0
sdf) 2 0] 424 1040 0] 58784 339488 171392 0
—
sd, | 2 0| 116 1088 0 4336 68688 160064 0
«—
sdp | 2 0 92 944 0 4432 67824 156608 0
ss) 0 O 96 664 0| 12928 133312 280576 0
sst. 0 12 32 704 2016 1408 36416 230336 214272
ssi 2 12 8 168 288 32 1440 8640 6912
gr |40 24| 4352 9728 2304 | 466944 1875968 1630208 221184
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10 Conclusions

The methods highlighted in this paper enable us to formuéaterrences that specify the partitioned
genus distributions for an arbitrarily large graph, comstied by iteratively linking smaller graph
units of known partitioned genus distributions on root-eslithat have two 2-valent endpoints. These
smaller graphs may have arbitrarily large degrees at w=rtia which the root-edges are not incident.
In this manner, one can construct open chains consistingmés of the same graph. Similarly, one
can interleave copies of many distinct graphs. We learn toodotthis efficiently by using single-
root partials and double-root first-order sub-partials. alg® introduce second-order sub-partials in
the interest of accomplishing the same using only doubd¢-sab-partials. This enables us to lay
the ground for self-amalgamation, which we cover in the sddnstallment of this paper [22].

We examine as applications of our techniques open chainspiés of the closed-end laddgs
and of K3 3. In revisiting the closed-end ladders, we bring to the réadgtention how, in some
cases, it may be possible to solve the recurrences and atddsied formulas. We discuss how the
results in this paper can aid one in generating examplesmhoomeomorphic pairs of graphs that
have identical genus distributions.

Moreover, in combination with methods from [8], we can deyethe relationship of the parti-
tioned genus distribution of edge-linked open chains t@otraphs by exploring edge operations
such as contracting, splitting, edge-addition and eddetida. The techniques developed here can
also be used creatively as in [9], which presents a quaetiatealgorithm for computing the genus
distribution of any cubic outerplanar graph. These teahescare also likely to be helpful in finding
a counterexample to the unimodality conjecture, if suchumterexample exists.

Further avenues for research include edge-amalgamatiooots with higher-valent endpoints,
and analysis of the recurrences for properties such as thedality of genus distributions.
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