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Figure 1: Comple lighting effectslike softshadowsequire transportmatricesthat havea very high rank or dimensionality However, within local blocks,
the dimensionalityis mud lower This paperanalyzesheseeffectstheowetically. Onepractical applicationis to all-frequencyrelighting of high-resolution
images; (a) showsa 1024 1024image, lit bya6 32 32cubemaprendeedinteractively We achieve this resultby usingour framevork to adaptively
subdividetheimage into local patches. Theadaptivesubdivision and zoom-upgo showthefull resolutionare in (b). Our main contribution is a theoetical
analysisof howlight transportdimensionalityvarieswith patd size For comple shadowdike these dimensionalityis essentiallylinear in patch area(c).

Abstract

Blockwiseor ClusteredPrincipal Componentnalysis (CPCA)is
commonly usedto achieve real-time renderingof shadavs and
glossyre ections with precomputedadiancetransfer(PRT). The
verticesor pixels arepartitionedinto smallercoherentegions,and
light transportin eachregion is approximatedby a locally low-
dimensionakubspaceisingPCA. Mary earliertechniquesuchas
surfacelight eld andre ectance eld compressiorusea similar
paradigm However, therehasbeenno cleartheoreticauinderstand-
ing of how light transportdimensionalityincreasesvith local patch
size,nor of the optimalblock sizeor numberof clusters.

In this paper we develop a theory of locally low dimensional
light transportpy usingSzeyo's eigervaluetheorento analytically
derive theeigervaluesof the covariancematrix for canonicakases.
We shav mathematicallythatfor symmetricpatchef areaA, the
numberof basisfunctionsfor glossyre ections increasestineﬁxrly
with A, while for simple castshadas, it oftenincreasesas A.
Theseresultsarecon rmed numericallyon anumberof testscenes.
Next, we carry out ananalysisof the costof rendering tradingoff
local dimensionalityand the numberof patchesderiving an opti-
mal block size. Basedon this analysiswe provide usefulpractical
insightsfor settingparametergh CPCAandalsoderive anew adap-
tive subdvision algorithm.Moreover, we shav thatrenderingtime
scalessub-linearlywith the resolutionof the image,allowing for
interactve all-frequeng relightingof 1024 1024images.

e-mail: {dhruv,ravir,belhumeur}@cs.columbia.edu
Te-mail:ira.kemelmacher@weizmann.ac.il

1 Introduction

Real-timerenderingof light transportwith glossyre ections, shad-
owsandhighfrequeng lighting is achallengingproblem.In recent
years precomputedadianceransfer(PRT) [Sloanetal. 2002] has
beenwidely adoptedto achiese thesegoals. The essencef the
approach, canbeexpresseagimply as[Ng etal. 2003],

B=TL; (1)

whereB is a vectorof outgoingintensities(at eachimagepixel or
objectvertex), L is a vectorof lighting intensitiesfrom eachdirec-
tion, andT is a precomputedight transportmatrix. For simplic-
ity, mostof this paperusesthe canonicalproblem above of all-
frequeng relighting of images,with x ed view [Ng et al. 2003].
However, a factorizationof the BRDF enablesa generalizatiorto
changingboth dynamiclighting andview [Liu et al. 2004; Wang
etal. 2006],andwe demonstrateesultsfor this casein Fig. 11.
NotethatL maybea 6 322 texel or higherresolutioncube-
map,andB maybea 512 pixel or higherresolutionimage.Hence,
T canhave in excessof 10° elementsprecludingreal-timeperfor
manceandstorage ModernPRT methodsaddresshis by cluster
ing into smallerpatchesjn eachof which the transportT is com-
pressedisingPCA. Thesemethodsarereferredto asclustered®CA
or CPCA[Sloanetal. 2003;Liu etal. 2004]. A fasterto precom-
pute method(but possibly suboptimalfor rendering)is to simply
divide animageinto regularsmallerblocks[Nayaretal. 2004].
While ourmainfocusis on PRT, very similarideasarealsoused
in mary otherapplications. For surfacelight elds, T represents
variationwith view, for x edlighting, ratherthanvice versa.(Fig-
ure 10b shawvs anexampleof applyingour methodto surfacelight
elds.) Previouswork [Nishino etal. 2001; Chenet al. 2002] has
usedPCAonlocaltriangularpatchedor compressionBlock-based
PCA for moregeneralre ectance elds is employed by [Matusik
et al. 2002]. Nishino et al. [2005] considersmore generalvisual
dataaswell, meiging PCA blocksfrom ner levels. Locally low-
rank approximation®f sub-rgionsareusedeven for adaptve ac-
quisitionof re ectance elds [Gamg et al. 2006]. Indeed basicim-

1Relighting,andequationi, alsohasa long earlierhistoryin graphics,
includingearlywork by [Nimeroff etal. 1994;Dorsey etal. 1995].
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Figure 2: Scdematicof how renderingcostsvary with patch size With

increasingsize light transportdimensionality(red)increasesbut the over

headcost(blue) deceases.Theovenrall cost(black) is minimumwhele an

increasein dimensionalitypalanceghedecreasen overheadcost.

ageandvideo encodingwith JPEGand MPEG alsoemploy local
blocks.

Thereis a key insight, underlyingall of this large body of cur
rent practice—light transportis locally low-dimensional Even if
the global dimensionalityof T is large, the light transportin each
local patchis low-dimensionaland canbe compressedising sim-
ple PCA or SVD2 As shavn schematicallyin Fig. 2 (red curwe),
transportdimensionalityincreaseswith patcharea. Surprisingly
therehasbeenno theoreticalexplanationof why this shouldbe so,
how exactly dimensionalityvarieswith patchsize, or dependson
materialpropertiesandglobal effects(shadavs, interre ections).

It mayseenthatanoptimalpatchsizefor renderings onepixel,
wherelight transportdimensionalityis lowest. However, thereis
anoverheadbluecure in schemati®of Fig. 2) in projectingto the
local basisfunctionsat eachpatch,thatvariesinverselywith patch
area.Thetotal costis asumof thesewo effects,and nding theop-
timal cost/patchsizeinvolvesa tradeof betweenthesecompeting
factors(black curve in Fig. 2). While this is known qualitatively,
there hasbeenno theoreticalanalysisof what the optimal block
sizeor numberof clustersis. Indeed,mostcurrentmethodseither
usesquareblocksof constansize[Matusik etal. 2002;Nayaretal.
2004] or arbitrarily x the numberof clusters/patchegsed[Sloan
etal. 2003;Liu etal. 2004]. In this paper we addressheseimpor-
tanttheoreticalguestionsmakingthefollowing contritutions:

Theoretical Analysis of Dimensionality: ~ Oneof our maincon-

tributionsis a theory of how the dimensionalityof T varieswith

patchsize (red curve in Fig. 2).3 First (Sec.2.1), we consider
canonicalcasesn 2D. We assumeshadingbehaeslike a convo-

lution, ashasbeenshavn for diffuse andglossyre ection [Basri

andJacob001;RamamoorthandHanrahar2004],andcastshad-
ows [SolerandSillion 1998;Ramamoorthet al. 2005]. We derive

ananalyticformulafor theeigervaluesof T basedn Fourieranal-
ysis,andSzeayo's eigevaluetheorem GrenandeandSzeyo 1958].

