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ABSTRACT
Classmembershipprobabilityestimatesareimportantfor many ap-
plicationsof datamining in which classificationoutputsarecom-
binedwith othersourcesof informationfor decision-making,such
asexample-dependentmisclassificationcosts,theoutputsof other
classifiers,or domainknowledge. Previous calibrationmethods
apply only to two-classproblems. Here,we show how to obtain
accurateprobabilityestimatesfor multiclassproblemsby combin-
ing calibratedbinaryprobabilityestimates.Wealsoproposeanew
methodfor obtainingcalibratedtwo-classprobabilityestimatesthat
canbe appliedto any classifierthat producesa rankingof exam-
ples.UsingnaiveBayesandsupportvectormachineclassifiers,we
giveexperimentalresultsfrom avarietyof two-classandmulticlass
domains,includingdirect marketing, text categorizationanddigit
recognition.

1. INTRODUCTION
Mostsupervisedlearningmethodsproduceclassifiersthatoutput

scoress� x� which canbeusedto rank theexamplesin the testset
from the mostprobablememberto the leastprobablememberof
a classc. That is, for two examplesx andy, if s� x��� s� y� than
P � c � x��� P � c � y� .

However, in many applications,arankingof examplesaccording
to classmembershipprobability is not enough.What is neededis
an accurateestimateof theprobability thateachtestexampleis a
memberof theclassof interest.

Probabilityestimatesareimportantwhentheclassificationout-
putsarenotusedin isolationbut arecombinedwith othersourcesof
informationfor decision-making,suchasexample-dependentmis-
classificationcosts[25] or the outputsof anotherclassifier. For
example,in handwrittencharacterrecognitiontheoutputsfrom the
classifierareusedasinput to a high-level systemwhich incorpo-
ratesdomaininformation,suchasa languagemodel.

Currentmethodsfor transformingrankingscoresinto accurate
probabilityestimatesapplyonly to two-classproblems.Here,we
proposea methodfor obtainingaccuratemulticlassprobabilityes-
timatesfromrankingscores:wedecomposethemulticlassproblem
into a seriesof binary problems,learna classifierfor eachoneof
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them,calibratethescoresfrom eachclassifier, andcombinethem
to obtainmulticlassprobabilities.

We alsopresenta new methodfor obtainingaccuratetwo-class
probabilityestimatesthatcanbeappliedto any classifierthatpro-
ducesa rankingof examples.Besidesbeingfastandvery simple
to understandandimplement,our methodproducesprobabilityes-
timatesthatarecomparableto or betterthantheonesproducedby
othermethods.

In Section2, we review the notion of calibrationof probabil-
ity estimatesandshow thatalthoughthescoresproducedby naive
Bayesandsupportvectormachine(SVM) classifierstendto rank
exampleswell, they arenotwell-calibrated.In Section3,wereview
previousmethodsfor mappingtwo-classscoresinto probabilityes-
timates,explain their shortcomingsandpresentour new method.
In Section4 wediscusshow to combinecalibratedtwo-classprob-
ability estimatesinto calibratedmulticlassprobabilityestimates.In
Section5 we presentanexperimentalevaluationof thesemethods
appliedto naive BayesandSVM scoresin a variety of domains.
Finally, in Section6 we summarizethecontributionsof this paper
andsuggestdirectionsfor futurework.

2. THE CALIBRA TION OF NAIVE BAYES
AND SVM SCORES

Assumethatwehaveaclassifierthatfor eachexamplex outputs
a scores� x� between0 and 1. This classifieris said to be well-
calibratedif theempiricalclassmembershipprobabilityP � c � s� x�	�
s� convergesto the scorevalues� x�
� s, asthe numberof exam-
plesclassifiedgoesto infinity [17]. Intuitively, if we considerall
theexamplesto which a classifierassignsa scores� x��� 0 � 8, then
80% of theseexamplesshouldbe membersof the classin ques-
tion. Calibrationis importantif we want thescoresto bedirectly
interpretableasthechancesof membershipin theclass.

Naive Bayesianclassifiersassignto eachtestexamplea score
between0 and 1 that can be interpreted,in principle, as a class
membershipprobabilityestimate.However, it is well known that
thesescoresarenotwell-calibrated[9].

