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Figure 1: Complex lighting effectslike soft shadowsrequire transportmatricesthat havea veryhigh rankor dimensionality. However, within local blocks,
thedimensionalityis much lower. This paperanalyzestheseeffectstheoretically. Onepractical applicationis to all-frequencyrelightingof high-resolution
images; (a) showsa 1024� 1024image, lit by a 6� 32� 32 cubemap,rendered interactively. We achieve this resultby usingour framework to adaptively
subdividetheimage into local patches.Theadaptivesubdivision,andzoom-upsto showthefull resolutionare in (b). Our maincontribution is a theoretical
analysisof howlight transportdimensionalityvarieswith patch size. For complex shadowslike these, dimensionalityis essentiallylinear in patch area(c).

Abstract

Blockwiseor ClusteredPrincipalComponentAnalysis(CPCA) is
commonly used to achieve real-time renderingof shadows and
glossyre�ections with precomputedradiancetransfer(PRT). The
verticesor pixelsarepartitionedinto smallercoherentregions,and
light transportin eachregion is approximatedby a locally low-
dimensionalsubspaceusingPCA.Many earliertechniquessuchas
surfacelight �eld andre�ectance�eld compressionusea similar
paradigm.However, therehasbeennocleartheoreticalunderstand-
ing of how light transportdimensionalityincreaseswith localpatch
size,norof theoptimalblocksizeor numberof clusters.

In this paper, we develop a theory of locally low dimensional
light transport,by usingSzego'seigenvaluetheoremto analytically
derive theeigenvaluesof thecovariancematrix for canonicalcases.
We show mathematicallythat for symmetricpatchesof areaA, the
numberof basisfunctionsfor glossyre�ections increaseslinearly
with A, while for simplecastshadows, it often increasesas

p
A.

Theseresultsarecon�rmednumericallyonanumberof testscenes.
Next, we carryout ananalysisof thecostof rendering,tradingoff
local dimensionalityandthe numberof patches,deriving an opti-
mal block size.Basedon this analysis,we provide usefulpractical
insightsfor settingparametersin CPCAandalsoderiveanew adap-
tive subdivisionalgorithm.Moreover, we show thatrenderingtime
scalessub-linearlywith the resolutionof the image,allowing for
interactiveall-frequency relightingof 1024� 1024images.
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1 Intr oduction

Real-timerenderingof light transportwith glossyre�ections,shad-
owsandhighfrequency lighting is achallengingproblem.In recent
years,precomputedradiancetransfer(PRT) [Sloanet al. 2002]has
beenwidely adoptedto achieve thesegoals. The essenceof the
approach1, canbeexpressedsimplyas[Ng etal. 2003],

B = TL; (1)

whereB is a vectorof outgoingintensities(at eachimagepixel or
objectvertex), L is a vectorof lighting intensitiesfrom eachdirec-
tion, andT is a precomputedlight transportmatrix. For simplic-
ity, most of this paperusesthe canonicalproblem above of all-
frequency relighting of images,with �x ed view [Ng et al. 2003].
However, a factorizationof the BRDF enablesa generalizationto
changingboth dynamiclighting andview [Liu et al. 2004; Wang
etal. 2006],andwedemonstrateresultsfor thiscasein Fig. 11.

Note that L may be a 6 � 322 texel or higher resolutioncube-
map,andB maybea5122 pixel or higher-resolutionimage.Hence,
T canhave in excessof 109 elements,precludingreal-timeperfor-
manceandstorage.ModernPRT methodsaddressthis by cluster-
ing into smallerpatches,in eachof which the transportT is com-
pressedusingPCA.Thesemethodsarereferredto asclusteredPCA
or CPCA[Sloanet al. 2003;Liu et al. 2004]. A fasterto precom-
putemethod(but possiblysuboptimalfor rendering)is to simply
divideanimageinto regularsmallerblocks[Nayaretal. 2004].

While ourmainfocusis onPRT, verysimilar ideasarealsoused
in many otherapplications.For surfacelight �elds, T represents
variationwith view, for �x edlighting, ratherthanvice versa.(Fig-
ure10bshows anexampleof applyingour methodto surfacelight
�elds.) Previouswork [Nishino et al. 2001;Chenet al. 2002]has
usedPCAonlocaltriangularpatchesfor compression.Block-based
PCA for moregeneralre�ectance�elds is employed by [Matusik
et al. 2002]. Nishino et al. [2005] considersmoregeneralvisual
dataaswell, merging PCA blocksfrom �ner levels. Locally low-
rankapproximationsof sub-regionsareusedeven for adaptive ac-
quisitionof re�ectance�elds [Garg et al. 2006]. Indeed,basicim-

1Relighting,andequation1, alsohasa long earlierhistory in graphics,
includingearlywork by [Nimeroff etal. 1994;Dorsey etal. 1995].



Figure 2: Schematicof how renderingcostsvary with patch size. With
increasingsize, light transportdimensionality(red)increases,but theover-
headcost(blue)decreases.Theoverall cost(black) is minimumwhere an
increasein dimensionalitybalancesthedecreasein overheadcost.

ageandvideo encodingwith JPEGandMPEG alsoemploy local
blocks.

Thereis a key insight,underlyingall of this large body of cur-
rent practice—light transportis locally low-dimensional. Even if
the global dimensionalityof T is large, the light transportin each
local patchis low-dimensionalandcanbe compressedusingsim-
ple PCA or SVD.2 As shown schematicallyin Fig. 2 (red curve),
transportdimensionalityincreaseswith patcharea. Surprisingly,
therehasbeenno theoreticalexplanationof why this shouldbeso,
how exactly dimensionalityvarieswith patchsize,or dependson
materialpropertiesandglobaleffects(shadows, interre�ections).

It mayseemthatanoptimalpatchsizefor renderingis onepixel,
wherelight transportdimensionalityis lowest. However, thereis
anoverhead(bluecurve in schematicof Fig. 2) in projectingto the
local basisfunctionsat eachpatch,thatvariesinverselywith patch
area.Thetotalcostis asumof thesetwo effects,and�nding theop-
timal cost/patchsizeinvolvesa tradeoff betweenthesecompeting
factors(black curve in Fig. 2). While this is known qualitatively,
therehasbeenno theoreticalanalysisof what the optimal block
sizeor numberof clustersis. Indeed,mostcurrentmethodseither
usesquareblocksof constantsize[Matusiketal. 2002;Nayaretal.
2004]or arbitrarily �x thenumberof clusters/patchesused[Sloan
et al. 2003;Liu et al. 2004]. In this paper, we addresstheseimpor-
tanttheoreticalquestions,makingthefollowing contributions:

Theoretical Analysisof Dimensionality: Oneof ourmaincon-
tributions is a theoryof how the dimensionalityof T varieswith
patch size (red curve in Fig. 2).3 First (Sec.2.1), we consider
canonicalcasesin 2D. We assumeshadingbehaves like a convo-
lution, ashasbeenshown for diffuseandglossyre�ection [Basri
andJacobs2001;RamamoorthiandHanrahan2004],andcastshad-
ows [SolerandSillion 1998;Ramamoorthiet al. 2005]. We derive
ananalyticformulafor theeigenvaluesof T basedonFourieranal-
ysis,andSzego'seigenvaluetheorem[GrenanderandSzego1958].
Speci�cally, we demonstratethat dimensionalityin 2D increases
approximatelylinearly with patchareaA, for both re�ections and
shadows. We show that the key stepsextend to 3D (Sec.2.2),
with similar resultsfor convex specularsurfaces,aswell ascom-
plex shadows with multiple blockersasin Fig. 1. However, in the
presenceof simpleshadows in 3D, thedimensionalityfor symmet-
ric patchesincreasessublinearlyas

p
A. We validateour theory

(Sec.3), showing numericalplotswith avarietyof scenes.

