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Abstract. Computational depth estimation is a central task in computer vision
and graphics. A large variety of strategies have been introduced in the past rely-
ing on viewpoint variations, defocus changes and general aperture codes. How-
ever, the tradeoffs between such designs are not well understood. Depth estima-
tion from computational camera measurements is a highly non-linear process and
therefore most research attempts to evaluate depth estimation strategies rely on
numerical simulations. Previous attempts to design computational cameras with
good depth discrimination optimized highly non-linear andnon-convex scores,
and hence it is not clear if the constructed designs are optimal. In this paper
we address the problem of depth discrimination fromJ images captured using
J arbitrary codes placed within one fixed lens aperture. We analyze the desired
properties of discriminative codes under a geometric optics model and propose
anupper boundon the best possible discrimination. We show that under a multi-
plicative noise model, the half ring codes discovered by Zhou et al. [1] are near-
optimal. When a large number of images are allowed, a multi-aperture camera [2]
dividing the aperture into multiple annular rings providesnear-optimal discrim-
ination. In contrast, the plenoptic camera of [5] which divides the aperture into
compact support circles can achieve at most50% of the optimal discrimination
bound.

1 Introduction

Estimating scene depth from image measurements is a centralgoal of computer vision
research. Historical depth estimation strategies utilizeviewpoint or defocus cues. This
includes stereo [3] and plenoptic cameras [4, 5], depth fromfocus and depth from defo-
cus techniques [6, 2]. Recent computational cameras combine and extend these strate-
gies using coded apertures [7, 8, 1] and phase masks [9, 10].

The large variety of computational cameras calls for a systematic way to compare their
performance and understand limitations. However, despitethe large amount of research
on the subject, the problem is far from being understood. Historical comparisons be-
tween stereo and DFD approaches have attracted a lot of research [11–13], leading
to different conclusions based on different experimental setups. An important analytic
analysis is proposed by Schechner and Kiryati [11], who point that to compare the two
approaches the same physical dimensions should be used, andthe stereo baseline should
be equal to the lens aperture. Despite the important contribution of their analysis, many
open questions remain. In particular, they model noise sensitivity on a per-frequency
basis and do not analyze how the discrimination informationis combined over multiple
frequencies.
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The problem of computational camera analysis is gaining increased attention [11, 14–
17, 1, 10]. Recently, success has been achieved in understanding the related problem of
removing defocus blur given depth [17, 10, 16]. However, while the accuracy of depth
estimation has an important effect on the quality of defocusdeblurring, depth discrim-
ination accuracy is often omitted from the analysis [17, 10], or evaluated numerically
only [16, 14]. Some authors [1, 8] address the depth discrimination problem directly and
propose explicit scores for discrimination accuracy. However, depth discrimination is a
non linear process and the proposed discrimination scores are highly non linear as well.
Specifically, Zhou et al. [1] searched for discriminative codes using a genetic algorithm.
While the discovered codes are interesting, it is not clear if they are optimal since there
is no way to test whether the global optimum of the discrimination score was reached by
the optimization algorithm. This optimization also did notoffer concrete understanding
of the characteristics of good codes.

In this manuscript we address depth discrimination in a setting similar to [1]. One is
allowed to captureJ ≥ 2 images of a scene usingJ different aperture code masks. All
images, however, are taken by a fixed static camera, using a standard lens at a fixed focus
setting. The aperture codes are allowed to have any general shape within the maximal
lens aperture width. This problem formulation is general enough to cover most existing
depth estimation strategies. For example, depth from defocus can be expressed using
disc aperture masks with different widths, and stereo can beexpressed using code masks
with holes allowing light at opposite ends of the aperture. We note that in this setting
all designs have the same physical dimensions since they arebounded within the same
maximal aperture which provides an upper bound on their discrimination performance.
We restrict the discussion to the geometric optics model andour results are valid only
up to the extent at which this model is valid.

We ask what is the quality of depth discrimination that a given codes set can provide,
and what are the best results one can hope to achieve. We buildon the discrimination
score derived by [1] but notice that it can be analyzed analytically using the derivatives
of the code spectra, and larger variations improve discrimination. We use Parseval’s the-
orem and the fact that the primal support of the codes is bounded to show that the max-
imal derivative power is bounded. This analysis allows us toderive an analyticupper
boundon the maximal possible depth discrimination. It also provides an understanding
of the desired properties of good aperture codes. We use thisto analyze existing depth
discrimination strategies. For the case ofJ = 2 images and multiplicative noise, we
show that the half ring codes discovered by [1] are indeed near optimal. When a large
numberJ of images is allowed, near optimal discrimination can be obtained when the
aperture is divided to multiple annular rings, along the lines of the multi-aperture cam-
era of [2]. In contrast, dividing the aperture into small compact squares or circles as
done by the plenoptic camera of [5] can achieve no more than50% of the discrimina-
tion bound.
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2 Depth Discrimination from Coded Apertures

Problem formulation: We consider a camera with a standard lens focused at depthd0.
J images are captured viaJ codes which block light at different regions of the aper-
ture. The codes can be expressed asJ functionsa1, . . . , aJ bounded within a maximal
aperture radiusR. That is:∀x, y 0 ≤ aj

(x,y) ≤ 1, aj

(x,y) = 0 if |x|2 + |y|2 > R2. We
also restrict theJ codes to disjoint parts of the aperture so that theJ images can be
captured simultaneously (e.g. [5, 2]). That is, for eachx, y there is a singlej for which
aj

(x,y) > 0. However, many of our results hold without the disjointnessrequirement.