Naive Bayesis basedon the assumptionthat the attributesof
examplesareindependentgiventheclassof theexamples.Because
attributestendto becorrelatedin realdata,thescoress� x� produced
by naive Bayesaretypically too extreme:for mostx, eithers� x� is
near0 and then s� x�
� P � c � x� or s� x� is near1 and then s� x���
P � c � x� . However, naive Bayesianclassifierstendto rankexamples
well: if s� x��� s� y� thenP � c � x��� P � c � y� .

The calibrationof a classifiercanbe visualizedthrougha reli-
ability diagram[7]. In the casewherethereis a small numberof
possiblescorevalues,for eachscorevalues, wecomputetheempir-
ical probabilityP � c � s� x��� s� : thenumberof exampleswith score
s that belongto classc divided by the total numberof examples
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Figure1: Reliability diagramsfor NB. The numbers indicate how many examplesfall into eachbin (testset).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SVM Score (re−scaled)

Adult Dataset

E
m

pi
ric

al
 c

la
ss

 m
em

be
rs

hi
p 

pr
ob

ab
ili

ty

682 114 1322 1955 
2215 

2243 

2657 

2004 

1456 

1039 

378 201 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
The Insurance Company Dataset

SVM score (re−scaled)

E
m

pi
ric

al
 c

la
ss

 m
em

be
rs

hi
p 

pr
ob

ab
ili

ty

1182 

5 

8100 
471 

59 

3 

Figure2: Reliability diagrams for SVM. The numbers indicate how many examplesfall into eachbin (test set).

with scores. Wethenplot sversusP � c � s� x�	� s� . If theclassifieris
well-calibrated,all pointsfall into thex � y line, indicatingthatthe
scoresareequalto theempiricalprobability.

However, in practicalsituations,the numberof possiblescores
is largecomparedto thenumberof availabletestexamples,sowe
cannotcalculatereliableempiricalprobabilitiesfor eachpossible
scorevalue. In this case,we canresortto discretizingthe score
space. But becausethe scoresare not uniformly distributed,we
havetocarefullychoosebinsizessothatthereareenoughexamples
to calculatereliableempiricalprobabilityestimatesfor eachbin.

In Figure 1 we show reliability diagramsfor two well-known
datasets:Adult andTIC (seeSection5 for informationon these
datasets),wherethe scorespacehasbeendiscretizedinto bins of
size0.1 and0.15, respectively. As we canseein the graphs,al-
thoughtendingto vary monotonicallywith theempiricalprobabil-
ity, naiveBayesscoresarenotwell-calibratedbecausemany of the
pointsdonot fall into thex � y line.

For eachtestexamplex, anSVM classifieroutputsa scorethat
is thedistanceof x to thehyperplanelearnedfor separatingpositive
examplesfromnegativeexamples.Thesignof thescoreindicatesif
theexampleis classifiedaspositive or negative. Themagnitudeof
thescorecanbetakenasameasureof confidencein theprediction,
sinceexamplesfar from theseparatinghyperplanearepresumably
morelikely to beclassifiedcorrectly.

Althoughthe rangeof SVM scoresis � � a � a� (wherea depends
on the problem),we canmapthe scoresinto the � 0 � 1� interval by
re-scalingthem. If f � x� is theoriginal score,then s� x����� f � x���
a��� 2a is a re-scaledscorebetween0 and1, suchthat if f � x�
� 0
thens� x��� 0 � 5 andif f � x��� 0 thens� x��� 0 � 5. However, these
scorestend to not be well-calibratedsincethe distancefrom the
separatinghyperplaneis not exactlyproportionalto thechancesof
membershipin theclass.

In Figure2weshow reliability diagramsfor re-scaledSVM scores
usingthe Adult andTIC datasets,wherethescorespacesaredis-

cretizedinto binsof size0.08and0.15,respectively. We seethat
SVM scoresvarymonotonicallywith theempiricalprobability, but
arenotwell-calibrated.

3. MAPPING SCORESINT O
PROBABILITY ESTIMATES

Supposewe have a setof examplesfor which we know thetrue
labels. In this casewe can assumethat P � c � x��� 1 for positive
examplesandP � c � x��� 0 for negative examples. If we apply the
classifierto thoseexamplesto obtainscoress� x� , we canlearna
functionmappingscoress� x� into probabilityestimatesP̂ � c � x� . If
the learningmethoddoesnot overfit the trainingdata,we canuse
thesamedatato learnthis function. Otherwise,we needto break
the training datainto two sets:onefor learningthe classifierand
theotherfor learningthemappingfunction.