Theoretical Analysis of Rendering Cost: Basedon our theory,
we do a detailedanalysis(Sec.4) of how the overheadsand to-

2We usethe termsSVD andPCA interchangeably. While the meanis
usuallysubtractedwhenapplyingPCA or computinga covariancematrix,
wedonotdosoexplicitly in thispaper, for clarity andnotationalsimplicity.

3Thisanalysissigni�cantly extends[Ramamoorthi2002],whoonly con-
sideredthechangeof dimensionalityfor Lambertianobjectswhenthefront
facingnormalsalonewerevisible. We considergeneralglossyre�ection
andcastshadows,aswell ascontinuouslyvaryingpatchareas.
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Figure 3: Schematicof canonical2D setupfor (a) Diffusere�ection, (b)
Specularor Phongre�ection,and(c) CastShadows.

tal renderingcost vary with patchsize (blue and black curves in
Fig. 2). This enablesusto derive anoptimalpatchsize,wherethe
increasein local dimensionalitybalancesthedecreasein overhead.
We alsoshow thatthecostincreasessublinearlyaswe increasethe
resolutionof theimage,enablingoneto scaleup to sceneswith up
to 1 million pixelsat interactive rates(seeFig. 1).

Practical Applications: Our analysisprovidesmany usefulin-
sightsin settingparameters,suchasblock sizeor numberof clus-
tersin existing PRT methodslike CPCA(Sec.5, Fig. 10). We also
presenta practicalalgorithmwhich adaptively subdividesthe ob-
ject/imageinto a nearlyoptimal numberof clusters(Fig. 11). We
demonstrateresultson complex sceneswith shadows and glossy
objects,wherewecanchangelighting and/orviewpointatreal-time
rates,asshown in our resultsin Figs.1, 10and11.

2 Theoretical Anal ysis of Dimensionality

Startingwith equation1, assumethe object/imageis divided into
local patches.Consideronesuchpatchi, containingpi pixels or
vertices. Let Ti denotethe transportmatrix for this patchalone,
with dimensionspi � l , wherel is thelighting resolution.We seek
to compressTi usingPCA,with ni � l eigenmodes,

Ti � UiSiVT
i ; (2)

whereUi is a pi � ni matrix,Si is ani � ni diagonalmatrixof eigen-
valuesandVi is a l � ni matrix, in thestandardway.

Wenow conductatheoreticalanalysisof how thedimensionality
ni of Ti (or the form of the eigenvaluesin Si) changeswith patch
sizeandotherpropertieslike theBRDF. For simplicity andclarity,
we conductmostof our analysisin the 2D or �atland planarcase
(Sec.2.1), deriving ananalyticsolutionfor commonassumptions.
Section2.2brie�y outlineshow themainstepsextendto 3D.

2.1 Local Light Transpor t Anal ysis — 2D Case

Preliminaries: In 2D, �rst considera simple convex arc, as
shown in Fig. 3a. We parameterizelighting directionby g (in the
range[� p;+ p].) Weparameterizesurfacelocationby anglea . For
thediffusecase(Fig. 3a),a refersto thenormaldirectionandfor
the specularcase(Fig. 3b), it refersto the re�ection of the view
aboutthesurfacenormal.There�ectedradianceB(a ) is

B(a ) =
Z

L(g) f (a � g)dg: (3)

Here,we assumetheBRDF f (�) is a symmetricfunction,depend-
ing only on the differencebetweenthe lighting direction g and
the anglea . This assumptionis goodfor many commonBRDFs
like diffuse f (a � g) = max(cos(a � g);0) andthePhongBRDF,
f (a � g) = coss(a � g). Thisformulationof there�ection equation
is aconvolution,asin the2D setupof [RamamoorthiandHanrahan
2004]. Note thatwe assumetheBRDF is homogeneous.This is a
verycommonassumptionmadein mostof thePRT methods,espe-
cially for renderingof syntheticobjects.It is particularlyapplicable
in ourcase,sinceweareconsideringlocalregionsor patches.It has
recentlyalsobeenshown thatevenfor acquiredcomplex materials,



onecanusea linearcombinationof asmallnumberof basishomo-
geneousmaterials[Lawrenceetal. 2006]whichmakesouranalysis
usefulfor thesematerialsaswell.

The samemathematicalform also holds for castshadows due
to a singleblocker [Ramamoorthiet al. 2005]. In this case,a is
interpretedastheextremalangleinducedby theblocker for agiven
spatiallocation(Fig. 3c),and f is astepfunction.Thus,equation3
is quitegeneral,andwe thereforemake it ourstartingpoint.

The light transportT is a function of spatiallocation(herea )
andlight direction(hereg), andis givenfrom equation3 simplyby

T(a ;g) = f (a � g): (4)

Finally, the “image size” or p is simply proportionalto the half-
anglewidth b of thepatch4, so thatwe cansimply studyhow the
dimensionalityof T(a ;g) varieswith b.
Covariance Function: Let M(a1;a2) denote the covari-
ance/correlationfunction for T in PCA. Thedimensionalityof the
arc/patchis essentiallythedimensionalityof thefunctionM.

M(a1;a2) =
Z p

� p
T(a1;g)T(a2;g)dg

=
Z p

� p
f (a1 � g) f (g� a2)dg; (5)

wherewe have madeuseof the fact that f is symmetric. By ex-
pandingin termsof Fourierseries,or by substitutingu = a1 � g,

M(a1;a2) =
Z p

� p
f (u) f (a1 � a2 � u)du = g(a1 � a2); (6)

whereg (andM) is a symmetricfunction,givenby theconvolution
of f with itself, i.e.,g = f 
 f .

So far, we have worked in the continuousregime. Now, let us
considera discretizationof M for p pixels. Then,the matrix ele-
mentMi j = M(a i ;a j ) = g(a i ;a j ) = g(a i � a j ). We canalsodis-
cretizeg sothatgk = g(ak). In this case,

Mi j = gi� j ; (7)

whereg is still a symmetricfunction. SinceMi j now dependsonly
on j i � j j, it is by de�nition asymmetricToeplitzmatrix.
Eigenvalues: Let l r ;0 � r < p be the eigenvaluesof discrete
Mp (the superscriptindicatesa discretizationto p pixels). For
suf�ciently large resolution,i.e., for large valuesof p, it can be
shown using Szego's eigenvalue distribution theorem[Grenander
andSzego 1958] andLemma4.6 in [Gray 2006] that the distri-
bution of eigenvaluesof M canbe approximated5 by thoseof the
truncatedDiscreteFourierTransform(DFT) coeffcientsof gk (with
I =

p
� 1),

l r �
p� 1

å
k= � (p� 1)

gke2pIkr=p: (8)

In thelimiting (continuous)case,asp ! ¥ , Mp ! M(a1;a2) and
thedimensionalityof thepatchis thebandwidth6 of the truncated
Fourier Transformof the continuousfunction g, now restrictedin
the rangefrom � b to b. Figure4 shows plots of the DFT coeff-
cientsof the truncatedgk function (red curve) andeigenvaluesof
the Toeplitz matrix Mp (blue curve) computedusingSVD for the
PhongBRDFwith Phongexponents= 50andtwo differentvalues
of b . Thetwo curvesmatchwell, thusvalidatingouranalyticresult.

