
Instructor: Rocco A. Servedio

Computer Science 4252: Introduction to Computational Learning Theory
Problem Set #2 Fall 2022

Due 11:59pm Thursday, October 13, 2022

See the course Web page for instructions on how to submit homework. Important: To make life
easier for the TAs, please start each problem on a new page.

Problem 1
(i) Let CW denote the class of all linear threshold functions w · x ≥ θ over the domain {0, 1}n such
that each wi is a nonnegative integer and

∑n
i=1wi ≤W. Describe how you would use the Perceptron

algorithm to learn this class in such a way as to achieve an O(W 2n) mistake bound, and explain
why this is the resulting mistake bound.

(ii) Recall that in class we analyzed the Winnow1 algorithm for learning monotone disjunctions in
a setting where the target disjunction was assumed to be sparse (i.e. it had at most k variables).
Now you’ll work through how the Perceptron algorithm can be used to learn monotone disjunctions
in a setting where the examples are assumed to be sparse (have few coordinates set to 1).

Consider an online learning scenario in which the target function is a monotone disjunction of
some length r, but the n-bit examples in {0, 1}n are guaranteed to be sparse, in the sense that
every example ever encountered has at most k ones (and the remaining coordinates are all zero).
Explain how the Perceptron algorithm can be used to learn in such a setting with a mistake bound
of O(rk).

Problem 2
Recall that a “feature expansion” is a mapping Φ : Rn → RN . The kernel function K corresponding
to Φ is K : Rn ×Rn → R defined as K(x, y) = Φ(x) · Φ(y).

Let Φ : {0, 1}n → {0, 1}2n be the feature expansion which has one feature for every possible
monotone conjunction over the input variables x1, . . . , xn. For example, if n = 3 then Φ(x1, x2, x3)
equals

(1, x1, x2, x3, x1x2, x1x3, x2x3, x1x2x3).

(Note that the empty conjunction is equivalent to the always-true function, i.e. the constant-1
function).

(i) Show that the kernel function K(x, y) for this Φ can be computed in time poly(n).

(ii) Now let Φ` be the feature expansion as in a), but where the only output features are those
corresponding to monotone conjunctions of length at most `. Show that the kernel function K`(x, y)
for this Φ` can be computed in poly(n) time.
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(iii) Consider a learning scenario in which the unknown target concept is a monotone s-term DNF
over n Boolean variables, but the domain is the subset of {0, 1}n containing of all n-bit strings with
at most log n many 1s, i.e.

X = {x ∈ {0, 1}n : x1 + · · ·+ xn ≤ log n}.

(So in other words, you are promised you’ll never receive an example with more than log n ones in
it.)

Explain how you could run the Perceptron algorithm to learn an unknown s-term monotone
DNF in this setting. (Recall that a DNF is monotone if none of its terms contain any negations.)
You may use the results of Problems 1.ii and 2.i even if you do not succeed in solving them. What
is the mistake bound of your algorithm? What is the worst-case running time of your algorithm on
any trial?

Problem 3
(i) A parity function cS : {0, 1}n → {0, 1} tests whether the parity of some subset S of the n
Boolean variables x1, . . . , xn is odd or even. In other words, if the number of variables in S that
have value 1 is odd then cS(x) = 1, and if the number is even then cS(x) = 0. For example, the
function cS = x1 ⊕ x3 ⊕ x4 computes the parity of the subset S = {x1, x3, x4}, and cS(0010) = 1,
cS(1010) = 0.

The class of parity functions P consists of all functions that can be described in this way.
Formally,

P = {cS | cS = ⊕xi∈Sxi, where S ⊆ {x1, . . . , xn}}.

Determine the exact value of the VC dimension of the class P of parity functions. You must
define a function f(n); give a set of f(n) examples and show that it is shattered by C; and show
that no set of size f(n) + 1 is shattered by C.

(ii) Now consider the instance space X consisting of all words of at most 7 letters that have a
dictionary entry at www.dictionary.com. Let C be a concept class consisting of 26 concepts, ca
through cz. A word w in X is an element of c` if the letter ` is present in w. So, for example, the
word “book” is an element of cb, co and ck.

What is the VC dimension of C? Justify your answer.

Problem 4
Recall that “r-out-of-k” functions over {0, 1}n are defined in the following way: given a set
xi1 , . . . , xik of k distinct Boolean variables from x1, . . . , xn, the corresponding r-out-of-k function
takes value 1 if at least r of the variables xi1 , . . . , xik are set to 1, and takes value 0 otherwise.
Let C denote the class of all r-out-of-k functions over variables x1, . . . , xn where r, k range over all
values 1 ≤ r ≤ k ≤ n.

Describe and analyze an OLMB algorithm for C that uses both the Winnow2 algorithm and the
Weighted Majority algorithm. (Hint: Note that the learning algorithm does not know the values of
r and k for the specific target function.) If the target function is an r-out-of-k threshold function,
give an upper bound on the number of mistakes that this algorithm will make in terms of r, k and
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n. (Your answer need not include explicit constants; an asymptotic answer is fine.) Try to give
an algorithm that has a good mistake bound and is also as computationally efficient (in terms of
running time per trial) as you can manage.

Problem 5
Recall that in the setup for the basic Weighted Majority algorithm, there is a pool of N experts
each of whom makes a binary prediction at each trial.

(i) Suppose that there is a subpool of k experts each of whom makes at most m mistakes over a
sequence of trials. What bound can you prove for the Weighted Majority algorithm on this sequence
of trials?

(ii) Now suppose that there is a subpool of k experts which together make a total of at most m
mistakes. What bound can you prove for the Weighted Majority algorithm? (The following fact
may be useful: for any convex function f : [0, t] → R and any values x1, . . . , xn ∈ [0, t], we have∑n

i=1 f(xi) ≥ nf(x1+···+xn
n ).
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