In any case,we needa regularizationcriterionto avoid learning
a mappingfunctionthatdoesnot generalizewell to new data.One
possibleregularizationcriteriais to imposea particularparametric
shapefor thefunctionandusetheavailabledatato learnparameters
suchthatthefunctionfits well thedataaccordingto somemeasure.

Theparametricapproachproposedby Platt[18] for SVM scores
consistsin finding the parametersA andB for a sigmoidfunction
of theform P̂ � c � x��� 1

1� eAs� x ! B mappingthescoress� x� into proba-

bility estimatesP̂ � c � x� , suchthatthenegative log-likelihoodof the
datais minimized.

This methodis motivatedby the fact that the relationshipbe-
tweenSVM scoresandthe empiricalprobabilitiesP � c � x� appears
to be sigmoidalfor many datasets.This is the casefor the Adult
dataset,ascanbeseenin Figure3, whereweshow thelearnedsig-
moid usingthetrainingdataandtheempiricalprobabilitiesfor the
testdata,for Adult andTIC. Platthasshown empirically that this
methodyieldsprobabilityestimatesthatareat leastasaccurateas
onesobtainedby traininganSVM specificallyfor producingaccu-



−6 −5 −4 −3 −2 −1 0 1 2 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Adult Dataset

SVM Score

E
m

pi
ric

al
 c

la
ss

 m
em

be
rs

hi
p 

pr
ob

ab
ili

ty
Test data
Learned sigmoid

−1.0005 −1 −0.9995 −0.999 −0.9985
0

0.2

0.4
The Insurance Company Dataset

SVM Score

E
m

pi
ric

al
 c

la
ss

 m
em

be
rs

hi
p 

pr
ob

ab
ili

ty

Test data
Learned sigmoid

Figure3: Mapping SVM scoresinto probability estimatesusinga sig-
moid function.
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Figure 4: Mapping NB scoresinto probability estimatesusing a sig-
moid function.

rateclassmembershipprobabilityestimates,while beingfaster.
Thesamemethodcanbeappliedto naive Bayes.This waspro-

posedby Bennett[4] for theReutersdataset.In Figure4 we show
the sigmoidalfit to the naive Bayesscoresfor the Adult andTIC
datasets.The sigmoidalshapedoesnot appearto fit naive Bayes
scoresaswell asit fits SVM scores,for thesedatasets.

If theshapeof themappingfunction is unknown, we canresort
to a non-parametricmethodsuchasbinning [24]. In binning, the
trainingexamplesaresortedaccordingto theirscoresandthesorted
setis dividedinto b subsetsof equalsize,calledbins.For eachbin
we computelower andupperboundarys�#" � scores. Given a test
examplex, weplaceit in abin accordingto its scores� x� . Wethen
estimatethe correctedprobability that x belongsto classc asthe
fractionof trainingexamplesin thebin thatactuallybelongto c.

A difficulty of thebinningmethodis thatwe have to choosethe
numberof binsby cross-validation.If thedatasetis small,or highly
unbalanced,cross-validation is not likely to indicatethe optimal
numberof bins. Also, thesizeof thebinsis fixedandtheposition
of theboundariesis chosenarbitrarily. If the boundariesaresuch
thatwe averagetogetherthelabelsof examplesthatclearlyshould
havedifferentprobabilityestimates,thebinningmethodwill fail to
produceaccurateprobabilityestimates.

Weproposehereanintermediaryapproachbetweensigmoidfit-
ting andbinning: isotonicregression[22]. Isotonicregressionis
a non-parametricform of regressionin which we assumethat the
functionischosenfromtheclassof all isotonic(i.e. non-decreasing)
functions.

If we assumethat the classifierranksexamplescorrectly, the
mappingfrom scoresinto probabilitiesis non-decreasing,andwe
can useisotonic regressionto learn this mapping. A commonly
usedalgorithmfor computingtheisotonicregressionispair-adjacent
violators(PAV) [2]. Thisalgorithmfindsthestepwise-constantiso-
tonic function that bestfits the dataaccordingto a mean-squared
errorcriterion.