4In practice,thisrelationcanbesomewhatnon-linearfor specularre�ec-
tion andcastshadows, wherea doesnot maplinearly to spatiallocation.
Our numericaltestsdo not indicatethis is a major factor, exceptnearthe
edgesof objects,whichwewill discussseparatelyin Sec.3.

5A technicalcondition is that g mustbe absolutelysummable, or that
å ¥

k= � ¥ j gk j< ¥ . Hence,weusegp (w), which is g when� p � w � p and
0 otherwise.Sincegp

k = gk for � p � k � p, equation8 still holds.
6In practice,we considerbandwidthto bewherethemagnitudesof the

eigenvaluesdropbelow sometolerance(usually0:1%of totalenergy.)

Figure 4: Plotsof DFT coef�cients of thetruncatedgk function(redcurve)
andeigenvaluesof theToeplitzmatrix Mp (bluecurve)for a PhongBRDF
with Phongexponents= 50. Resolutionp = 3000is suf�ciently high. Note
that thecurvesmatch quitewell, validatingthetheoreticalanalysis.

Dimensionality Analysis: We now have ananalyticformulafor
theeigenvalues,if weknow thefunction f (andhenceg). However,
we still needto understandhow dimensionalityvariesas a func-
tion of patchsizeor areab. In otherwords,how doestheFourier
transformof g changewhenrestrictedin [� b ;b ]?

To proceed,we �rst de�ne b 0= b=p for simplicity, so thatwe
have0 � b0� 1. Then,wede�ne therestrictionof g as

g(a ;b0) = g(a )h
�

a
b0

�
; (9)

whereh(u) is abox function= 1 in � 1 � u � 1 and0 otherwise.
TheFouriertransform,G(Wa ;b0) is now givenby

G(Wa ;b0) =
Z ¥

� ¥
g(a )h(

a
b0)e

2pI( a
b0)Wa da

= b0
Z ¥

� ¥
g(b0u)h(u)e2pIuWa du: (10)

In the �rst line, the a =b 0 factor in the exponentialis becausethe
DFT effectively “stretches”theregion from [� b ;+ b] to [� p;+ p].
In thesecondline, wemakeasimplesubstitutionu = a =b 0.

To simplify further, we note that the Fourier transformof a
product is a convolution in the frequency domain. Moreover,
by the Fourier scaletheorem,the Fourier transformof g(b 0u) is
(1=b0)G(Wa =b0). Puttingall this together,

G(Wa ;b0) = G(
Wa

b0 ) 
 H(Wa ): (11)

This is a critical result of the paper, providing a simplebut very
generalanalyticformulafor theeigenvaluesof thecovariancema-
trix, asa functionof thepatchareab 0andtheBRDF or shadowing
function f (whichdeterminesG sinceg = f 
 f ).

Let wGb0, wG andwH betheeffective bandwidthof G(Wa ;b0),
G(Wa ) andH(Wa ) respectively. Sincethebandwidthof a convo-
lution of two functionsin thefrequency domainis thesumof their
respectivebandwidths,wehave

wGb0 = b0wG + wH : (12)

This is a centralresultof the paper, showing preciselyhow light
transportdimensionalityw varieswith patchareab 0. The dimen-
sionalityvarieslinearly with b 0, having a constantoffsetwH anda
linearslopewG, thatisof theorderof thebandwidthof theBRDFor
shadowing transferfunction(g(a ) is theconvolution of theBRDF
function f (a ) with itself). Hence,dimensionalityincreasesmore
rapidlywith b0 for highly specularmaterialsor complex castshad-
ows, andmoreslowly for diffusesurfaces.This is intuitive since
the dimensionalityof light transportis of coursegreaterfor sharp
re�ections andshadows. Later in the paper, we will �nd it more
convenientto considerloglogplotswheretheslopeis alwaysclose
to 1 for linearbehavior, irrespective of thematerialproperties,and
theabsolutelinearslopewG representsonly aconstantoffset.



Figure 5: (a) showsthe log-log plot of dimensionalityvs sizefor a con-
vex 2D arc with a PhongBRDFandtwo differentPhongexponentss. The
graphsare closeto linear, with a slopeof approximately1 in mostparts,
but with a slight decreaseearly (for smallsizesb). (b) showstheplots for
theshadowcase. Thebluecurveis for a stepblocker, consideringonly vis-
ibility, andtheredcurveis for a concavearc with diffuseBRDF. Againthe
curvesare linear with slope= 1. Sincevisibility hasveryhigh frequencies
wG, thecurvesattain linear slope= 1 early, evenfor low b.

Notethataswe increaseb 0, theb0wG termin equation12 dom-
inatessothat

wGb0 � b0wG (13)

Hence,for suf�ciently large valuesof b 0, thereexists a linear re-
lationshipbetweenthedimensionalityof thepatchandthesizeof
thepatch.However, this relationshipbecomessub-linearfor small
patchsizes(smallb 0), sincethewH termcannotbeneglected.We
show laterin Sec.4.3thatthesublinearityfor smallerpatchesplays
acritical role in determiningtheoptimalpatchsize.

Numerical Simulations: Figure5 shows numericalsimulations
for a glossyre�ector, aswell ascastshadows,con�rming theanal-
ysisabove. We useloglog plotsthroughoutthis paper, sotheslope
is thepowerof dimensionalityvariation.Thisenableseasyanalysis
of bothlinear(slope= 1) andsublinear(slope< 1) behavior. In this
domain,wG contributesonly to a constantoffsetbetweentheplots
for differentBRDFs,andhencetheslopeis independentof BRDF.

We obtaina nearlylinear increaseof dimensionalitywith patch
size(with slightly sub-linearbehavior for low b andglossyre�ec-
tions). This behavior is consistentfor most scenes,even though
theactualvalueof dimensionality, andthetransitionpointbetween
linear andsub-linearregimesis datadependent.For example,in
Fig. 5b,sincevisibility hasveryhigh frequencies(wG is large),the
curvesattainlinearslope= 1 early, even for low b. However, the
sub-lineareffectsareclearlyvisible in Fig. 5afor thePhongBRDF
sincewG is not thathigh.

Extensionsto ChangingView: Now considerthecasewherewe
�x thelighting andchangetheviewpoint. Weseektheequivalentof
thelight transportmatrix,which is simply theappearanceof a sur-
facepoint a from view directiong. Assuminga parameterization
by there�ecteddirection,wehave,

T(a ;g) =
Z

L(w) f (a � g� w)dw; (14)

which is only a function of a � g, i.e. T(a ;g) = f̃ (a � g), with
f̃ = L 
 f . This hasexactly thesameform asequation4. Hence,
our framework is alsoimmediatelyapplicableto patch-basedsur-
facelight �eld methods[Nishino et al. 2001;Chenet al. 2002]. A
practicalresultfor ourmethodonsurfacelight �elds is in Fig. 10b.

