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eHMMs with Evidence

eHMM Collect

eHMM Evaluate

eHMM Distribute

eHMM Decode

¢HMM Parameter Learning via JTA & EM
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Recall HMM Basic Operations

e\Would like to do 3 basic things with our HMMs:
1) Evaluate: given y,...,.yr & 6 compute p(Y4,...,Y71)
2) Decode/inference: given y,...,.yr & 6 find MAP q,...,0t

or marginals p(qy),..-,P(dt)
3) Max Likelihood Learn: given yy,...,y1 learn parameters 6

e Typically use Baum-Welch (o—p algo)... JTA is more
general

BELL

HMMs easily get ° (ql \ > (q2 > (qT
Junction Tree b (ql, ?/1)
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HMMs: JTA Init & Verify

oInit: v (5,9, )= )p(,19,) ©(@a.,)=r.,lq) (qﬁ?/t)z p(y,

vig,,Y, vig ,ql) vig,,q, g (qﬁZ):
) @&S“Qé} b -
\b(ql,ysbw (q2 y2) w(qT yT)

*Collect up from leaves: doesn’t change zeta separators

5(%)22 (2,9, )= ., p,1g)=1 v (1 pq)=" w(th) (g, ,9,)
eCollect /eft—r/ghtwa phi’'s: changes backbone to marginals
o (0,)=2, van)=r) O a00)= S0 a00)=r(aa)
¢ (1,)= >, v (2, .9,)=r(g) V' (g, 00,)= @p(qt lq,,)=r(1, 9,
eDistribute: <" (4, )= K (2, ,.9,)= >, 0, .4,)=1,)
b (g9, )= (g9, )= )y, 0,)=r(v,9,) ...done!
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HMMs: JTA with Evidence

oIf y sequence is observed (in problems 1,2,3) get evidence:

p(ev)=p)1_r(le NI »@ )

eThe potentials turn into slices:

wqo,ﬁo) P4, 9,
u * tx v £t
By e

<(2) S (qt)= lb(qt,?t): p(@ | qt)
bw(qul) —>1P(q1,?1)

eNext, pick a root, for example rightmost one: ¥(q, .4, )

eCollect all zeta separators bottom up:
< (g,)=(2,7,)=r014q)

oCollect leftmost phi separator to the right: EASERCPE RGN

J (qo): Zy@ lb(qo,gjo)éﬁ (yo B ﬂo)z p(ﬂo,qo) ‘. T
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HMMs: Collect with Evidence

eNow, we will collect (*) along the backbone left to right
-Update each clique with its left and bottom separators:

)=06"(a)p @ 9., ),
0 (0,,)=>2, 0 (@0:0,,)= 22, 0 @)@ 10, ), ,

eKeep going along chain until right most node
eNote: above formula for phi is recursive, could use as is.

eRecall we had o q0)= p(yo,qo)
eHence V'(¢,4,)=p(¥4,)r(% 14)p(q | 4,)
(g,
= 10(%7410)19(3/1 q, | q,, yo) = p(yo ﬂl,qo,ql)

0
— p<g07q0>p(y1 | 4,54, y0> ( q,; go) conditional indep
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HMMs: Evaluate with Evidence

Hence ¢ (%) = Zqo V(g 9,) = Zqo p(@o,@,qo,ql) = p(%,@l,ql)

Continuing, we obtain...
v (q...9,)= PPy ¥,-9,1-9,)

¢* (qt) = th_l W*(qt_pqt) = th_l P()_/O,- ey

,q,) = DP(Vys--sVi54,)

These are the marginals AND observed data up to the point t
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HMMs: Evaluate with Evidence

oIf we are solving the first HMM problem, likelihood:
1) Evaluate: given yy,...,y; & 6, compute p(y,,--..,Y1/6)
e\We are already almost done! Collect is enough.

eAs we collect to the root (rightmost node), we fingllx} get:

—

l//*(qT—laqT) — p()_/oaﬂwyT:qT—qu)

marginal AND all observed data

eCan compute the likelihood just by summing this root s
p(%ama%) — Z p(yov'“agTaqT_lvqT) — ZqT_quT w*(qT_lqu)

dp 197

o\What should we expect in the distribute phase?
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HMMs: Distribute with Evidence

eNow, we distribute (**) along the backbone right to Ieft
eHave first ** for root (stays the same): " (g, ,,¢,)="" (¢, ,.4,)
oStart dlstrlbutlng from there:

Z (qt’ qt—i—l qH qt 1 (]Zf
001)=
2

d) (qt+) - s (q:)
o ‘Jm) ( m) Wy (qT,yT)=p(yT|qT)p(yT|qT)

'7” (QT 25 qr1) = (qT l)p(yo > Vr59r_2>97-) = PO Yrdr)
@ (QT 1)

PFgree s Verry)  — _ Wz
=— = b(Vgse s VrtoQr 2o Qe 1) = PVoseeos Vs VeoslGpa>Gry)
p(yoa-'-ayT—laQT—l)
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HMMs: Distribute with Evidence

qt—l > qt qt > qz+l

Examine the general case: EEQ(E—&
4,

Assume ¥ (q,,G,,) = P(Fg»- -+ Vrs4,>G,,)  [true for t+1=T]
Then ¢ (¢)=>. ¥ (4.q.,)=pF - ¥9)
() .