PAV works as follows. Let
�
xi � N

i $ 1 be the training examples,
g � xi � be the valueof the function to be learnedfor eachtraining
examplexi , andg% be the isotonicregression.If g is alreadyiso-
tonic, thenwe returng% � g. Otherwise,theremustbea subscript
i suchthat g � xi & 1 ��' g � xi � . The examplesxi & 1 andxi arecalled
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Figure 5: Using the PAV algorithm to map naive Bayes and SVM
scoresinto probability estimates.

pair-adjacentviolators,becausethey violate the isotonicassump-
tion. The valuesof g � xi & 1 � andg � xi � are then replacedby their
average,sothattheexamplesxi & 1 andxi now complywith theiso-
tonic assumption.If this new setof n � 1 valuesis isotonic,then
g%(� xi & 1 ��� g%(� xi ���)� g � xi & 1 � g � xi ���#� 2, andg%(� x j ��� g � x j � other-
wise.Thisprocessis repeatedusingthenew valuesuntil anisotonic
setof valuesis obtained. Thecomputationalcomplexity of thisal-
gorithmis O � n� . An implementationof PAV in MATLAB is made
availableby Lutz Dümbgen[10].

Whenweapplythisalgorithmto theproblemof mappingscores
into probabilityestimates,we first sort theexamplesaccordingto
theirscoresandlet g � xi � be0 if xi is negative,and1 if xi is positive.
If thescoresranktheexamplesperfectly, thenall negative xi come
beforethe positive xi and the valuesof g are not changed. The
new probabilityestimateg% is 0 for all negativeexamplesand1 for
all positive examples.On theotherhand,if thescoresdo not give
any informationaboutthe orderingof the examples,g% will be a
constantfunctionwhosevalueis theaverageof all valuesof g � xi � ,
which is thebaserateof positiveexamples.

In thegeneralcase,PAV will averageoutmoreexamplesin parts
of thescorespacewheretheclassifierranksexamplesincorrectly,
andlessexamplesin partsof the spacewherethe classifierranks
themcorrectly. We canview PAV asa binning algorithmwhere
the positionof the boundariesandthe sizeof the binsarechosen
accordingto how well theclassifierrankstheexamples.

PAV returnsa setof intervals andan estimateg � i � for eachin-
terval i, suchthat g%*� i � 1��+ g%,� i � . To obtainan estimatefor a
testexamplex, we find theinterval i for which s� x� is betweenthe
lowest and highestscoresin the interval and assigng% � i � as the
probabilityestimatefor x.

In Figure5, we show the resultof applyingPAV to the Adult
dataset,for bothnaiveBayesandSVM. Thelineshowsthefunction
thatwaslearnedonthetrainingdata,while thestarsshow empirical
probabilitiesfor thetestdata.

4. MULTICLASS PROBABILITY ESTIMATES
The notion of calibrationintroducedin Section2 canbe read-

ily appliedto multiclassprobability estimates.Supposewe have
a multiclassclassifierthat output scoress� ci � x� for eachclassci
andeachexamplex. The classifieris well-calibratedif, for each
classci , theempiricalprobabilityP � ci � s� ci � x�	� s� convergesto the
scorevalues� ci � x��� s, asthenumberof examplesclassifiedgoes
to infinity.

However, the calibrationmethodsdiscussedin Section3 were
designedexclusively for two-classproblems.Mappingscoresinto
probabilityestimatesworkswell in thetwo-classcasebecausewe
aremappingbetweenone-dimensionalspaces.In this setting,it is
easyto imposesensiblerestrictionson the shapeof the function
beinglearned,asit is donewith thesigmoidalshapeor themono-
tonicity requirements.



In the generalmulticlasscase,the mappingwould have to be
from � k � 1� -dimensionalspacetoanother� k � 1� -dimensionalspace.
In thiscase,it is notclearwhich functionshapeshouldbeimposed
to themappingfunction. Furthermore,becauseof thecurseof di-
mensionality, non-parametricmethodsare not likely to yield ac-
curateprobabilitieswhenthe numberof classesgrows. For these
reasons,wedonotattemptto directlycalibratemulticlassprobabil-
ity estimates.Instead,we first reducethe multiclassprobleminto
a numberof binaryclassificationproblems.Thenwe learna clas-
sifier for eachbinaryproblems,andcalibratethescoresfrom each
classifier. Finally, we combinethebinaryprobabilityestimatesto
obtainmulticlassprobabilities.