Speci cally, we demonstrateéhat dimensionalityin 2D increases
approximatelyiinearly with patchareaA, for bothre ections and

shadavs. We shaw that the key stepsextendto 3D (Sec.2.2),

with similar resultsfor corvex specularsurfaces,aswell ascom-

plex shadevs with multiple blockersasin Fig. 1. However, in the

presencef simpleshadavsin 3D, thﬁdimensionalityfor symmet-
ric patchesincreasesublinearlyas’ A. We validate our theory
(Sec.3), shaving numericalplotswith avariety of scenes.

Theoretical Analysis of Rendering Cost:  Basedon our theory
we do a detailedanalysis(Sec.4) of how the overheadsand to-

2We usethe termsSVD and PCA interchangeablyWhile the meanis
usually subtractedvhenapplying PCA or computinga covariancematrix,
we donotdo soexplicitly in this paperfor clarity andnotationalsimplicity.

3Thisanalysissigni cantly extend§Ramamoorth2002],whoonly con-
sideredthe changeof dimensionalityfor Lambertianobjectswhenthefront
facingnormalsalonewerevisible. We considergeneralglossyre ection
andcastshadavs, aswell ascontinuouslyaryingpatchareas.
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(b) Specular Case

(a) Diffuse Case
Figure 3: Schematicof canonical2D setupfor (a) Diffusere ection, (b)
Specularor Phongre ection, and(c) CastShadows.

(c) Shadow Ca:

tal renderingcostvary with patchsize (blue and black curesin

Fig. 2). This enablesusto derive an optimal patchsize,wherethe
increasen local dimensionalitybalanceshe decreasén overhead.
We alsoshaw thatthe costincreasesublinearlyaswe increasehe

resolutionof theimage,enablingoneto scaleup to scenesvith up

to 1 million pixelsatinteractive rates(seeFig. 1).

Practical Applications:  Our analysisprovidesmary usefulin-
sightsin settingparameterssuchasblock sizeor numberof clus-
tersin existing PRT methoddike CPCA(Sec.5, Fig. 10). We also
presenta practicalalgorithmwhich adaptvely subdvidesthe ob-
ject/imageinto a nearly optimal numberof clusters(Fig. 11). We
demonstrateesultson complex sceneswith shadevs and glossy
objectswherewe canchangdighting and/orviewpointatreal-time
rates,asshown in ourresultsin Figs.1, 10and11.

2 Theoretical Analysis of Dimensionality

Startingwith equationl, assumehe object/images divided into
local patches.Considerone suchpatchi, containingp; pixels or
vertices. Let T; denotethe transportmatrix for this patchalone,
with dimensionsp; |, wherel is thelighting resolution.We seek
to compresd; usingPCA,with n; | eigenmodes,

T USvT; @)

whereU; isap; n matrix,§ isan; n; diagonaimatrix of eigen-
valuesandV; isal n; matrix,in the standardvay.

We now conductatheoreticahnalysisof how thedimensionality
n; of T; (or the form of the eigervaluesin §) changeswith patch
sizeandotherpropertiedike the BRDF. For simplicity andclarity,
we conductmostof our analysisin the 2D or atland planarcase
(Sec.2.1), derving an analyticsolutionfor commonassumptions.
Section2.2brie y outlineshow the mainstepsextendto 3D.

2.1 Local Light Transpor t Analysis — 2D Case

Preliminaries: In 2D, rst considera simple corvex arc, as
shown in Fig. 3a. We parameterizdighting directionby g (in the
rangel p;+ pl.) We parameterizsurfacelocationby anglea. For
the diffuse case(Fig. 3a), a refersto the normaldirectionandfor
the specularcase(Fig. 3b), it refersto the re ection of the view
aboutthe surfacenormal. There ectedradianceB(a) is

z

B(a)= L(gf(a gdg ©)

Here,we assumehe BRDF f( ) is a symmetricfunction,depend-
ing only on the differencebetweenthe lighting direction g and
theanglea. This assumptioris goodfor mary commonBRDFs
like diffusef(a ¢) = maxcoga ¢);0) andthe PhongBRDF,

f(a g)=cos(a g). Thisformulationofthere ection equation
is aconvolution, asin the2D setupof [RamamoorthandHanrahan
2004]. Note thatwe assumehe BRDF is homogeneousThisis a

very commonassumptioimadein mostof the PRT methodsgspe-
cially for renderingof syntheticobjects.lt is particularlyapplicable
in our casesincewe areconsideringocal regionsor patcheslt has
recentlyalsobeenshavn thatevenfor acquiredcomplex materials,



onecanusea linearcombinationof a smallnumberof basishomo-
geneousnaterialLawrenceetal. 2006]which makesour analysis
usefulfor thesematerialsaswell.

The samemathematicaform also holds for castshadavs due
to a single blocker [Ramamoorthiet al. 2005]. In this case,a is
interpretedastheextremalangleinducedby theblocker for agiven
spatiallocation(Fig. 3c),andf is astepfunction. Thus,equation3
is quite generalandwe thereforemale it our startingpoint.

The light transportT is a function of spatiallocation (herea)
andlight direction(hereg), andis givenfrom equation3 simply by

T(a;g) = f(a 9: 4)

Finally, the “image size” or p is simply proportionalto the half-
anglewidth b of the patct, sothatwe cansimply studyhow the
dimensionalityof T(a; g) varieswith b.

Covariance Function: Let M(az;ap) denote the covari-
ance/correlatioiunctionfor T in PCA. The dimensionalityof the

arc/patchis essentialljthe dimensionalityof thefunction M.
z

M(aj;a2) = pT(al;g)T(az;g)dg
g
= pf(al o) f(g azdg 5)

wherewe have madeuseof the factthat f is symmetric. By ex-
pandingin termsof Fourierseriesor by substitutingu= a; g,
z

M(as;a) = Zf(u)f(al a; wdu=gla; a); (6)

whereg (andM) is a symmetricfunction,given by the convolution
of f withitself,i.e.,g= f f.

