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1 Uniform convergence, again

Recall the uniform convergence theorem.

Theorem 1. Let F C {—1,1}* have VC dimension d < co. Let ju be a probability distribution on
X, and let p, be the empirical distribution based on an wid sample from p of size n. Then for any

e >0,
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This implies that, for any § € (0,1), with probability at least 1 — ¢,

sup i f — iuf < O(\/dlogn+log(1/5)>'

fer n

A different way to prove Theorem [I] starts by using McDiarmid’s inequality. Let X1,..., X, be
an iid sample from g, and let F C {—1,1}¥ be a function class. For any § € (0, 1), with probability
at least 1 — 4,
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sup pin f — pf <E|sup pnf — pf
feF feF

McDiarmid’s inequality applies because the random variable on the left-hand side satisfies the
(c1,...,cn)-bounded differences property with ¢; = 2/n for all i. So the main task is to bound the
expectation on the right-hand side.

Let u), be the empirical distribution on an independent iid sample of size n, X7,..., X/, (the
ghost sample). Instead of using conditional expectation notations, we shall write E for expectation
with respect to Xi.,, and we write ' for expectation with respect to X7{.,. Then uf = E'[u] f],
and therefore

sup pin f — pf = sup B [pin f — pur, f] < E' | sup pun f — u;f]
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where the inequality follows by Jensen’s inequality and the convexity of the supremum of affine
functions. So we have

E lsup pinf — pf | <EE | sup pnf — M%f] :
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Letting o0 = (01, ...,0,) be a Rademacher random vector, we also have
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sup pinf — pnf| = EE'E,
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where E, denotes expectation with respect to o. Since Xj., and X71.,, have the same distribution,
and using the symmetry of o,

sup % Zo'if(Xi) + sup 1 4 (Ui)f(Xz{)]
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UG]‘—(Xlzn)

LS~ | uv; and empirical norm [|vl|, =

(v,v)p.) Since each v € F(X1.y,) has ||v]|, = 1, it follows by Massart’s lemma that

sup <O’,’U>n < /210g|.7-"(X1;n)\ '
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So, if F has VC dimension d < oo, we conclude by Sauer’s lemma that

(Recall our notations for empirical inner product (u,v), =
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2 Rademacher complexity
Going back a few steps in this development, we have the inequality

E < 2E[Radn(f(X1:n))]~ (1)

sup pin f — p1f
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where, for any V C R",
Rad, (V) =E, [sup (o, v)n] .
veV
The quantity E[Rad,, (F(X1.,))] is called the (one-sided) Rademacher complexityﬂ of F (which also

depends on p and n)E| The Rademacher complexity measures how well functions from F can be
used to “correlate” the sample X;i., with random signs.

!The one-sided Rademacher complexity is somewhat non-standard, but it is more convenient in some technical
respects and sufficient for our purposes. The usual (two-sided) Rademacher complexity of F is defined with |{o, v)x|
in place of (o,v), in the definition of Rad,.

2Sometimes Rad,(F(X1:n)) itself is called the empirical Rademacher complexity of F.



e A “complex” class is one that is able to make this correlation Rad,,(F(Xi.,)) large (in expec-

tation with respect to X1.,). For example, the set of all {—1,1}-valued functions on X has
Rad,, (F(X1:)) = 1.

e A class that contains only a single function (which should be considered “simple” by any

measure. .. ) has Rad, (F(X1.,)) = 0.

Note that Rademacher complexity is well-defined not just for {—1,1}-valued functions, but for
any class of functions real-valued functions (although some normalization is needed to make the
quantity meaningful). Another feature of Rademacher complexity is that it is sensitive to the data
distribution p. These two “features” of Rademacher complexity distinguish it from VC dimension.

3 Properties of (empirical) Rademacher complexity

Proposition 1. Let A and B be subsets of R™. Then the following hold.

1.
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If A C B, then Rad,(A) < Rad,(B).

Rad, (A + B) = Rad,(A) + Rad,(B).

Rad,,(cA) = |c¢|Rad, (A).

Rad, (conv(A4)) = Rad,(A).