2.2 Extension of Key Steps to 3D

We now extendour analysisto 3D, following the 2D framework.
We will outline the extensionsof the relevant steps,and provide
numericalveri�cation whereappropriate.Section3 shows numeri-
cal plotswith anumberof 3D examples,to validateour theory.
Preliminaries: Insteadof a circular arc, in 3D we considera
patchon thespherewith 0 � q � b ;0 � f � 2p. We parameterize
using standardsphericalcoordinatesaaa = (q; f ). For the diffuse
case,aaa is thenormaldirectionandfor thespecularcase,it refersto

Figure 6: Top: Comparisonof sphericalharmoniccoef�cients of thefunc-
tion gk(red)andtheeigenvaluesof covariancematrixM (blue)for b = p=4
and p=2. Thetwo curvesmatch well. (We showa PhongBRDF with ex-
ponent100.) Bottom: Veri�cation of the (approximate)scaletheorem
in spherical harmonicsfor large l (We show two different Phong expo-
nents.) The sphericalharmoniccoef�cient at G0

l for the red curve (with
g0= 2g(2q)) matchesG2l for thebluecurve(theoriginal functiong(q)).

the re�ection direction,asin �atland. Let ggg be the light direction.
In 3D, thelight transportfunctionT(aaa ;ggg) is givenby

T(aaa ;ggg) = f (aaa � ggg); (15)

wheref (�) is theradiallysymmetricBRDF. Equation15hasasim-
ilar form asequation4, with the differencebetweenthe anglesin
2D replacedby thedotproductor cosineof theanglein 3D.

CovarianceFunction: ThecovariancefunctionM(aaa 1;aaa 2) is

M(aaa 1;aaa 2) =
Z

S2
f (aaa 1 � ggg) f (ggg� aaa 2) dggg

= g(aaa 1 � aaa 2): (16)

The last line is a standardresultandcanbeobtained,for instance,
by expandingin sphericalharmonicsandapplyingtheadditionthe-
orem.As in �atland, g = f 
 f , andis radially symmetric.

If we discretize,Mi j = g(aaa i ;aaa j ) = g(aaa i � aaa j ), which depends
only on theanglebetweenaaa i andaaa j . This closelyresemblesthe
Toeplitzmatrix form in equation7 andis the3D analog.

Eigenvalues: Szego'seigenvaluetheoremcanbeextendedto the
sphere[Okikioulu 1996],with the 2D DiscreteFourier Transform
replacedby the SphericalHarmonicTransform. A recentappli-
cation in vision is [Shirdhonkarand Jacobs2005], althoughin a
very different context (they seekto ensurepositivity given low-
frequency sphericalharmoniccoef�cients). For us, we needsim-
ply considerthesphericalharmonictransformof g, with 0 � q � b
“stretched”out to the[0;p] range.Figure6a,bcomparestheeigen-
valuesof M (blue curve) with the sphericalharmoniccoef�cients
of gk (redcurve), for a PhongBRDF with exponents= 100,with
two valuesof b = p

4 andb = p
2 . Thetwo curvesmatchwell.

Dimensionality Analysis: Hencein 3D, thedimensionalityof T
for thepatchcanbeapproximatedby thebandwidthof theSpherical
HarmonicTransform7 Gl (Wa ;b0) of g(a ), 0 � a � b .

We cannow conducta similar analysisasin 2D, obtainingthe
3D analogto equations11 and12. Theonly tricky issueis thatthe
2D derivationusedtheFourierscaletheorem,while thereis no ex-
actequivalentfor sphericalharmonics.However, a similar relation

7Sincethefunctionis radiallysymmetricwith noazimuthaldependence,
only them= 0 termmattersfor eachl .



Figure 7: Plotsshowingvalidationof a varietyof scenebehaviors discussedin Sec.3, includingglossyre�ectionsfromconvex objects,shadowsin concave
regions,andmorecomplex examples.Dimensionalityheremeansthenumberof eigenvaluesconstitutingup to 99:95%of theenergy.

canbeshown approximatelyfor high-frequency Legendrepolyno-
mials,andis veri�ed numericallyin Fig. 6c,d(sincem= 0,Yl0 are
simpleLegendrepolynomials). Analytically, the asymptoticform
Pl � cos(la + F ), whereF doesnot dependon l . Therefore,for
high frequencies,Legendrepolynomialsbehave similarly in many
respectsto high-frequency Fouriermodes,leadingto thesamecon-
clusionsin 3D asin equations12and13 in 2D.

3 Experimental Validation and Discussion

In this section,we presentseveral examplesto validateour main
result—thatdimensionalityof light transportvariesalmostlinearly
with patchsize, especiallyfor larger areas(and sub-linearlyfor
smallerareas).We show exampleswith glossymaterials,shadows
andinterre�ections,anddiscussseveralinsightsandimplications.

ConvexGlossySurfaces: Figure7aplotsdimensionalityvssize
(area)A of the patchon a log-log scalefor a convex hemisphere
with PhongBRDF anddifferentPhongexponentss. We consider
circular patchescenteredat the centerof the hemisphere.As ex-
pected,for largevaluesof A, theplot is a straightline approaching
slope1, whereasfor smallA (left of graph),thecurve �attens.

Effectof Specularity:Thepoint at which theplot reachesslope
near1 is afunctionof Phongexponents. As specularitysincreases,
the bandwidthwG in equation12 increasesand hencethe curve
approachesslope1 earlier, for smallerpatchsizes.

Deviation from Centre: Figure 7b shows theseplots for some
reasonabledeviation of the patchcenterfrom the spherecenter.
Nearlyall theplotsshow similarbehavior approachingslope1.

Curvature: In Fig. 7c, we considerellipsoidswith decreasingy
andz semi-axesandhencedecreasingcurvatures.Again, mostof
thecurvesshow similarbehavior, approachingtheslope1.

ExtremeCases: Figures7b and7c respectively show oneplot
eachfor an extremepoint nearthe edge,andoneplot wherethe
surfaceeffectively becomesa cylinder. In theseextremecases,the
slopeis closerto 0:5 ratherthan1, i.e., dimensionalityis propor-
tional to

p
A insteadof A. Note that a point nearthe edgeof the

hemispherealsocorrespondsto the importantcasewhena surface
that is tilted away from the camera.Theseraredeviationsarere-
lated to the fact that, althoughthe patch is symmetric,variation
alongonedimensionof thesurfaceis muchlargerthantheother, so

dimensionalityis proportionalto patchradius(or
p

A) ratherthan
areaA. We will discussthis effect in moredetail next, undercast
shadows.

Concave Surfaceswith Shadows: Figure 7d shows plots for
a concave hemispherewith differentcentersfor the patch. These
are the plots of the dimensionalityof the visibility function itself
(without any BRDF). Note that, unlike for the convex case,there
is almostno noticeablesub-linearregion in thesecurvessincethe
bandwidthwG for visibility in equation12 is relatively large. Sur-
prisingly however, the curve hasa slopeof 0:5 andnot 1, so that
dimensionalityis proportionalto

p
A, ratherthanA.