Sofar, we have worked in the continuousregime. Now, let us
considera discretizationof M for p pixels. Then,the matrix ele-
mentM;j = M(aj;aj) = g(ai;aj) = g(a aj). We canalsodis-
cretizeg sothatgy = g(ag). In thiscase,

Mij =g j; )
whereg is still asymmetricfunction. SinceM;; now dependsnly
onji |jj,itisbyde nition asymmetricToeplitzmatrix.

Eigervalues: Let/;0 r < p bethe eigevaluesof discrete
MP (the superscriptindicatesa discretizationto p pixels). For
sufciently large resolution,i.e., for large valuesof p, it canbe
shavn using Szeyo's eigervalue distribution theorem[Grenander
and Szego 1958] andLemmad4.6 in [Gray 2006] that the distri-
bution of eigervaluesof M canbe approximatefl by thoseof the
trunﬁat_edDiscreteFourierTransform(DFT) coefcientsof g (with
I = 1),
p 1
Ir a4 e (8)
k= (p 1
In thelimiting (continuouscaseasp! ¥,MP! M(ay;ap) and
the dimensionalityof the patchis the bandwidtlf of the truncated
Fourier Transformof the continuousfunction g, now restrictedin
therangefrom b to b. Figure4 shows plots of the DFT coef-
cientsof the truncatedgy function (red curve) and eigervaluesof
the Toeplitz matrix MP (blue curve) computedusing SVD for the
PhongBRDF with Phongexponents= 50 andtwo differentvalues
of b. Thetwo curvesmatchwell, thusvalidatingour analyticresult.

4In practice thisrelationcanbesomevhatnon-linearfor speculare ec-
tion andcastshadavs, wherea doesnot maplinearly to spatiallocation.
Our numericaltestsdo not indicatethis is a major factor exceptnearthe
edgeof objectswhichwe will discussseparatelyn Sec.3.

5A technicalconditionis that g mustbe absolutelysummableor that
éif: v ] Ocj< ¥. Henceweuseg”(w), whichisgwhen p w pand
Ootherwise Sincegf = gcfor p k p, equatior8 still holds.

8In practice,we considerbandwidthto be wherethe magnitudesf the
eigevaluesdropbelon sometoleranceusually0:1% of total enegy.)
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Figure 4: Plotsof DFT coefcients of thetruncatedgy function(redcurve)
and eigervaluesof the Toeplitzmatrix MP (blue curve)for a PhongBRDF
with Phongexponents = 50. Resolutionp = 3000is sufciently high. Note
thatthe curvesmatd quitewell, validatingthetheosetical analysis.

Dimensionality Analysis:  We now have ananalyticformulafor
theeigervalues,f weknow thefunction f (andhenceg). However,
we still needto understanchow dimensionalityvariesas a func-
tion of patchsizeor areab. In otherwords,how doesthe Fourier
transformof g changewhenrestrictedn [ b; b]?

To proceedwe rst de ne b%= b=p for simplicity, sothatwe
hare0 b° 1. Then,wede ne therestrictionof g as

g(a; b9 = g(a)h ©9)

a .
F) ’
whereh(u) isaboxfunction=1in 1 u 1and0otherwise.
TheFouriertransform,G(Wa ; b9 is now givenby
Zy
a .\ 2pl(Z)Wa
¥g(a)h(b—o)e b4 da

G(Wa;b%
Zy
b° . g(bU)h(u)e?P' W du: (10)

In the rst line, the a=bCfactorin the exponentialis becausehe
DFT effectively “stretchestheregionfrom|[ b;+ b]to[ Cf);+p].
In the secondine, we make a simplesubstitutionu= a=b".

To simplify further, we note that the Fourier transformof a
productis a corvolution in the frequeny domain. Moreover,
by the Fourier scaletheorem,the Fourier transformof g(b%) is
(1=b9G(W,=b9. Puttingall thistogether

G(Wa; b9 = G(La)  H(Wh): (1)

This is a critical result of the paper providing a simple but very
generalanalyticformulafor the eigervaluesof the covariancema-
trix, asa functionof the patchareab®andthe BRDF or shadwing
function f (whichdeterminess sinceg= f f).

Let w0, Wg andwy be the effective bandwidthof G(Wx ; b9,
G(W;) andH(W;) respectiely. Sincethe bandwidthof a convo-
lution of two functionsin the frequengy domainis the sumof their
respectie bandwidthswe have

Wepo = bMWG + Wy (12)

This is a centralresultof the paper shaving preciselyhow light
transportdimensionalityw varieswith patchareab® The dimen-
sionality varieslinearly with b% having a constanbffsetwy anda
linearslopews, thatis of theorderof thebandwidthof theBRDF or
shadaving transferfunction(g(a) is the convolution of the BRDF
function f(a) with itself). Hence,dimensionalityincreasesnore
rapidly with b%for highly speculamaterialsor comple castshad-
ows, andmoreslowly for diffuse surfaces. This is intuitive since
the dimensionalityof light transportis of coursegreaterfor sharp
re ections andshadaevs. Laterin the paper we will nd it more
convenientto consideroglog plotswherethe slopeis alwaysclose
to 1 for linearbehavior, irrespectve of the materialpropertiesand
theabsolutdinearslopewg representsnly a constanbpffset.
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Figure 5: (a) showsthe log-log plot of dimensionalityvs sizefor a con-
vex 2D arc with a PhongBRDF and two different Phongexponentss. The
graphsare closeto linear, with a slopeof approximatelyl in mostparts,
but with a slight deceaseearly (for smallsizesb). (b) showsthe plotsfor
theshadowcase Thebluecurveis for a stepblodker, consideringonly vis-
ibility, andtheredcurveis for a concavearc with diffuseBRDF Againthe
curvesare linear with slope= 1. Sincevisibility hasveryhigh frequencies
Wg, thecurvesattain linear slope= 1 early, evenfor low b.

Notethataswe increaseb® the bW termin equationl2 dom-
inatessothat

wgre  bMWg (13)

Hence,for sufciently large valuesof b0 thereexists a linear re-
lationshipbetweerthe dimensionalityof the patchandthe size of
the patch. However, this relationshipbecomesub-linearfor small
patchsizes(small b9, sincethe wy; termcannotbe neglected.We
shaw laterin Sec.4.3thatthesublinearityfor smallerpatchegplays
acritical role in determiningthe optimal patchsize.

