COMS 4773 Fall 2026 Problem Set 3

Problem 1. The diameter of a metric space (Z,d) is sup, ...z d(z,2'). For any L > 0, we
say a real-valued function f: Z — R defined on a metric space (Z,d) is L-Lipschitz (with
respect to the metric d) if, for all z, 2’ € Z, we have f(z) — f(2') < Ld(z, ).

(a)

(b)

For any metric spaces (2,d;) and (Z5,dy), show that (Z,d) is a metric space, where
Z:=Z1xZyandd: Zx2Z — Risdefined by d((z1, 22), (2], 25)) 1= d1(z1, 21) +da(22, 25).

Let z be a random variable taking values in Z for a metric space (Z,d). Define

Fo:={f: Z—R| fis 1-Lipschitz, E(f(z)) = 0}

and
Kz(A) := sup InE[exp(Af(z))], VAeR.
feFs
Show that if (Z,d) has diameter D, then

D?2)\?2
K.(\) < 5 VA € R.

Let z; and z, be independent random variables, with each z; taking values in Z; for a
metric space (Z;,d;). Show that

K(ZLZQ)()\) < Kzl ()‘) + KZz ()‘>7 VA €R,
where K, , K,,, and K, ,,) are as defined in Part (b).
Hint: For f € F(z, 2,), define g: Z5 = R by g(22) := E[f(21,22) | 22 = 2], and for each
29 € 2y, define h,,: 21 — R by h,,(21) := f(21,22) — g(22). Show that each of g and
h., is 1-Lipschitz.

Let z4,...,2, be independent random variables, with each z; taking values in Z; for a
metric space (Z;,d;) of diameter D;. Show that for any real-valued 1-Lipschitz function
fiZ x---x2Z,—Rand any t > 0,

Pr(f(z1,...,2n) — E[f(21,...,2,)] > 1) < exp(—z%lm).

Use the result from Part (d) to prove McDiarmid’s inequality (https://www.cs,
columbia.edu/~djhsu/coms4773-s24/lectures/mcdiarmid. pdf).

Hint: Choose the metric spaces to use with the result from Part (d) in terms of the
parameters of the bounded differences property of the given function.


https://www.cs.columbia.edu/~djhsu/coms4773-s24/lectures/mcdiarmid.pdf
https://www.cs.columbia.edu/~djhsu/coms4773-s24/lectures/mcdiarmid.pdf

Problem 2. Suppose x,...,X, are l-subgaussian mean-zero random variables (not neces-
sarily independent nor identically distributed), and let

Z = maxXx;.
1€[n]

In this problem, you will prove a bound on E[z] two (or three) ways. (Throughout this
problem, assume n > 1 so In(n) > 0. This will simplify the form of the bounds.)

(a) Prove the following: for any A > 0,

Blz] < S K,(\).

Hint: Use Jensen’s inequality. Not a trick question.

(b) Use the result from Part (a) to prove the following: for some absolute constant C' > 0,

E[z] < C+/In(n).
Hint: For any real numbers ai, ..., a,, we have €€l % = max;ep, e < 7, e,
Now we start the second way to prove the same bound on E[z].

(c) Prove the following: for any t > 0,
Pr(z>t) <n- e /2,
Hint: Not a trick question.

(d) Use the result from Part (c) and the fact that E[z] < E[max{0,z}] = [° Pr(z > t)dt
to prove the following: for some absolute constant C' > 0,

Elz] < Cv/In(n).

Hint: Break the integral into two parts, [0,w) and [w,00), for some judicious choice of
w > 0; use a “trivial” bound for the first part, and use a bound that takes advantage of
the lower integral limit for the second part.

Here is a generalization.

(e) (Optional.) Suppose Xj,Xa,... is an infinite sequence of 1-subgaussian mean-zero
random variables (not necessarily independent nor identically distributed), and let

Xi
y = max

e /TG

Prove the following: for some absolute constant C' > 0,

Ely] < C.



Problem 3. Let P be a probability distribution over X x Y, T € N, S ~ PT and § € (0,1).

(a) Prove the following. There is an absolute constant C' > 0 such that the following holds.
If ERM (with hypothesis class H) is run with training data S, then with probability at
least 1 — ¢, ERM returns a hypothesis h from H satisfying

err(h: P) log([H]/9) 1og<m\/6>>

. < *.
err(h; P) <err(h*; P) + C (\/ T T

for all h* € H.
Hint: The following algebraic fact may be useful: for any non-negative numbers x,y, z,
z<y+2/7 = x<y+2*+ 2y

Two more useful facts are \/o +y < x4+ /y and \Jzy < (x+y)/2. You may use all
of these facts without proof.

(b) Let (Hy)ren be an infinite sequence of hypothesis classes of increasing sizes:
|/H1| < |/H2‘ < v
(For example, the classes could be nested Hy; C Ho S -+ -.)

Consider the following learning strategy. For each k € N, let ﬁk i= argmin,g,, err(h; S),
and let k := arg ming err(hy; S) + 2,/€k, where

. Mk +1)/9)

o7 . VkeN.

Return h := ﬂﬁ (Assume any “ties” in argmin are broken arbitrarily.)

(i) The above learning strategy is a special case of Structural Risk Minimization.
However, it may not be obvious how to implement it, especially the “arg min,cy”
part. Briefly explain how the strategy can be carried out in finite time. (Assume,

for each k € N, that you have an algorithm for computing both ﬁk and e.)
(ii) Show that, with probability at least 1 — 9,

A. < ] 3 . .
err(h; P) < min min err(h; P) + 4\/ex

(c) (Optional.) Describe a variant of the learning strategy from Part (b) that returns h
with the following guarantee (for some absolute constant C' > 0): with probability at
least 1 — 0,

err(h; P) < min min err(h; P) + C(\/err(h; P)ey + 5k)

keN heHy

where ¢;, are as defined in Part (b), and prove that it has this guarantee. The learning
strategy should NOT require knowledge of the values minyeqy, err(h; P) for k € N.



Problem 4. Let H C {0,1}* denote a hypothesis class on the domain X.
(a) Let X :=={0,1,2,...,N — 1} for N € N, and
H:={h: X - {0,1} |30 € Rs.t. h(z) = 1{z > 0} Vx € X'}.

What are Ldim(#H) and VCdim(#)? Give your answers in terms of N; it is fine to use
asymptotic notation.

(b) Let H* := {e, | z € X} be the dual class where
e.(h):=h(z) VYheH.

Show that .
VCdim(1*) < O(2Veim®),

(c) Let X :=R" and H := {h: R" — {0,1} | 3w € R" s.t. h(z) = 1{{w,z) > 0} Yz € R"}.
Show that VCdim(#*) = VCdim(H).