Thereis a simpleexplanationfor this seemingdiscrepancy. A
canonicalexampleis wherewe have a long stepalongtheY axis
(think of extruding Fig. 3c). The plot for this caseis alsoshown
in Fig. 7d,andis similar to theconcave hemisphere.For all points
lying on a line parallel to theY axis, the visibility function is the
same.We know from the2D analysis(andnumericalplots in �at-
land)thattransportdimensionalityof shadowsis proportionalto the
extentof thepatch—but in this case,only extentalongtheX axis.
Therefore,dimensionalityis really proportionalto thelengthor ra-
dius of the patch,andhenceto squareroot of actualareaor

p
A.

Thesameexplanationappliesto extremecasesof glossyre�ection.
Figure 7e shows a particularly interestingexample,wherewe

have a grid of blockersover a plane. We get the black curve by
varyingvisibility alongtheX directiononly (a1D grid of blockers),
andtheredcurve by varying it alongbothX andY directions(2D
grid). As expected,for themorecommoncaseof simpleshadows,
the black curve hasa slopeof 0:5. However for the rarercaseof
the 2D grid (red curve), the visibility function is quite intricate,
involving bothdimensions,andwegetaslopecloserto 1:0 (� :9)—
apracticalexampleof verycomplex shadowing is in Fig. 1.

Combining GlossyRe�ections, Shadows and Interr e�ections:
Figure7f showstheplotsfor aconcavehemispherewith diffuseand
PhongBRDF anddifferentPhongexponentss. Sincethe diffuse
BRDFis low frequency, thevisibility functiondominatesandslope
is 0:5. However, sincethePhongBRDF is high frequency, we get
a slopeof approximately0:8, between0:5 and1:0. We alsoshow
theeffectsof interre�ections.Sincetheseareavery low-frequency
effect, they donotsigni�cantly affectour results.



Figure 8: CPCAclusters for Phongsphere with exponent100. Notehow
theclusters orient themselvesalongtheboundaryat theedges.

Complex Examples: Figure7g shows dimensionalityplots for
relightingthegeometryof theDavid. Light transportis dominated
by shadowing effectsfor complex geometry, andtheslopeis consis-
tently0:5 asexpected.Figure7hshowsthedimensionalityplotsfor
thelight transportof a real face.Thefacehasa largediffusecom-
ponent,as well as noticeablespecularitiesand shadows (suchas
from thenose).Hencetheslopeis around0:75� 0:8 asexpected.8

Similar resultsareobtainedfor anumberof othersceneswetested,
includingonview-dependentexamplesusingBRDFfactorizations.

Asymmetric Patches: All of our plots usesymmetricpatches
(asfor exampledothemethodsof [Matusiketal. 2002;Nayaretal.
2004]). It is alsopossiblewith CPCAto obtainasymmetricpatches
adaptedto the light transport. In the canonicalcaseof shadows
from a step,the patchareawould thenincreaseonly alongthe X
axis,while having a �x edwidth alongtheY axis. Anotherexam-
ple is a simplePhongspherein Fig. 8, whereCPCA clustersare
orientedalongthesphereboundarynearits edges.In thesecases,
dimensionalityis proportionalto A. More generally, for a variety
of theeffectsconsidered,dimensionalitywould beproportionalto
A1� e, wheree is small for largepatchareas.(e is never exactly 0,
becauseof theconvolutionwith thebox functionin equation11).

4 Theoretical Anal ysis of Rendering Costs

We have studiedhow dimensionalityvarieswith patchsize(con-
ceptuallytheredcurve in Fig. 2). However, this is only onetermin
the renderingcost. We alsoneedto considertheoverheadof pro-
jectingontothelocal basisfunctionsat eachpatch,andtheoverall
storageandrenderingcosts(theblueandblackcurvesin Fig. 2).

4.1 General Framework

We �rst review the generalPCA framework [Sloan et al. 2003].
Considerequation2. During rendering,VT

i �rst transformsl light-
ing directionsto ni local basiscoef�cients (this is doneonly once
for thepatch).Ui thentransformstheselocalcoef�cients to pi sam-
plevalues(ateachpixel separately).Thetotal costci is

ci = ni l + ni pi = ni(l + pi): (17)

We have veri�ed numericallythatequation17 correspondsclosely
to wall clock running time, andwe thereforeuseit asa measure
directly. Moreover, ci is just thesumof thesizesof Ui [ni � pi ]and
Vi [l � ni ], andthereforealsocorrespondsto storagesize.

High-resolutionlighting caneasilyinvolve l = 6000or moredi-
rections.Thesizeof l canbereducedto N � l , by asecondSVD on
stackedversionsof thematrixVT

i , asshown by [Nayaretal. 2004].
An alternative is simply to do anSVD on a reducedrepresentation
of thefull T directly, by choosinganappropriate(possiblyrandom)

8An interestingobservationon thefaceis themagenta(top) curve,with
the centerof the noseas centralpoint. One can notice the saturationat
the far endwherethe curve �attens. This is becausethe noseis closeto
spherical,and hencecovers the full rangeof frontal normals. So, as we
increasethepatchsizeandmove towardsthecheeks,wearenotaddingany
extra information. This is consistentwith our theory, which describesonly
thelocal (notglobal)variationof light transportwith dimensionality.

subsetof the pixels (rows). In particular, the global dimensional-
ity of T, even for complex shadows andspecularre�ections, will
rarelybemorethanN = 500basisfunctions.Theoriginal lighting
is projectedinto theseglobalbasisfunctionsonly onceper frame,
usingawaveletapproximation[Ng etal. 2003].

Finally, weactuallycareaboutthetotalcostfor thescene,which
is the sumfor all patches.Alternatively, it will be mostuseful to
actuallyconsidertherenderingcostperpixel,

ci

pi
= ni

N
pi

+ ni = ni

�
N
pi

+ 1
�

: (18)

4.2 Cost-Ef�cient Method for Patch Subdivision

Equation18makescleartherearetwo opposingin�uences(thered
andblue curves in Fig. 2). The dimensionalityni increaseswith
patchsize pi , and is optimal for very small patches(in the limit
a singlepixel). On the otherhand,the overheadfor converting to
localbasesdecreaseswith pi aspertheN=pi term—itis optimalfor
very largepatches(in thelimit asinglepatchfor thefull image).

Insteadof usinga �x ed numberof basisfunctions,anda �x ed
block size [Matusik et al. 2002; Nayaret al. 2004] or numberof
clusters[Sloanetal. 2003],werepresenteachpatchaccuratelyto a
desiredtolerance,andadaptively or hierarchicallysubdividetheim-
age(similar in somerespectsto akd-treeor quadtree—seeFigs.1b
and11cfor examples)to �nd anear-optimalpatchsize.

We �rst derive a costmetric for dividing a patchinto a number
of sub-patches.Sincewe deal with a single patch,we omit the
subscripti. Fromequation17, thecostc is

c = nN+ np = n(p+ N): (19)

Assumewe divide thepatchinto r subpatchesof equalsize.Let
n j denotethenumberof basesrequiredfor the j th subpatch.From
equation19, thecostc0 for renderingthesubpatchesis givenby

c0 =
r

å
j= 1

n j (
p
r

+ N)

=
å r

j= 1 n j

r
p+

r

å
j= 1

n jN: (20)

Here å r
j= 1 n j

r is theaveragenumberof basesrequiredto represent

eachsubpatch.Let å r
j= 1 n j

r = mn,

c0= mnp+ rmnN: (21)

Thedifferenced in thetwo costsc andc0 is

d = c� c0 = np+ nN� (mnp+ rmnN) (22)
= (1� m)np+ (1� rm)nN: (23)

d actsasa costmetricfor subdivision. If d > 0, thecostdecreases
after subdivision and we shouldsubdivide. Otherwise,we have
foundagoodpatchsize,andcannoteasilyimprovethecostfurther.