Numerical Simulations:  Figure5 shavs numericalsimulations
for aglossyre ector, aswell ascastshadavs, con rming theanal-
ysisabove. We useloglog plotsthroughouthis paper sothe slope
is thepower of dimensionalityvariation. This enablegasyanalysis
of bothlinear(slope= 1) andsublineafslope< 1) behaior. In this
domain,wg contrikutesonly to a constaniffsetbetweerthe plots
for differentBRDFs,andhencethe slopeis independensvf BRDF.

We obtaina nearlylinearincreaseof dimensionalitywith patch
size(with slightly sub-lineabehaior for low b andglossyre ec-
tions). This behaior is consistenfor most scenesgven though
theactualvalueof dimensionalityandthetransitionpoint between
linear and sub-linearregimesis datadependent.For example,in
Fig. 5b, sincevisibility hasvery high frequenciegwg is large),the
curnwesattainlinear slope= 1 early, evenfor low b. However, the
sub-lineareffectsareclearlyvisible in Fig. 5afor the PhongBRDF
sincewg is notthathigh.

Extensionsto ChangingView: Now considethecasevherewe
x thelighting andchangeheviewpoint. We seektheequivalentof
thelight transportmatrix, which is simply the appearancef a sur
facepoint a from view directiong. Assuminga parameterization
by there ecteddirection,we have,
z
T(a;9= Lwf(a g w)dw, (14)
which is only a functionof a g, i.e. T(a;g) = fla g, with
f=1L f. Thishasexactly the sameform asequationd. Hence,
our framework is alsoimmediatelyapplicableto patch-basedur
facelight eld methodgNishinoetal. 2001;Chenetal. 2002]. A
practicalresultfor our methodon surfacelight elds isin Fig. 10h

2.2 Extension of Key Steps to 3D

We now extend our analysisto 3D, following the 2D framework.
We will outline the extensionsof the relevant steps,and provide
numericalveri cation whereappropriate Section3 shovs numeri-
cal plotswith anumberof 3D examplesto validateour theory

Preliminaries:  Insteadof a circular arc, in 3D we considera
patchonthespherewith0 g b;0 f 2p. We parameterize
using standardsphericalcoordinatesa = (q;f). For the diffuse
casea isthenormaldirectionandfor the specularcaseijt refersto
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Figure 6: Top: Comparisorof sphericalharmoniccoefcients of thefunc-
tion gk(red)andthe eigervaluesof covariancematrix M (blue)for b = p=4
and p=2. Thetwo curvesmatd well. (We showa PhongBRDF with ex-
ponent100) Bottom: \frication of the (appoximate)scaletheoem
in spherical harmonicsfor large | (We showtwo different Phong expo-
nents.) The sphericalharmoniccoefcient at G|° for the red curve (with
g°= 2g(2q)) mathesGy for thebluecurve(theoriginal functiong(q)).

there ection direction,asin atland. Let g bethelight direction.
In 3D, thelight transportfunctionT(a&; g) is givenby

T(a;9) = f(a 9); (15)

wheref( ) is theradially symmetricBRDFE Equationl5 hasasim-
ilar form asequation4, with the differencebetweerthe anglesin
2D replacedy thedot productor cosineof theanglein 3D.

Covariance Function:  ThecovariancefunctionM(aq;a») is
z
M(aj;az) = S?f(al 9)f(g az)dg
= 9d(a1 az): (16)

Thelastline is a standardesultandcanbe obtainedfor instance,
by expandingin sphericaharmonicsaandapplyingtheadditionthe-
orem.Asin atland,g= f f, andis radially symmetric.

If we discretize,Mijj = g(aj;aj) = g(a; aj), which depends
only onthe anglebetweena; andaj. This closelyresembleshe
Toeplitzmatrix form in equation7 andis the 3D analog.

Eigervalues: Szeyo'seigemvaluetheorencanbeextendedo the
sphereg[Okikioulu 1996], with the 2D DiscreteFourier Transform
replacedby the SphericalHarmonic Transform. A recentappli-
cationin vision is [Shirdhonkarand Jacobs2005], althoughin a
very different context (they seekto ensurepositivity given low-
frequeng sphericalharmoniccoefcients). For us, we needsim-
ply consideithesphericaharmonicransformof g, withO g b
“stretched”outto the[0; p] range.Figure6a,bcomparesheeigen-
valuesof M (blue curve) with the sphericalharmoniccoefcients
of gk (red curwe), for a PhongBRDF with exponents= 100, with
two valuesof b = § andb = 5. Thetwo curvesmatchwell.

Dimensionality Analysis: Hencein 3D, thedimensionalityof T
for thepatchcanbeapproximatedby thebandwidthof the Spherical
HarmonicTransfornd G;(Wa;b9 ofg(a),0 a b.

We cannow conducta similar analysisasin 2D, obtainingthe
3D analogto equationsl1 and12. Theonly tricky issueis thatthe
2D derivationusedthe Fourier scaletheoremwhile thereis no ex-
actequivalentfor sphericaharmonicsHowever, a similar relation

Sincethefunctionis radially symmetriowith no azimuthaldependence,
only them= 0 termmattersfor eachl.
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Figure 7: Plotsshowingvalidation of a variety of scenebehavios discussedn Sec.3, includingglossyre ectionsfrom convex objects,shadowsn concave
regions,and more complex examples Dimensionalityhere meanghe numberof eigernvaluesconstitutingup to 99:95% of theenegy.

canbe shavn approximatelyfor high-frequeng Legendrepolyno-
mials,andis veri ed numericallyin Fig. 6¢,d(sincem= 0, Y,q are
simple Legendrepolynomials). Analytically, the asymptoticform
R coqla+ F), whereF doesnotdependon|. Therefore,for
high frequenciesl.egendrepolynomialsbehae similarly in mary
respectgo high-frequeng FouriermodesJeadingto thesamecon-
clusionsin 3D asin equationsl2 and13in 2D.

3 Experimental Validation and Discussion

In this section,we presentseveral examplesto validate our main
result—thatdimensionalityof light transportvariesalmostlinearly
with patchsize, especiallyfor larger areas(and sub-linearlyfor
smallerareas).We shov exampleswith glossymaterials,shadavs
andinterre ections,anddiscussseveralinsightsandimplications.

ConvexGlossySurfaces: Figure7aplotsdimensionalityssize
(area)A of the patchon a log-log scalefor a corvex hemisphere
with PhongBRDF anddifferentPhongexponentss. We consider
circular patchescenteredat the centerof the hemisphere.As ex-
pectedfor large valuesof A, theplot is a straightline approaching
slopel, whereador smallA (left of graph),thecurve attens.