Two well-known approachesfor reducinga multiclassproblem
to a setof binary problemsareknown asone-against-allandall-
pairs. In one-against-all,we train a classifierfor eachclassusing
aspositivestheexamplesthatbelongto thatclass,andasnegatives
all otherexamples.In all-pairs,we trainaclassifierfor eachpossi-
ble pair of classesignoringtheexamplesthatdo not belongto the
classesin question.

All weinetal. [1] representany possibledecompositionof amul-
ticlassprobleminto binaryproblemsby usinga codematrix M -� � 1 � 0 �.� 1� k / l , wherek is thenumberof classesandl is thenum-
berof binaryproblems.If M � c � b�0�1� 1 thentheexamplesbelong-
ing to classc areconsideredto bepositive examplesfor thebinary
classificationproblemb. Similarly, if M � c � b���2� 1 theexamples
belongingto c areconsideredto be negative examplesfor b. Fi-
nally, if M � c � b�
� 0 the examplesbelongingto c arenot usedin
trainingaclassifierfor b.

For example,in the3-classcase,theall-pairscodematrix is

b1 b2 b3
c1 3 1 3 1 0
c2 4 1 0 3 1
c3 0 4 1 4 1

Thesecodematricesarea generalizationof theerror-correcting
outputcoding(ECOC)scheme[8]. The differenceis that ECOC
doesnot allow zerosin thecodematrix,meaningthatall examples
areusedin eachbinaryclassificationproblem.

For an arbitrarycodematrix M, we have an estimaterb � x� for
eachcolumnb of M, suchthat

rb 5 x687 P 5:9
c ; I

c < 9
c ; I = J

c> x687 ∑c; I P 5 c < x6
∑c ; I = J P 5 c < x6

where I and J are the set of classesfor which M �#"?� b�@� 1 and
M �A"B� b���)� 1, respectively. We would like to obtaina setof prob-
abilities P � c � x� for eachexamplex compatiblewith the rb � x� and
subjectto ∑i P � ci � x��� 1. Becausetherearek � 1 freeparameters
and l constraints,and we generallyconsidermatricesfor which
l � k � 1, this is anover-constrainedproblemfor which thereis no
exactsolution.

Two approacheshave beenproposedfor findinganapproximate
solutionfor this problem.Thefirst is a least-squaresmethodwith
non-negativity constraintsproposedby Kong andDietterich[15].
They have proposedthis methodfor the original ECOCmatrices,
but it caneasilybe appliedto arbitrarymatrices. They test it on
binaryprobabilityestimatesfrom decisiontreesclassifierslearned
using C4.5, which are known not to be well-calibrated[25, 19].
Using syntheticdata,they show that this methodproducesbetter
estimatesthanmulticlassC4.5.

Thealternative methodis calledcoupling,aniterativealgorithm
thatfindsthebestapproximatesolutionminimizinglog-lossinstead
of squarederror[23]. Thismethodwasproposedasanextensionto
thepairwisecouplingmethod[14], which only appliesto all-pairs

MSE Profit
Method Training Test Training Test
NB 0.10089 0.10111 $10083 $9531
SigmoidNB 0.09542 0.09533 $14134 $14120
PAV NB 0.09522 0.09528 $15685 $14447

Table1: MSE and profit on the KDD-98 dataset

matrices.ThealgorithmwastestedusingboostednaiveBayes[11]
asthebinary learner, whosescorestendto beeven lesscalibrated
thannaive Bayesscoresbecausethey aremoreextreme.

It is anopenquestionwhichof thetwoexistingmethodsfor com-
bining binaryprobabilityestimatesyieldsthemostaccuratemulti-
classprobabilityestimates.A desirablepropertyfor suchamethod
is that thebettercalibratedthebinaryestimatesare,thebettercal-
ibratedthemulticlassestimatesshouldbe. In thenext section,we
comparethesemethodsexperimentallyon two multiclassdatasets.