4.3 Anal ysis of Cost Metric and Implications

First, assumethe patchsizeis reasonablylarge, so that we arein
therangewheren varieslinearlywith p (i.e.,equation13 is agood
approximationtoequation12),asshown in Sec.3. Assumingacon-
vex patchwith noshadows,from equation13,m� 1

r . The�rst term
(per-pixel cost)in equation21decreasessharplybyafactorm, since
smallerpatchesmeanfewer local basisfunctions. Moreover, the
secondtermrmnN in equation21 remainsconstantat nN. In other
words,althoughthe numberof patcheshasincreased,the number
of localbasesperpatchhasproportionatelydecreased.Considering
thecostdifferentialin equation23, theterm(1� rm)nN � 0 and

d � (1�
1
r

)np > 0: (24)



Figure 9: Left (a,b): Showinghowcostvarieswith patch sizefor imagesof a 256� 256facewith different lighting. Thebluecurveshowstheglobal basis
to local basisconversioncostanddecreasesaspatch sizeincreases.Theredcurveshowsthelocal basisto pixel conversioncostandincreasesaspatch size
increases.Theglobal basiscountN is 150. (a) showstheplots for blockwisePCAwhereas(b) showsthemfor CPCA.In bothcases,minimaoccuraround
p� � 150aspredictedby our analysis.Right (c,d,e): How minimumcostchangeswith resolutionof theimage. (c) showsthetotal costcurvesfor 128� 128
and256� 256faceimagesusingCPCA.Notethat minimumcostincreasesonly by a sublinearfactor of 1:9 aspredictedby our analysis.Alsothepositionof
minima(in termsof pixel size)essentiallyremainsthesame. Thedistributionof clusters is shownin (d) and(e).

Therefore, we shouldalwayssubdividethe patch if we are in the
linear regime, downto a verysmallsize(for anexample, seeFig. 1).

Now, considertheoppositecase,whenwe arein the �at region
of the dimensionalitycurve i.e. patchsize is very small (so that
theconstantfactorwH dominatesin equation12). mis closeto 1,
so that the per-pixel costdoesnot decreasesigni�cantly (remains
at np), while the local basisconversioncostincreasesby approxi-
matelya factorof r. In termsof d, (1� m)np � 0, and

d � (1� r)nN < 0: (25)

So,weshouldnotsubdivide thepatchfurther.
In general,the patchmay be betweenlinear and �at regions,

and/orhave partswith shadows. From our analysis,the slopeof
dimensionalityis usuallybetween0:5 and1:0. Hence,moftenlies
between1

r and1:0. Assumingconstantm, thereexistsanoptimal
patchsizep� , whichwe candetermineby settingd = 0. At p� , the
decreasein per-pixel cost when subdividing exactly balancesthe
increasein costfrom morepatchesandmorelocalbasisfunctions.

(1� m)np� + (1� rm)nN = 0 (26)

p� = N
rm� 1
1� m

: (27)

An importantinsightis thatp� is proportionalto N, i.e.,theopti-
malnumberofpixelsin apatch is roughlythesameasthenumberof
globalbasisfunctionsN. Weshouldsubdivide less(largerpatches)
if theglobal transportcomplexity N is large,while simplerscenes
(like low-frequency convex objects)shouldbesubdividedmore.

This may appearcounterintuitive, sinceit would seemthat for
low-frequency objects, the global dimensionalityis alreadylow
and further subdivision will provide limited bene�ts. However,
theoverheadsfor additionalsubdivision areminimal preciselybe-
causethetotal numberof basisfunctionsrequiredis small—onthe
otherhand,for high-frequency materialsor shadows, theseover-
headcostssoonbecomesigni�cant.

Evaluation: Figure9ashowsthecostvssizeplot for a256� 256
faceimage,lit from a 6� 32� 32, cubemap,with global dimen-
sionality N = 150. The image is divided into squareblocks of
differentsizesandcostcomputedfor eachsize. As expected,the
minimum cost is for p � N, and lies between8� 8(p = 64) and
16� 16(p = 256) patches.Somewhat betterresultsareobtained
using CPCA [Sloan et al. 2003], which doesnot placeany con-
straint on the structureof clusters. Figure 9b shows the plot for
thefacedatasetcreatedusingdifferentnumbersof CPCAclusters.
Note that cost is minimum for approximately220 clusters.Since
thefacehas38;000occupiedpixels,thiscorrespondsonaverageto
p � 170which is againof theorderof N (m� 0:68andr = 2 here).

4.4 Scaling of Cost with Resolution

Wenow analyzehow costvariesif we increasetheresolutionof an
image/mesh.Assumewedoublethenumberof pixelsp in thepatch

andthat thedimensionalityn doesnot change.Fromtheprevious
section,sincetheoptimalpatchsizep� is dependentonly on mand
globalbasisN, wecansubdividethepatchinto two smallerpatches.
Henceincreasingresolutionallowsfurthersubdivision.

In eachof the two (equallysized)smallerpatches,n ! mn, but
p andN remainthesame.Hence,new costc1 aftersubdividing is,

c1 = 2mn(p+ N); (28)

wherethefactorof 2 is becausewenow havetwo sub-patches.Note
that if we arein the linear regime,with m� 1=2, thecostremains
the same,even thoughwe have increasedresolution. This makes
sense,becauseeventhoughtherearenow morepixels,theinforma-
tion contentis thesame.Moregenerally, comparingc1 andc,

c1

c
= 2m: (29)

Sincem< 1, we alwaysget a sub-linearincreasein thecost. For
example,for m= :7 thecostincreasesby only 1:4 andnot2. Equiv-
alently, theper-pixel renderingcostdecreasesby a factorof m.

Figure 9c shows the cost vs. size plot for the facedatasetat
128� 128 and 256� 256 resolutions. We estimatem� 0:68 by
taking a few patches.Sincewe have increasedthe resolutionby
a factorof 4 or 2� 2, our analysispredictsan increasein the total
costby afactorof 2m�2m= 4m2 = 1:85. Equivalently, theper-pixel
costshoulddecreaseby afactorof m� m= m2 � 0:5. Theminimum
cost for eachsize is shown in the plot. Note that the ratio of the
total costscomesout to be 1:9 which is consistentwith our theo-
reticalestimate(andtheperpixel costdecreasesto approximately
onehalf, alsoconsistentwith our estimate).The optimal average
patchsizep� for boththeresolutionscomeout to beapproximately
thesame.Figure9d,efurthershow thehistogramsof thesizeof the
clusters.Note thatbothshow a similar distribution (but the tail of
thedistribution is reducedfor thesmaller128� 128resolution.)

5 Practical Applications

In this section,we discusssomepracticalapplicationsof our anal-
ysis.First,weshow how to settheright parametersin existingPRT
methods,withoutany othermodi�cation. Wethenpresentasimple
algorithmthatadaptively subdividestheobject/imageinto a nearly
optimalnumberof clusters.Finally, we scaleup our resolutionto
show all-frequency relightingof 1024� 1024images.