Effectof Specularity: The point at which the plot reacheslope
nearl is afunctionof Phongexponents. As specularitysincreases,
the bandwidthwg in equation12 increasesand hencethe curve
approacheslopel earlier for smallerpatchsizes.

Deviation from Cente: Figure 7b shaws theseplots for some
reasonabledeviation of the patch centerfrom the spherecenter
Nearlyall the plotsshawv similar behaior approachinglopel.

Curvatue: In Fig. 7c, we considerellipsoidswith decreasiny
andz semi-axesand hencedecreasingurvatures. Again, mostof
the curvesshow similar behaior, approachingheslopel.

ExtremeCases: Figures7b and7c respectrely shav oneplot
eachfor an extremepoint nearthe edge,and one plot wherethe
surfaceeffectively becomes cylinder. In theseextremecasesthe
slopeis closerto 0:5 ratherthan1, i.e., dimensionalityis propor
tionalto A insteadof A. Notethata point nearthe edgeof the
hemispheralsocorrespondso the importantcasewhena surface
thatis tilted away from the camera. Theserare deviationsarere-
lated to the fact that, althoughthe patchis symmetric, variation
alongonedimensiorof thesurfaceis muchlargerthantheother so

dimensionalityis proportionalto patchradius(or P A) ratherthan
areaA. We will discussthis effectin more detail next, undercast
shadavs.

Concave Surfaceswith Shadavs:  Figure 7d shows plots for
a concae hemispherawith differentcentersfor the patch. These
arethe plots of the dimensionalityof the visibility functionitself
(without ary BRDF). Note that, unlike for the corvex casethere
is almostno noticeablesub-linearregion in thesecurvessincethe
bandwidthwg for visibility in equationl2 is relatively large. Sur
prisingly however, the curve haspal slopeof 0:5 andnot 1, so that
dimensionalityis proportionato = A, ratherthanA.

Thereis a simple explanationfor this seemingdiscrepang. A
canonicalexampleis wherewe have a long stepalongthe Y axis
(think of extruding Fig. 3c). The plot for this caseis alsoshavn
in Fig. 7d, andis similar to the concae hemisphereFor all points
lying on aline parallelto the Y axis, the visibility functionis the
same.We know from the 2D analysis(andnumericalplotsin at-
land)thattranspordimensionalityof shadevsis proportionako the
extentof the patch—Hut in this caseonly extentalongthe X axis.
Therefore dimensionalityis really proportionalto thelengthog,ra-
dius of the patch,and henceto squareroot of actualareaor A.
Thesameexplanationappliesto extremecasef glossyre ection.

Figure 7e shaws a particularly interestingexample, where we
have a grid of blockersover a plane. We get the black curve by
varyingvisibility alongtheX directiononly (a1D grid of blockers),
andthered curve by varyingit alongboth X andY directions(2D
grid). As expectedfor the morecommoncaseof simpleshadavs,
the black curve hasa slopeof 0:5. However for the rarer caseof
the 2D grid (red curwe), the visibility function is quite intricate,
involving bothdimensionsandwe getaslopecloserto 1:0(  :9)—
apracticalexampleof very complex shadaving is in Fig. 1.

Combining GlossyRe ections, Shadows and Interr e ections:
Figure7f shonvstheplotsfor aconcae hemispherevith diffuseand
PhongBRDF anddifferentPhongexponentss. Sincethe diffuse
BRDFis low frequeng, thevisibility functiondominatesandslope
is 0:5. However, sincethe PhongBRDF is high frequeng, we get
a slopeof approximately0:8, between0:5 and1:0. We alsoshav
theeffectsof interre ections.Sincetheseareavery low-frequeng
effect, they do not signi cantly affectourresults.



Clusters for Phong Sphere with Exponent 100

Figure 8: CPCAclustes for Phongsphee with exponentl00. Note how
theclustess orientthemselvealongthe boundaryat the edges.

Complex Examples:  Figure 7g shavs dimensionalityplots for
relightingthe geometryof the David. Light transportis dominated
by shadaving effectsfor complex geometryandtheslopeis consis-
tently 0:5 asexpected Figure7h shavs thedimensionalityplotsfor
thelight transportof a realface. The facehasa large diffusecom-
ponent,aswell as noticeablespecularitiesand shadavs (suchas
from the nose).Hencethe slopeis around0:75  0:8 asexpected®
Similar resultsareobtainedfor anumberof otherscenesve tested,
includingon view-dependenéxamplesusingBRDF factorizations.

Asymmetric Patches: All of our plots usesymmetricpatches
(asfor exampledothe methodf [Matusiketal. 2002;Nayaretal.
2004]). It is alsopossiblewith CPCAto obtainasymmetrigpatches
adaptedto the light transport. In the canonicalcaseof shadevs
from a step,the patchareawould thenincreaseonly alongthe X
axis, while having a x edwidth alongtheY axis. Anotherexam-
ple is a simple Phongspherein Fig. 8, where CPCA clustersare
orientedalongthe sphereboundarynearits edges.In thesecases,
dimensionalityis proportionalto A. More generally for a variety
of the effectsconsidereddimensionalitywould be proportionalto
Al € whereeis smallfor large patchareas.(e is never exactly 0,
becaus®f the convolution with thebox functionin equationll).

4 Theoretical Analysis of Rendering Costs

We have studiedhow dimensionalityvarieswith patchsize (con-
ceptuallytheredcurwein Fig. 2). However, thisis only onetermin
the renderingcost. We alsoneedto considerthe overheadof pro-
jectingontothelocal basisfunctionsat eachpatch,andthe overall
storageandrenderingcosts(the blueandblackcurvesin Fig. 2).

4.1 General Framework

We rst review the generalPCA framework [Sloan et al. 2003].
Considerequation2. During rendering,\/iT rst transformd light-
ing directionsto n; local basiscoefcients (this is doneonly once
for the patch).U; thentransformghesdocal coefcients to p; sam-
ple values(at eachpixel separately)Thetotal costc; is

G = nil+np = n(l+ py): 17

We have veri ed numericallythatequationl7 correspondslosely
to wall clock runningtime, and we thereforeuseit asa measure
directly. Moreover, ¢; is justthe sumof thesizesof U; [n;  pjJand
Vi [l nj], andthereforealsocorrespondso storagesize.
High-resolutionlighting caneasilyinvolve | = 60000r moredi-
rections.Thesizeof | canbereducedoN |, byasecondSVD on
stacledversionsof thematrix\/iT, asshavn by [Nayaretal. 2004].
An alternatve is simply to do an SVD on areducedrepresentation
of thefull T directly, by choosinganappropriatgpossiblyrandom)

8An interestingobsenationon the faceis the magentgtop) curve, with
the centerof the noseas centralpoint. One can notice the saturationat
the far end wherethe curve attens. This is becauséhe noseis closeto
spherical,and hencecovers the full rangeof frontal normals. So, aswe
increasahepatchsizeandmove towardsthe cheekswe arenotaddingary
extrainformation. This is consistentith our theory which describenly
thelocal (not global) variationof light transportwith dimensionality

subsef the pixels (rows). In particular the global dimensional-
ity of T, evenfor comple shadavs and speculare ections, will
rarelybe morethanN = 500basisfunctions. The original lighting
is projectedinto theseglobal basisfunctionsonly onceper frame,
usingawaveletapproximatiorfNg etal. 2003].