5. EXPERIMENT AL EVALUATION
Herewe presentresultsof the applicationof the methodsdis-

cussedin the previous sectionsto a variety of datasets.Sincethe
methodsusedfor learningtheclassifiersdo not overfit thetraining
datafor thesedatasets,in all experimentsweusethesamedatafor
learningboththeclassifierandthecalibrationfunctions.

As theprimarymetric for assessingthe accuracy of probability
estimates,we usethe meansquarederror (MSE), alsoknown as
the Brier score[6]. For oneexamplex, the squarederror (SE) is
definedas∑c � T � c � x�C� P � c � x��� 2 whereP � c � x� is theprobabilityes-
timatedfor examplex andclassc andT � c � x� is definedto be1 if the
actuallabelof x is c and0 otherwise.WecalculatetheSEfor each
examplein thetrainingandtestsetsto obtaintheMSEfor eachset.

DeGrootandFienberg [7] show that theMSE canbeseparated
into two components,onemeasuringcalibrationandtheothermea-
suringrefinement.If theclassifieris well-calibratedthefirst com-
ponentis zero.For two classifiersthatarewell-calibrated,theone
for which the probability estimatesP � c � x� arecloserto 0 or 1 is
saidto bemorerefined,becauseit makespredictionsthataremore
confident.If thetwo classifiersarewell-calibrated,theonewith the
lowestMSEis morerefined,andthus,preferable.

AlthoughMSE canbeappliedin general,it is moresensibleto
evaluatethequality of probabilityestimatesin practicalsituations
usingadomain-specificmetric.For example,in directmailing,we
shouldevaluatehow goodtheprobabilityestimatesareby theprofit
obtainedwhenwe mail peopleaccordingto a policy thatusesthe
estimates.MSEtendsto becorrelatedwith profit [24], sowhenwe
do not have domain-specificinformationto calculateprofit we can
useMSE to evaluateour methods.

5.1 Two-classproblems
Thefirstdatasetweuseis theKDD-98dataset,whichisavailable

in theUCI KDD repository[3]. Thedatasetcontainsinformation
aboutpersonswho have madedonationsto a certaincharity. The
decision-makingtaskis to choosewhich donorsto requesta new
donationfrom. Thedatais dividedin astandardway into atraining
anda testset.Thetrainingsetconsistsof 95412recordsfor which
it is known whetheror not the personmadea donationandhow
much the persondonated,if a donationwas made. The test set
consistsof 96367recordsfrom thesamedonationcampaign.Our
choiceof attributesis fixed andbasedinformally on the KDD-99
winningsubmissionof [13].

Theoptimalmailingpolicy is to solicit peoplefor whomtheex-
pectedreturnP � donation� x� y � x� is greaterthanthecostof mailing
a solicitation,wherey � x� is theestimateddonationamount.Since
this paperis not concernedwith donationamountestimation,we



Method Training Test

NB 0.12845 0.13551
SigmoidNB 0.10536 0.10905
PAV naiveBayes 0.10315 0.10818
SVM 0.11942 0.11889
SigmoidSVM 0.11080 0.11122
PAV SVM 0.10974 0.11200

Table2: MSE on the TIC dataset

usefixedvaluesfor y � x� obtainedusinglinearregression[24].
We usenaive Bayesto estimateP � donation� x� andapply each

of the calibrationmethodsdiscussedin Section3. Table1 shows
MSE andprofitsfor theraw naive Bayesscoresandthecalibrated
scoresobtainedusingsigmoidfitting andPAV. As expected,MSE
andprofit aresignificantlyimprovedby calibration.AlthoughPAV
overfits slightly the training data,it performsbetterthansigmoid
fitting. We alsocomparedPAV to binning with bin sizesvarying
from 5 to 50. Althoughwe did not have to setany parametersfor
the PAV method,it performedcomparablyto the bestparameter
settingfor binning.

Thenext datasetwe useis TheInsuranceCompany Benchmark
(TIC), alsoknown astheCOIL 2000dataset,which is availablein
the UCI KDD repository[3]. The decision-makingtask is anal-
ogousto the KDD-98 task: decidingwhich customersto offer a
caravaninsurancepolicy. This datasetis alsodividedin a standard
way into a trainingset(5822examples)anda testset(4000exam-
ples). We usethesameattributesasusedfor thewinning entryof
theCOIL 2000challenge[12].