5.1 Setting Parameter s in Existing Methods

In Sec.4.3, we derived a relationbetweenoptimal patchsize p�

andglobal basiscountN (equation27). Oncewe know m andN
for the object/image,we shouldbe able to set the optimal patch
sizein existingmethodslike blockwisePCA[Nayaretal. 2004]or
CPCA[Sloanetal. 2003],andusethemwithoutany modi�cation.

This requiresusto estimatemandN. For any givenpatch,with
a givencentralpoint,we determinembasedon theaverageslopes
or growth rateof dimensionalitywith thenumberof pixels/vertices.



Figure 10: (a) Usingour analysisto setparameters in ClusteredPCA(for
relightingwith �xed view) for theBuddhadataset(24,000vertices,optimal
numberm of clusters = 220). (b) Applicationof our adaptivesubdivision
algorithmto renderwith changingviewpointfor surfacelight �elds.

Wethenusem= r � s, with r = 2 for CPCAandr = 4 for blockPCA
(correspondingto subdivision into 2 clustersor 4 sub-blocks).9 Fi-
nally, to determineN, we randomlychoosea largenumberof sam-
ple pointsanddo anSVD decompositionof theresultingtransport
matrix (we could usethe full image/mesh,but this is too compu-
tationallyexpensive). We chooseN asthenumberof eigenvectors
neededto capturemostof thetotal energy (usually99:9%).

Figure10ashows the Buddha(24,000vertices),with complex
shadows usingCPCA relighting for �x ed view, with illumination
from 6 � 32� 32 cube maps. For the estimatedm = :57 (220
clusters),the optimal per-vertex cost is 114:78. (Note that the
unit of costsin this sectionwill be the effective numberof basis
functions requiredat eachvertex—correspondingto the average
value of c=p in equation18.) A rangearoundthe optimal m of
[:53; :6] correspondsto 130� 600 clusters,wherethe cost is be-
tween114:78� 130,soour methodis not very sensitive to theini-
tial pointschosento estimatem. However, if we move far outside
this rangesuchas11 clusters,the costis 310:7 which is not even
below theglobalnumberof basisfunctions,andnearly3 timesthe
costof our method.Prior to our work, therewasno simpleway to
determinethecorrectnumberof clusters(trial anderrorwaseffec-
tively theonly possibility, but theprecomputationstakea long time
to run,oftenmakingthatapproachinfeasible).

5.2 Practical Adaptive Algorithm

In practice,m may vary non-uniformly along the scene,and we
now presenta simplealgorithmthat adaptively andhierarchically
subdividesthe object/image.We initially run the standardCPCA
algorithm with a few (usually 5-10) clusters. We then take each
initial cluster, andsubdivide it into two usingCPCA(seeFig. 11c),
comparingthecostof renderingtheclusterbeforeandaftersubdi-
vision. Thesubdivisionstopsif thecostincreasesaftersubdivision.
Otherwise,theprocessis repeatedfor eachnewly formedcluster.

Sincethe lighting dimensionsare large (6 � 32� 32), and ini-
tially whenwehaveonlyafew clusters,theclustersizeis alsolarge,
PCA becomescomputationallydif�cult. Therefore,for the initial
few subdivisions,we do a waveletdecompositionof light transport
for eachvertex andtakethe�rst K waveletcoef�cients with highest
energy globally.10 After a few subdivision steps,whenclustersize

9In standardCPCA or block PCA, thereis no actualadaptive subdivi-
sion,or notionof r. However, equation27 is relatively insensitive to r, and
wethereforeusevaluescorrespondingto ouradaptivetechniquein Sec.5.2.

10This is usedonly for clustering.Thefull light transportis alwaysused
for computingthe�nal basesneededfor rendering.

becomesmanageable,we shift to the full original light transport.
Our algorithmcanbe appliedto changingview aswell [Liu et al.
2004],separatelyconsideringeachview-dependentBRDFfactor.

Figure11showstheresultsof ouralgorithmonacomplex scene
with specularobjects(streetlamps).Thescenehasapproximately
40;000 vertices, and we can changelighting and view in real-
time. For thegroundplane,with adpativesubdivison,thecost(per-
vertex) is 64. In this case,thenumberof globalbasisfunctionsis
N = 500,soweprovideaspeedupof nearlyanorderof magnitude.

Thenumberof clustersgeneratedare219. Evenif we run stan-
dardCPCAwith thesame�x ed(219)numberof clusters,theper-
vertex costis 76,whichis around20%morethanouradaptivealgo-
rithm. This is becauserunningstandardCPCAmustusea wavelet
approximationthroughout.More importantly, sincethe clustering
is being doneglobally for the full scene(insteadof reclustering
eachindividual clusterhierarchically),it is moreproneto local op-
tima. Again, if we move to extremessuchas10 clusters,the cost
increasesto 197,which is morethan3 timesthecostwith ouralgo-
rithm. At theotherextreme,if wemakethenumberof clustersvery
large (around5000) the costbecomes184, which is again nearly
thrice the costof our method. In the intermediaterange(50 clus-
ters),thecostis 112which is aroundtwice theoptimum.

Application to SurfaceLight Fields: While our main focusis
PRT, we canalsousetheadaptive subdivision algorithmto render
surfacelight �elds with dynamicview. Insteadof the relighting
transportmatrix,wehavetheintensityof eachvertex from all views
(ona6� 32� 32cubemap.)Figure10bshowsasurfacelight �eld
of theBuddha,renderedatacostof 31:8 basespervertex (compare
with N = 300globalbasisfunctions).As with relighting, thecost
is 3� –4� lessthanCPCAwith asub-optimalnumberof clusters.

5.3 Scaling to Large Resolutions

Our theory indicateswe can increaseresolutionwith only a sub-
linearincreasein cost.Fig. 1ademonstratesthis practically, show-
ing interactiverenderingata1024� 1024resolution.Weuseblock-
wisePCA(similarto [Nayaretal.2004]),with adaptivesubdivision
usingour method(Fig. 1b). Becausethe shadows arevery com-
plex, theglobaldimensionalityN = 700is large,andthevariation
of dimensionalitywith patchsizeis nearlyalwayslinearin Fig. 1c.
Hence,as predictedby our cost analysis,we subdivide down to
very smallpatcheswith areasof 4� 4 or 8� 8, which is muchless
thanN. Note that the subdivision becomes�ner (Fig. 1b) aswe
movecloserto theplantonthegroundplane,sincetheshadowsbe-
comemorecomplex. Overall, our adaptive block PCA providesa
speedupof approximatelyanorderof magnitude,enablinginterac-
tive relightingof this veryhigh-resolutionimage.

6 Conc lusions and Future Work

We have developeda theoreticalanalysisof the dimensionalityof
local light transport. First, we show how the dimensionalityof a
patchchangeswith its size,observingthat dimensionalityis pro-
portionalto areafor glossyre�ections, andproportionalto length
or radiusfor shadows. Second,we analyzetherenderingcost,and
derivetheoptimalpatchsize.In practicalapplications,thisanalysis
allows us to �ne tunetheparametersof existing methods,scaleto
very largeresolutions,anddevelopadaptiveclusteringalgorithms.