Finally, we actuallycareaboutthetotal costfor thescenewhich
is the sumfor all patches.Alternatively, it will be mostusefulto
actuallyconsiderttherenderingcostper pixel,

E:niﬂ+ni:ni E+1 : (18)
pi bi pi

4.2 Cost-Efcient Method for Patch Subdivision

Equation18 makescleartherearetwo opposingn uences(thered
andblue curvesin Fig. 2). The dimensionalityn; increaseswith
patchsize p;, andis optimal for very small patches(in the limit
a singlepixel). On the otherhand,the overheadfor convertingto
localbaseglecreasesvith p; aspertheN=p; term—itis optimalfor
very large patchegin thelimit a singlepatchfor thefull image).

Insteadof usinga x ed numberof basisfunctions,anda x ed
block size [Matusik et al. 2002; Nayar et al. 2004] or numberof
clustergSloanetal. 2003],we represeneachpatchaccuratelyto a
desiredoleranceandadaptvely or hierarchicallysubdvide theim-
age(similarin somerespectgso akd-treeor quadtree—seEigs.1b
andllcfor examples}o nd anearoptimalpatchsize.

We rst derive a costmetricfor dividing a patchinto a number
of sub-patches.Sincewe deal with a single patch, we omit the
subscripi. Fromequationl7,thecostc is

c=nN+ np= n(p+ N): (29)

Assumewe divide the patchinto r subpatchesf equalsize.Let
n;j denotethe numberof basegequiredfor the jth subpatch From
equationl9, thecostc®for renderingthe subpatchess givenby

s P
= An(-+N)
=1 T
ér_ n; r
= "rl Lp+ & njN: (20)

Hereaj:Tlni is theaveragenumberof basegequiredto represent
eachsubpatchLet a’%ln‘ = m,

= mmp+ ramN: (21)

Thedifferenced in thetwo costsc andclis
d=c & = np+nN (/mp+rmN) (22)
(1 mnp+ (1 rmnN: (23)

d actsasacostmetricfor subdvision. If d > 0, the costdecreases
after subdvision and we should subdvide. Otherwise,we have
foundagoodpatchsize,andcannoteasilyimprove thecostfurther

4.3 Analysis of Cost Metric and Implications

First, assumehe patchsizeis reasonablylarge, so thatwe arein

therangewheren varieslinearly with p (i.e.,equationl3is agood
approximatiorto equatioriL2),asshavnin Sec.3. Assumingacon-
vex patchwith noshadavs, from equationl3, m % The rst term
(perpixel cost)in equatior?1 decreasesharplyby afactorm since
smallerpatchesmeanfewer local basisfunctions. Moreover, the
secondermrmmN in equation21 remainsconstanat nN. In other
words, althoughthe numberof patcheshasincreasedthe number
of localbasegerpatchhasproportionatelydecreasedConsidering
thecostdifferentialin equation23,theterm(1 rmnN 0and

d (1 Fl)np> 0: (24)



e+5 1
— ——nN, 2
120 nN/p b 350f — VP 2 11 256 x 256
o —n o] —_ = N o] image 8
] ] ¢/p =n+nN/p * > >
X ——c/p=n+nN/p g = p ~ 170 [ I
2 80 (total cost) 2 22(;5-;“ 8 = 9 q‘;g .6 S
g minima 815'0 Eg_(;-- Cost Curves g 4 §
% 40 (p*~ 170) ‘g ' o & =
826.7 13 . S = p*~ 140 128x128 2
: 5.0 : §4 523_ image 0
04 8 16 32 64 128 0 200 400 600 800 1000 100 300 500 ) 700 0 100 200 300 400 0 100 200 300 400
patch size(square side) number of clusters average cluster size (p) cluster size cluster size
(a) Cost plot - blockwise PCA (b) Cost plot - CPCA (c) Cost comparison for scaling (d) Histogram (e) Histogram
(256 X 256 image) (256 X 256 image) with resolution (256 X 256 image) (128 X 128 image)

Cost vs Patch Size

Scaling of Cost with Resolution (CPCA)

Figure 9: Left (a,b): Showinghow costvarieswith patc sizefor imagesof a 256 256 facewith differentlighting. Theblue curveshowsthe global basis
to local basiscorversion costand deceasesas patd sizeincreases.Thered curveshowsthe local basisto pixel corversion costandincreasesas patd size
increases.Theglobal basiscountN is 150 (a) showsthe plots for blockwisePCAwheeas(b) showsthemfor CPCA.In both casesminimaoccuraround
p 150aspredictedby our analysis.Right (c,d,e): How minimumcostchangeswith resolutionof theimage. (c) showsthetotal costcurvesfor 128 128
and256 256faceimagesusingCPCA.Notethat minimumcostincrease®nly by a sublinearfactor of 1:9 as predictedby our analysis.Alsothe positionof
minima(in termsof pixel size)essentiallyremainsthe same Thedistribution of clustes is shownin (d) and (e).

Therfore, we shouldalwayssubdividethe patd if we are in the
linear regime downto averysmallsize(for anexample seefFig. 1).
Now, considerthe oppositecase whenwe arein the at region
of the dimensionalitycurve i.e. patchsize is very small (so that
the constanfactorwy dominatesn equationl12). mis closeto 1,
sothatthe perpixel costdoesnot decreasesigni cantly (remains
at np), while thelocal basiscorversioncostincreasedy approxi-
matelyafactorof r. Intermsofd, (1 mnp 0,and

d (1 rnN<O: (25)

So,we shouldnot subdvide the patchfurther

In general,the patchmay be betweenlinear and at regions,
and/orhave partswith shadavs. From our analysis,the slope of
dimensionalityis usuallybetweerD:5 and1:0. Hence,moftenlies
betweenF1 and1:0. Assumingconstantm thereexists anoptimal
patchsizep , whichwe candetermineby settingd = 0. At p , the
decreasén perpixel costwhen subdviding exactly balanceghe
increasen costfrom morepatchesandmorelocal basisfunctions.