W**(qt—lﬂqt)z W ( tlaqt)
? (q,)

941

P(YVos-Vr4,)
P(YVos--Vi54,)
=PVrse- s Ve | Vose s Vs @) P Vs 5 Vs q,154,)

:p(.)—/t+19-.-,)_/T |.)_/(),-.-,ytaqt 19%)[7(?0, ’-)_/t’qt l’qt)
=D(Vyse-s V53 Vs, 159,) S conditional independence, see below

Hence result holds for all t W Ua) O‘?r
o8 @ (OO

Original directed model

PVoseesVird,459,)
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HMMs: Marginals & MaxDecoding

eAfter JTA is finished, we have the following:

d;* (qt)oc p(qt |§1,---,?7T) < (qtﬂ)oc p(th |§1,...,§T)

1\) (qt’qtﬂ)oc p (qt’qt+1 | gl""’gT) (normalize to get these conditionals)
o\We have solved part of the HMM Problem:

2) Decode: given y,,...,yr & 6 find p(qy),...,p(qy) and
Qos---/d7
eThe separators define a distribution over the hidden states
ec.g. the probability the audio y, was due to phoneme g,
e\We can also decode to find the most likely path q, ... 91
Here, we use the ArgMax JTA algorithm

_ . q, @ @ 9,
eRun JTA but replace sums with max é é é
*Then, find biggest entry in separators: @_ R

q—argmax o) (q) Vi =0...T
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HMMs: EM Learning

eFinally 3) Max Likelihood: given vy,,...,y; learn parameters 6

eRecall max likelihood: 6 = arg max, log p (g | O)
oIf observe q, it's easy to maximize the complete likelihood:

l(@): log (p( ,y))
— log Qo (@)1 . 7@le NI _»@lq ))

= log p (qo )—I— 211 log p (qt | q, , )—I— Zio log p (;qylndlcators values
in{0,1} ™\ ,.

—tog 1" [ "+ tos [T T o, | + 327 1o [T TT J i
=3 glogm £y S g glloga, +Y 0 ST S gyl

Introduce Lagrangian—— Z o mo=1 ]{1% =1 ].V_ n, =
& take derivatives ”

Q ~ i A Zj 01 q;qt+1 . ZtT oq y

T[i - qO OLij T-1 nzy ; k
Zk 1215 oqqt+1 Zk 1Zt 0 12
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HMMs: EM Learning

eBut, we don't observe the g’s, incomplete...

p@10)=>"p@y10)=> > ) r@le N1 _,»@ )
oEM: Max expected complete likelihood given current p(q)
E{ — {10gp ¢y } Zqo.--Zqu(QIy)logp(q,y)
Y lobﬂ +5° 12 q; g/ logay, +Zf:02ilzjiquyf lognzj}
= Z E{qo }’Oo1T + Z Z {q 1‘1}’0550‘@- + Zj:onilZLE‘::‘]: }ytj logn,

eM-step is maximizing as before

"Ti:E{qO} ~ ZtTol {qqt+1} A ZLOE{QE}%

uij - Zk:l Zthol { t+1} nij E Zl]fvzl Zj:OE{q; }yf
eWhat are E{}'s?

13
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HMMs: EM Learning

eBut, we don't observe the g’s, incomplete...

p@10)=>"p@y10)=> > ) r@le N1 _,»@ )

oEM: Max expected complete likelihood given current p(q)
E{ — {10gp ¢y } Zqo.--Zqu(QIy)logp(q,y)
“aploam + 320 Y gloga, + 57 3 57 g log, }
o Z E{qo }’OOW +Z Z {q 1q}logulj +ZTZOZZ1leE{QZ}‘yZ 108;“%.

eM-step is maximizing as before

w-pf) > Pl } D DS 13

uij_zk 12?01 {t t+1} %_ZM tOE{q
e\What are E{}'s? E {} Zp ) :zjxp(x)B(x x)—px)

14
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HMMs: EM Learning

eBut, we don't observe the g’s, incomplete...

p@10)=>"p@y10)=> > ) r@le N1 _,»@ )

oEM: Max expected complete likelihood given current p(q)

E{ — {10gp 4,y } Zqo.--Zqu(QIy)logp(q,y)
4 glogm + 3 S g gloge, + 30, Y S e, }
=3 E{%}*Ooﬂ 35 B g foge + 30 ST ST Byl logn,

eM-step is maximizing as before

"Ti _ E{CIO} &Zj o ZtT OlT 1{qqt+1} 'f]ij _ ?j_of{q;}?/f k

Zk 1Zt 0 {t t+1} Zk:thzoE{qz t

o\What are E{}S7 E { } Z p T’ :pr(x)B(x:xi):p xz)
eQOur JTA y & 0 marginalsI (JTA is the E-Step for g|ven 9)

Blgal, }=p (e, =iq,, =i|7) B =l =il7)
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HMMs: Gaussian Emissions

eInstead of table for emissions, have Gaussian:

p(10)=2p@710)= 3, 32, »@)1 # o N1 @ a)

where p(@t | qt): N(@t | uqt,lj

Clique initialization: mp(qt,yt): lb(qt): N (@ | “qt’])
eM-step is maximizing as before:

§ = E{Jo} . Z:E{qufﬂ}

Q. = b =

DD SR A

eCan thus handle |
continuous time series %M@W@

as in speech recognition
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