(Lipschitz contraction.) Let ¢1, ..., ¢p be L-Lipschitz R-valued functions on a domain D C R:

i.e., for each i € [n],
¢i(t) — ¢s(t') < Lt —t'| for all t,t' € D.
Define
(b(A) = {(¢1(a1), ceey ¢n(an)) : <a17 o 7an> € A}
If A C D™, then
Rad, (¢(A)) < LRad,(4).

Proof. 1. Since A C B, we have {(o,v),, : v € A} C {(o,v) : v € B}; since a supremum over

a set can only stay the same or increase by adding more vectors to the set, it follows that
SUP,c (0, V)n < sup,ep(o,v)y, for all o, and so Rad,(A4) < Rad,(B).

. Since A+ B ={a+b:ac Abec B}, it follows that sup,c 4, (0, V)n = SUP,e 4 SUPpc (0, a +

by, = SUPge (0, a)n + supyep(o, b)y, for all o, so Rad,, (A + B) = Rad,(A) + Rad,(B).

. If ¢ > 0, then sup,c.a (0, V) = SUp,c (0, ca)n = sup,ealc/(o, a)n = |c|sup,c (0, a)y, for all o.

If ¢ <0, then sup,c.A(0,V)n = sUp,ca(0,ca)n, = sup,ealc|(—0o,a), = |c|sup,ea(—0,a), for
all 0. In either case, o and —o have the same distribution, so we conclude that Rad,(cA) =
|c| Rad,,(A).

. By definition, for any v € conv(A), we can write v = cjv; + -+ + cv for some k € N,

some ¢ = (c1,...,c;) € A*71 and some vy,...,v; € A. For such v, we have (o,v), =
Zle Ci(0,vi)n < MaXien] (0, Vi)n- SO SUPycconv(4) (0, V)n < SUPGe (0, a)n for all o, and
therefore Rad, (conv(A)) < Rad,(A). Since A C conv(A), it also follows that Rad,(A) <
Rad,,(conv(A)) by the first property above.



5. We show that by replacing ¢ () with L- can only increase the Rademacher average. Write
E,, for expectation over o; only (conditioning on o9, ...,0,). Then
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Repeat this for ¢o, ..., ¢, to get

veEP(A) veLA

IEU[ sup <0,v>n] < Eg[sup <O',’U>n:|

(where LA = {La : a € A}). Then apply the third property to prove the claim.

4 Lower bound

The following is a complement to |(1)]

Proposition 2. For any F C [—1,1]% and any probability distribution p on X,

E +E

1
sup fin f — pf sup of — pinf | > ERadn (F(X1:0)) — sup|pf|—.
feF feF fer W/n

Together, and Proposition [2| show that Rademacher complexity essentially characterizes
distribution-specific uniform convergence.



Proof of Proposition [2

Rad,(F(X1:m)) = E,

sup — 3" i (F(X2) — uf) + ;Zomf]
; =1
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Now let X7,..., X, be an independent iid sample from p, and write E’ for expectation with respect

to X1.,. Then we have

EE, | sup 1 ZUi(f(Xi) —pf)

n
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We conclude that

E|sup pnf — pf| +
feF
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=EE, ?lelgﬁ ;Uz(f(Xz> —-E f(XZ))]
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E f’fe‘fi“f — pinf | = ERady(F(X1:0)) — ?22"”'%' O

A simple corollary of Propositionis that, for any F C [—1,1]* and any probability distribution

pwon X,

maxq B sup pin f — puf
fer

JE

1 1
su — Un > —ERad,(F(Xi.n)) — su —.
feguf ft f” 5 (F(X1:n)) fegluf\Q\/ﬁ



Notice that if F is closed under negation (i.e., F = F U (—F)), then both terms in the max are the
same. But it is not generally possible to replace the max with IninE|

3To see this, consider the class F of all characteristic functions fs(z) = 1{z € S} of finite subsets of [0, 1], and
let 42 be the uniform distribution on [0, 1]. The Rademacher complexity of F is 1/2, but E [sup rer ibf — tn f]=o.
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