T mnp+(2 rmMnN = 0 (26)
rm 1
1 :

An importantinsightis thatp is proportionalto N, i.e.,theopti-
malnumberof pixelsin a patd is roughlythesameasthenumberof
global basisfunctionsN. We shouldsubdvide less(largerpatches)
if the globaltransportcompleity N is large, while simplerscenes
(like low-frequeny corvex objects)shouldbe subdividedmore.

This may appearcounterintuitve, sinceit would seemthat for
low-frequeny objects, the global dimensionalityis alreadylow
and further subdvision will provide limited bene ts. However,
the overheaddgor additionalsubdvision areminimal preciselybe-
causehetotal numberof basisfunctionsrequiredis small—onthe
otherhand, for high-frequeng materialsor shadevs, theseover-
headcostssoonbecomesigni cant.

Evaluation:  Figure9ashavsthecostvssizeplotfora256 256
faceimage,lit froma6 32 32, cubemapwith global dimen-
sionality N = 150. The imageis divided into squareblocks of
differentsizesand costcomputedfor eachsize. As expected,the
minimum costis for p N, andlies between8 8(p= 64) and
16 16(p = 256) patches.Somavhat betterresultsare obtained
using CPCA [Sloan et al. 2003], which doesnot placearny con-
straint on the structureof clusters. Figure 9b shavs the plot for
thefacedatasetreatedusingdifferentnumbersof CPCAcclusters.
Note that costis minimum for approximately220 clusters. Since
thefacehas38;000occupiecdpixels, this correspondsn averageto
p 170whichisagainof theorderof N (m 0:68andr = 2 here).

@7)

p

4.4 Scaling of Cost with Resolution

We now analyzehow costvariesif we increaseheresolutionof an
image/meshAssumewve doublethenumberof pixels p in thepatch

andthatthe dimensionalityn doesnot change.Fromthe previous
section sincethe optimalpatchsizep is dependentnly on mand
globalbasisN, we cansubdvide thepatchinto two smallerpatches.
Henceincreasingresolutionallowsfurther subdivision.

In eachof thetwo (equallysized)smallerpatchesn! mn, but
p andN remainthe same Hence hew costc; aftersubdvidingis,

c1 = 2m(p+ N); (28)

wherethefactorof 2 is becauseve now have two sub-patchesNote
thatif we arein thelinearregime,with m 1=2, the costremains
the same,eventhoughwe have increasedesolution. This makes
sensebecauseventhoughtherearenow morepixels,theinforma-
tion contentis the same .More generally comparingc; andc,

C1
—=2 29
~=2m (29)

Sincem< 1, we alwaysget a sub-linearincreasein the cost For
example for m= :7 thecostincreasedy only 1:4 andnot2. Equiv-
alently, the per-pixel renderingcostdecreasedy afactorof m
Figure 9¢ shaws the costvs. size plot for the face datasetat
128 128and256 256 resolutions. We estimatem 0:68 by
taking a few patches. Sincewe have increasedhe resolutionby
afactorof 4or2 2, our an:;?sispredictsan increasdn thetotal
costby afactorof 2m 2m= 4nf = 1:85. Equivalently, theperpixel
costshoulddecreas@y afactorof m m= n?  0:5. Theminimum
costfor eachsizeis shavn in the plot. Note that the ratio of the
total costscomesout to be 1:9 which is consistentith our theo-
retical estimate(andthe per pixel costdecreaseto approximately
one half, also consistenwith our estimate). The optimal average
patchsizep for boththeresolutioncomeoutto beapproximately
thesame.Figure9d,efurthershav the histogram®f thesizeof the
clusters.Note thatboth shav a similar distribution (but the tail of
thedistribution is reducedor thesmaller128 128resolution.)

5 Practical Applications

In this section,we discusssomepracticalapplicationsof our anal-
ysis. First,we shav how to settheright parameteri existing PRT
methodswithoutary othermodi cation. We thenpresenta simple
algorithmthatadaptvely subdvidesthe object/imagento a nearly
optimal numberof clusters.Finally, we scaleup our resolutionto
shaw all-frequeng relightingof 1024 1024images.

5.1 Setting Parameters in Existing Methods

In Sec.4.3, we derived a relation betweenoptimal patchsize p
andglobal basiscountN (equation27). Oncewe know mandN
for the object/image we shouldbe able to setthe optimal patch
sizein existing methoddik e blockwisePCA [Nayaretal. 2004]or
CPCA[Sloanetal. 2003],andusethemwithout ary modi cation.
This requiresusto estimatemandN. For ary given patch,with
agivencentralpoint, we determinembasedon the averageslopes
or growth rateof dimensionalitywith thenumberof pixels/ertices.



Frame Rate = 45 Hz
(a) Image Relighting

Frame Rate = 125 Hz
(b) Surface Light Fields

Figure 10: (a) Usingour analysisto setparametes in Clusteed PCA (for
relightingwith xed view) for the Buddhadataset(24,000vertices,optimal
numberm of clustes = 220). (b) Applicationof our adaptivesubdivision
algorithmto renderwith changingviewpointfor surfacelight elds.

Wethenusem=r S, with r = 2for CPCAandr = 4 for block PCA
(correspondingo subdiisioninto 2 clustersor 4 sub-blocks)? Fi-
nally, to determineN, we randomlychoosea large numberof sam-
ple pointsanddo an SVD decompositiorof the resultingtransport
matrix (we could usethe full image/meshbut this is too compu-
tationally expensve). We chooseN asthe numberof eigervectors
neededo capturemostof thetotal enegy (usually99:9%).

Figure 10ashawvs the Buddha(24,000vertices),with comple
shadavs using CPCA relighting for x ed view, with illumination
from 6 32 32 cubemaps. For the estimatedm= :57 (220
clusters),the optimal pervertex costis 11478. (Note that the
unit of costsin this sectionwill be the effective numberof basis
functionsrequiredat eachvertex—correspondingo the average
value of c=p in equation18.) A rangearoundthe optimal m of
[:53;:6] corresponddo 130 600 clusters,wherethe costis be-
tween11478 130,soour methodis notvery sensitve to the ini-
tial pointschoserto estimatem However, if we move far outside
this rangesuchas 11 clusters,the costis 3107 which is not even
belav the globalnumberof basisfunctions,andnearly3 timesthe
costof our method.Prior to our work, therewasno simpleway to
determinethe correctnumberof clusters(trial anderrorwaseffec-
tively the only possibility; but the precomputationtake alongtime
to run, oftenmakingthatapproactinfeasible).