Usingthetrainingset,welearnamodelfor theprobabilitythata
customerhasacquiredacaravaninsurancepolicy. Giventhecostof
mailinganoffer andthebenefitof sellinga policy (whichdepends
on the customer),we could usethe probability that the customer
will buy apolicy to choosewhichcustomersto mail anoffer. How-
ever, sincecost/benefitinformationis notavailablefor thisdataset,
wecannotactuallymake thedecisionsto reportprofits.So,we just
reportthe MSE for the differentmethods.We appliedboth naive
Bayesanda linearkernelSVM to thisdataset(weusedtheSvmFu
package[21] with C � 1).

We show the MSE resultsfor the raw naive Bayesand SVM
scoresandeachcalibrationmethodin Table2. In orderto obtain
an MSE for SVM scores,we first re-scalethem as explainedin
Section2. Again, by usingeachof thecorrectionmethodswe are
ableto greatlyimprovetheMSEfor naiveBayes,but PAV performs
slightly betterthansigmoidfitting. The MSE for SVM scoresis
also reducedby the calibrationmethods. However, in this case
sigmoidfitting is best.We alsocomparedPAV to binningwith bin
sizesvaryingfrom 5 to 50 andfoundthatPAV doesslightly worse
thanbinningwith theoptimalnumberof bins.

Wealsoappliedeachmethodto theAdult dataset,whichis avail-
ablein theUCI ML Repository[5]. Thepredictiontaskis to deter-
minewhetherapersonmakesover$50Kayear, givendemographic
informationabouttheperson.Thisdatasetis alsodividedin astan-
dardway into a trainingset(32561examples)anda testset(16281
examples).We apply both naive BayesandSVM to this dataset,
with no featureselection.For learningtheSVM classifier, we use
the SvmFupackage[21] and,asdoneby Platt [18], usea linear
kernelSVM (C � 0 � 01) with discretizedfeatures.

Table3 shows MSE anderror ratesfor this dataset.The error
rateis calculatedby classifyingx aspositive if P̂ � c � x��� 0 � 5, where
belongingto c indicatesthatx hasincomegreaterthan$50K.Note
thatby calibratingthenaiveBayesscores,wereducetheerrorrate.
This happensbecause0.5 is not asgooda thresholdfor the raw
scores,asit is for the calibratedscores.However, with SVM the

MSE ErrorRate
Method Training Test Training Test

NB 0.25112 0.25198 0.17100 0.17321
SigmoidNB 0.21530 0.21515 0.15270 0.15190
PAV NB 0.20312 0.20452 0.14665 0.14831
SVM 0.28719 0.28684 0.15190 0.14968
SigmoidSVM 0.20980 0.20962 0.15156 0.14993
PAV SVM 0.20815 0.20924 0.15115 0.15113

Table3: MSE and error rate on the Adult dataset.

errorrateis slightly increasedwhenweapplythecorrectionmeth-
ods.This indicatesthatalthoughtheSVM scoresareuncalibrated,
the thresholdusedfor classificationis optimal. Whenthecalibra-
tion methodsareused,the error rate is increasedbecausethe re-
finementof theclassifieris slightly reduced.

Surprisingly, even though the shapeof the function mapping
SVM scoresto empiricalprobabilityestimateshasadistinctivesig-
moidalshape(Figure3), thePAV methodperformsslightly better
thanthesigmoidfitting method.

WealsocomparedPAV to binningwith bin sizesvaryingfrom 5
to 50 for bothnaive BayesandSVM, andfoundthatbinningis al-
waysworsethanPAV. This indicatesthat,for thisdataset,by using
afixednumberof examplesperbin wecannotaccuratelymodelthe
mappingfrom SVM andnaive Bayesscoresinto calibratedproba-
bility estimates.

5.2 Multiclass problems
The first multiclassdatasetwe consideris Pendigits,available

in theUCI ML Repository[5]. It consistsof 7494trainingexam-
plesand3498testexamplesof pen-writtendigits (10classes).The
digitsarerepresentedasvectorsof 16attributeswhichareintegers
rangingfrom 0 to 100.