In thefuture,we would alsolike to analyzeotherglobal illumi-
nationeffectssuchassub-surfacescatteringor caustics.Another
importanttheoreticalquestionis how this analysisrelatesto thelo-
cal frequency-spaceanalysisin [Durandet al. 2005],andwhether
they canbeuni�ed. Moreover, clusteringtechniquesandPCA are
alsowidely usedto representvisualappearanceandotherquantities
in differentapplicationareaslikecomputervision.

While we have presentedour theoryin the context of PRT and
rendering,thepaperdescribesafundamentalanalysisof light trans-
port that haspotentialapplicationsin many other domains. For
example,locally low-dimensionalsubspacesprovide a robust and



Figure 11: Adaptivealgorithmwith CPCAfor a scenewith 40,000vertices.(a) showstherenderingof thescenewith dynamiclighting andview, (b) shows
the�nal clusteringof thescene, and(c) showsthestepsof our adaptivesubdivisionalgorithmfor a smallpatch on thegroundplane—noticethesubdivisions
into two in steps(i), (ii) and(iii), but howmostof thepatchesdonotsubdividefurther in step(iv).

ef�cient computationalframework for inverserenderingproblems
like illumination estimation.In computervision, they allow us to
understandandrecover theeffectsof lighting in thecontext of ap-
plicationslike lighting-insensitive facerecognition(indeed,ournu-
mericalvalidationshave includedtestson realfaces).

With the growing applicationandmaturity of algorithmsbased
onlocalpatchesandclustering,webelievethatafundamentaltheo-
reticalanalysis,asin this paper, is critical to explain andmake fur-
therprogress.In thefuture,we expecta moresolid foundationfor
avarietyof methodsthatcompressandrepresenthigh-dimensional
visualappearancecompactly.

Acknowledgements: We thank the anonymous reviewers for
their feedbackandcommentsto improveclarity. This researchwas
supportedin part by an ONR YoungInvestigator Award N00014-
07-1-0900(MathematicalModelsof Illumination andRe�ectance
for Image Understandingand Machine Vision), as well as NSF
grants# 0430258,#0325867,#0305322and#0446916,andaSloan
researchfellowship.

References
BASRI , R., AND JACOBS, D. 2001. Lambertianre�ectanceand linear

subspaces.In InternationalConferenceonComputerVision, 383–390.
CHEN, W., BOUGUET, J., CHU, M., AND GRZESZCZUK , R. 2002. Light

�eld mapping: Ef�cient representationandhardwarerenderingof sur-
facelight �elds. ACM TransactionsonGraphics(SIGGRAPH2002)21,
3, 447–456.

DORSEY, J., ARVO, J., AND GREENBERG, D. 1995. Interactive designof
complex time-dependentlighting. IEEE ComputerGraphicsandAppli-
cations15, 2, 26–36.

DURAND, F., HOLZSCHUCH, N., SOLER, C., CHAN, E., AND SILL ION,
F. 2005. A frequency analysisof light transport.ACM Transactionson
Graphics(SIGGRAPH2005)25, 3, 1115–1126.

GARG, G., TALVALA , E., LEVOY, M., AND LENSCH, H. 2006. Sym-
metricphotography: Exploiting data-sparsenessin re�ectance�elds. In
EuroGraphicsSymposiumonRendering, 251–262.

GRAY, R. 2006. Toeplitz andcirculantmatrices:A review. Foundations
andTrendsin CommunicationsandInformationTheory2, 3, 155–239.

GRENANDER, U., AND SZEGO, G. 1958.ToeplitzFormsandTheirAppli-
cations. Universityof Calif. Press,Berkeley andLosAngeles.

LAWRENCE, J., BEN-ARTZI , A., DECORO, C., MATUSIK , W., PFISTER,
H., RAMAMOORTHI , R., AND RUSINKIEWICZ, S. 2006.Inverseshade
treesfor non-parametricmaterialrepresentationandediting.ACM Trans-
actionsonGraphics(SIGGRAPH2006)25, 3 (jul).

L IU, X., SLOAN, P., SHUM , H., AND SNYDER, J. 2004. All-frequency
precomputedradiancetransferfor glossyobjects.EuroGraphicsSympo-
siumonRendering2004, 337–344.

MATUSIK , W., PFISTER, H., NGAN, A., BEARDSLEY, P., ZIEGLER, R.,
AND MCM ILLAN, L. 2002.Image-based3D photography usingopacity

hulls. ACM Transactionson Graphics(SIGGRAPH2002)21, 3, 427–
437.

NAYAR, S., BELHUMEUR, P., AND BOULT, T. 2004. Lighting-sensitive
displays.ACM TransactionsonGraphics23, 4, 963–979.

NG, R., RAMAMOORTHI , R., AND HANRAHAN, P. 2003. All-frequency
shadows usingnon-linearwavelet lighting approximation.ACM Trans-
actionsonGraphics(SIGGRAPH2003)22, 3, 376–381.

NIMEROFF, J., SIMONCELLI , E., AND DORSEY, J. 1994. Ef�cient re-
renderingof naturallyilluminatedenvironments.In EuroGraphicsWork-
shoponRendering, 359–373.

NISHINO, K., SATO, Y., AND IKEUCHI , K. 2001. Eigen-texturemethod:
Appearancecompressionandsynthesisbasedona3dmodel.IEEEPAMI
23, 11,1257–1265.

NISHINO, K., NAYAR, S., AND JEBARA , T. 2005. Clusteredblockwise
pcafor representingvisualdata.IEEE Transactionson PatternAnalysis
andMachineIntelligence27, 10,1675–1679.

OKIKIOULU, K. 1996.Theanalogueof thestrongSzego limit theoremon
the2- and3- dimensionalspheres.Journal of theAmericanMathemati-
cal Society9, 2, 345–372.

RAMAMOORTHI , R., AND HANRAHAN, P. 2004. A signal processing
framework for re�ection. ACM TOG23, 4, 1004–1042.

RAMAMOORTHI , R., KOUDELKA , M., AND BELHUMEUR, P. 2005. A
fourier theoryfor castshadows. IEEE Transactionson PatternAnalysis
andMachineIntelligence27, 2, 288–295.

RAMAMOORTHI , R. 2002.Analytic PCAconstructionfor theoreticalanal-
ysisof lighting variability in imagesof a lambertianobject. IEEE PAMI
24, 10,1322–1333.

SHIRDHONKAR, S., AND JACOBS, D. 2005. Non-negative lighting and
specularobjectrecognition.In ICCV05, 1323–1330.

SLOAN, P., KAUTZ, J., AND SNYDER, J. 2002. Precomputedradiance
transferfor real-timerenderingin dynamic,low-frequency lighting en-
vironments.ACM Transactionson Graphics(SIGGRAPH2002)21, 3,
527–536.

SLOAN, P., HALL , J., HART, J., AND SNYDER, J. 2003. Clusteredprin-
cipal componentsfor precomputedradiancetransfer. ACM Transactions
onGraphics(SIGGRAPH2003)22, 3, 382–391.

SOLER, C., AND SILL ION, F. 1998.Fastcalculationof softshadow textures
usingconvolution. In SIGGRAPH98, 321–332.

WANG, R., TRAN, J., AND LUEBKE, D. 2006.All-frequency relightingof
glossyobjects.ACM TransactionsonGraphics25, 2, 293–318.