5.2 Practical Adaptive Algorithm

In practice, mmay vary non-uniformly along the scene,and we
now presenta simple algorithmthat adaptvely andhierarchically
subdvidesthe object/image.We initially run the standardCPCA
algorithmwith a few (usually 5-10) clusters. We thentake each
initial cluster andsubdvide it into two usingCPCA (seeFig. 11c),
comparingthe costof renderingthe clusterbeforeandafter subdi-
vision. Thesubdvision stopsif thecostincreasesftersubdvision.
Otherwisethe processs repeatedor eachnewly formedcluster
Sincethe lighting dimensionsarelarge (6 32 32), andini-
tially whenwe have only afew clusterstheclustersizeis alsolarge,
PCA becomesomputationallydif cult. Therefore for the initial
few subdvisions,we do a waveletdecompositiorof light transport
for eachvertex andtakethe rst K waveletcoefcients with highest
enegy globally1® After afew subdiision stepswhenclustersize

9In standardCPCA or block PCA, thereis no actualadaptie subdii-
sion,or notionof r. However, equation27 is relatively insensitve to r, and
wethereforeusevaluescorrespondindo our adaptve techniquen Sec.5.2.

10This is usedonly for clustering. Thefull light transporis alwaysused
for computingthe nal basesieededor rendering.

becomegmanageablewe shift to the full original light transport.
Our algorithmcanbe appliedto changingview aswell [Liu etal.
2004],separatelygonsideringeachview-dependenBRDF factor
Figurel1 shavstheresultsof ouralgorithmonacomple« scene
with speculambjects(streetlamps). The scenehasapproximately
40;000 vertices, and we can changelighting and view in real-
time. For thegroundplane with adpatve subdvison,thecost(per
vertex) is 64. In this case the numberof global basisfunctionsis
N = 500,sowe provide aspeedumf nearlyanorderof magnitude.
The numberof clustersgeneratedire219. Evenif we run stan-
dardCPCAwith the same x ed (219) numberof clusters the per
vertex costis 76, whichis around20%morethanouradaptve algo-
rithm. Thisis becauseunningstandardCPCA mustusea wavelet
approximationthroughout. More importantly sincethe clustering
is being doneglobally for the full scene(insteadof reclustering
eachindividual clusterhierarchically),it is moreproneto local op-
tima. Again, if we move to extremessuchas 10 clusters the cost
increases$o 197, whichis morethan3 timesthe costwith ouralgo-
rithm. At theotherextreme,if we make thenumberof clustersvery
large (around5000) the costbecomesl 84, which is again nearly
thrice the costof our method. In the intermediaterange(50 clus-
ters),thecostis 112whichis aroundtwice the optimum.

Application to SurfaceLight Fields: While our mainfocusis
PRT, we canalsousethe adaptve subdvision algorithmto render
surfacelight elds with dynamicview. Insteadof the relighting
transpormatrix, we have theintensityof eachvertex from all views
(ona6 32 32cubemap.)FigurelObshavsasurfacelight eld

of theBuddharenderedatacostof 31:8 basepervertex (compare
with N = 300 global basisfunctions). As with relighting, the cost
is3 —4 lessthanCPCAwith asub-optimahumberof clusters.

5.3 Scaling to Large Resolutions

Our theoryindicateswe canincreaseresolutionwith only a sub-
linearincreasen cost. Fig. lademonstratethis practically show-
inginteractverenderingatal024 1024resolution.We useblock-
wisePCA (similarto [Nayaretal. 2004]),with adaptve subdvision
using our method(Fig. 1b). Becausethe shadevs are very com-
plex, the globaldimensionalityN = 700is large,andthe variation
of dimensionalitywith patchsizeis nearlyalwayslinearin Fig. 1c.
Hence, as predictedby our cost analysis,we subdvide down to
very smallpatcheswith areaof 4 4 0r8 8, whichis muchless
thanN. Note that the subdvision becomesner (Fig. 1b) aswe
move closerto theplantonthegroundplane,sincetheshadavs be-
comemorecomple. Overall, our adaptve block PCA providesa
speedumf approximatelyanorderof magnitudegnablinginterac-
tive relighting of this very high-resolutiorimage.

6 Conclusions and Future Work

We have developeda theoreticalanalysisof the dimensionalityof
local light transport. First, we shov how the dimensionalityof a
patchchangeswith its size, observingthat dimensionalityis pro-
portionalto areafor glossyre ections, and proportionalto length
or radiusfor shadevs. Secondwe analyzethe renderingcost,and
derive theoptimalpatchsize.In practicalapplicationsthis analysis
allows usto ne tunethe parametersf existing methodsscaleto
very largeresolutionsanddevelop adaptve clusteringalgorithms.

In the future, we would alsolik e to analyzeotherglobalillumi-
nation effects suchas sub-surécescatteringor caustics. Another
importanttheoreticalquestionis how this analysisrelatesto thelo-
cal frequeng-spaceanalysisin [Durandet al. 2005], andwhether
they canbeuni ed. Moreover, clusteringtechniquesand PCA are
alsowidely usedto representisualappearancandotherquantities
in differentapplicationareadik e computervision.

While we have presentedur theoryin the context of PRT and
renderingthepaperdescribes fundamentahnalysisof light trans-
port that has potential applicationsin mary other domains. For
example,locally low-dimensionalsubspacegrovide a robustand
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Figure 11: Adaptivealgorithmwith CPCAfor a scenewith 40,000vertices.(a) showsthe renderingof the scenewith dynamiclighting and view, (b) shows
the nal clusteringof the sceneand (c) showsthe stepsof our adaptivesubdivisionalgorithmfor a small patch on the groundplane—noticeghe subdivisions
into twoin stepg(i), (i) and (iii), but howmostof the patchesdo not subdividefurtherin step(iv).

ef cient computationaframenork for inverserenderingproblems
like illumination estimation. In computervision, they allow usto
understandndrecover the effectsof lighting in the context of ap-
plicationslik e lighting-insensitve facerecognition(indeed our nu-
mericalvalidationshave includedtestson realfaces).

With the growing applicationand maturity of algorithmsbased
onlocal patchesndclusteringwe believe thatafundamentatheo-
reticalanalysisasin this paperis critical to explain andmake fur-
therprogress.n the future,we expecta moresolid foundationfor
avariety of methodghatcompressandrepresenhigh-dimensional
visualappearanceompactly
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