For theseexperiments,weuseaone-against-allcodematrix. We
usebothnaive Bayesandboostednaive Bayesasthebinarylearn-
ers,and apply PAV to calibratethe scores. As we mentionedin
Section4 therearetwo methodsfor combiningbinaryprobability
estimatesinto multiclassprobability estimatesfor arbitrary code
matrices:least-squaresandcoupling.For one-against-all,however,
thereis anotherpossiblemethod:normalization.Becausein this
caseeachbinaryclassifieri outputsanestimateof P � ci � x� , we can
simplynormalizetheseestimatesto make themsumto 1.

Table4 shows MSE anderror ratewhenwe apply eachof the
methodsto naive Bayes,PAV naive Bayes,boostednaive Bayes
andPAV boostednaive Bayes.Whenwe calibratetheprobability
estimatesbeforecombiningthemusingany of the methods,both
theMSEandtheerrorratearelower thanwhenweuseraw scores.
However, it is not clearwhich of the methodsfor combiningthe
binaryestimatesis to bepreferred.Whenthecalibratedestimates
areusedit makes lessdifferencewhich methodis used. For this
reason,werecommendusingsimplenormalizationfor one-against-
all, which is thesimplestmethod.

Thesecondmulticlassdatasetwe useis 20 Newsgroups,which
wascollectedandoriginally usedby Lang[16]. It contains19,997
text documentsevenlydistributedacross20 classes.Becausethere
is nostandardtraining/testsplit for thisdataset,werandomlyselect
80%of documentsperclassfor trainingand20%for testing. We
conductexperimentson 10 training/testsplitsandreportmeanand
standarddeviation.

Previous research[20] found that one-against-allperformedas
well asothercodematricesfor thisdatasetin termsof errorrate,so
we againrestrictour experimentsto one-against-all.We calibrate
thenaive BayesscoresusingPAV, andapplyeachof themethods
for obtainingmulticlassprobabilityestimatesto boththeraw naive



Method MSE ErrorRate

NB Normalization 0.0326 0.1672
NB Least-Squares 0.0319 0.1672
NB Coupling 0.0304 0.1715
PAV NB Normalization 0.0241 0.1498
PAV NB Least-Squares 0.0260 0.1498
PAV NB Coupling 0.0260 0.1512
BNB Normalization 0.0163 0.0963
BNB Least-Squares 0.0164 0.0958
BNB Coupling 0.0160 0.1023
PAV BNB Normalization 0.0150 0.0946
PAV BNB Least-Squares 0.0150 0.0946
PAV BNB Coupling 0.0149 0.0935

Table4: MSE and error rate on Pendigits(test set)

Bayesscoresandthe PAV scores.Table5 shows MSE anderror
ratesfor eachmethod. We seethat by applying PAV to the bi-
narynaive Bayesscores,we cansignificantlyreducetheMSE and
slightly improve theerrorrate.ThelowestMSE is achievedwhen
we first calibratethescoresusingPAV andthenusenormalization
to obtainmulticlassprobabilityestimates.

6. CONCLUSIONS
Wehavepresentedsimpleandgeneralmethodsfor obtainingac-

curateclassmembershipprobability estimatesfor two-classand
multiclassproblems,using binary classifiersthat output ranking
scores. We have demonstratedexperimentallythat our methods
work well on a variety of data-miningdomainsand for different
classifierlearningmethods.

For two-classproblems,werecommendusingthePAV algorithm
to learnamappingfrom rankingscoresto calibratedprobabilityes-
timates.For multiclassproblems,wefirst separatetheprobleminto
anumberof binaryproblems,calibratethescoresfrom eachbinary
classifierusingPAV andcombinethemto obtainmulticlassprob-
abilities. We show experimentallythat by calibratingthe binary
scoreswe can improve substantiallythe calibrationof the multi-
classprobabilitiesobtainedusingone-against-all,thesimplestway
of breakingamulticlassprobleminto binaryproblems.

For many domains,however, usingmoresophisticatedcodema-
tricescanyield betterresults,at leastin termsof errorrate[1]. Al-
thoughwe only conductedexperimentsusingone-against-all,our
methodis applicableto arbitrarycodematrices.Moreexperiments
arenecessaryto determinethe bestmethodfor combiningthe bi-
naryprobabilityestimatesin thegeneralcase.Oneopenquestion
for futureresearchis how to designanoptimalcodematrix for ob-
tainingaccurateclassmembershipprobabilityestimates.
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