Let I denote an ideal sharp version of a scene, and assume we observe J images
B1, . . . , BJ . If the depth is locally constant the observed images of an object at depthd
can be described as a local convolution of the sharp versionI with Point Spread Func-
tions (PSFs)φd. In the frequency domain the imaging is expressed as multiplication
with an Optical Transfer Function (OTF)̂φd: 1

B̂
j
ωx,y

= φ̂
d,j
ωx,y

Îωx,y + n
j
ωx,y

, (1)

whereωx,y = (ωx, ωy) denote spatial frequency coordinates andnj is an imaging
noise. Through this paper we index depth using the corresponding light field slopes =
(d − d0)/d, since the PSF and OTF vary as a linear function ofs and not ofd. Using a
geometric optics model, it was shown [7, 8] that the PSFs and OTFs are scaled versions
of the aperture codes:

φ̂
s,j
ωx,y

= â
j

(s·ωx,y) (2)

The scaled PSF model, however, does not take into account wave optics effects. The
geometric optics model is a reasonable approximation to thetrue optics when the holes
in the code are not too small. The optimality arguments in this paper are only valid to
the extant at which the geometric model is valid.
Noise model:We follow the affine noise model (e.g. [16]). For simplicity this model as-
sumes the noise is a zero mean Gaussian whose varianceη2 is constant over the image,
and it is a combination of a constant additive term, the read noise, and a multiplicative
term, the photon noise:

(ηj)2 = α
j
η
2
mult + η

2
add, (3)

whereαj is the amount of light gathered by thej’th apertureαj =
∫∫

ajdωxdωy. For
modern sensors under good illumination conditions the noise is dominated mostly by
the multiplicative term and(ηj)2 ≈ αjη2

mult. We often assume that allJ apertures have
equal area and omit thej index fromα, η.

Given a set of observed imagesB1, . . . , BJ , estimating the scene depth is equivalent to
estimating at every local image window a slope indexs such that locallyBj was blurred
with φs,j . Our goal in this paper is to analyze the quality of depth discrimination that a
set of aperture codes can provide. We note that all codes are bounded within the same
maximal aperture radiusR and the maximal radius is the parameter upper-bounding the
performance of all codes. We start with a brief review of the depth discrimination score
proposed in [1]. In Section 3, we derive bounds on this discrimination score and study
the desired properties of optimal discrimination codes.

1 Through this manuscript we useˆ to denote the Fourier transform of the corresponding signal.
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2.1 Descrimination Score

One often assumes a zero mean Gaussian prior on the sharp signal Î. For sim-
plicity the classical1/f2 law is used and the variance in frequencyωx,y is set to
σ2

ωx,y
= 1/|ωx,y|

2. We denote with bold fonts theJ dimensional vectorŝBBBωx,y
=

[B̂1
ωx,y

, . . . , B̂J
ωx,y

], φ̂̂φ̂φ
s

ωx,y
= [φ̂s,1

ωx,y
, . . . , φ̂s,J

ωx,y
], â̂âaωx,y

= [â1
ωx,y

, . . . , âJ
ωx,y

]. The
probability of the observed images factorizes as an independent product over individual
frequenciesP (B̂1, . . . , B̂J) =

∏

ωx,y
P (B̂BBωx,y

). SinceB̂BBωx,y
is obtained fromÎ as a

linear transformation plus Gaussian noise,P (B̂BBωx,y
) follows a Gaussian distribution

with covarianceΨs
ωx,y

= φ̂̂φ̂φ
s

ωx,y
σ2

ωx,y
φ̂̂φ̂φ

s∗

ωx,y
+ η2

I, whereI denotes aJ × J identity
matrix and∗ denotes the conjugate transpose. LetUs

ωx,y
be aJ × (J − 1) matrix com-

pletingφ̂̂φ̂φ
s

ωx,y
to an orthogonal basis, that is, theJ × J matrix Ũs

ωx,y
= [

φ̂̂φ̂φ
s

ωx,y

|φ̂̂φ̂φ
s

ωx,y
|
, Us

ωx,y
]

is orthogonal. We can then express:

Ψ
s
ωx,y

= Ũ
s
ωx,y

D
“

|φ̂̂φ̂φ
s

ωx,y
|2σ2

ωx,y
+ η

2
, η

2
, . . . , η

2
”

Ũ
∗
ωx,y

, (4)

Ψ
s
ωx,y

−1 = Ũ
s
ωx,y

D

 

1

|φ̂̂φ̂φ
s

ωx,y
|2σ2

ωx,y
+ η2

,
1

η2
, . . . ,

1

η2

!

Ũ
∗
ωx,y

, (5)

whereD(· · · ) denotes a diagonal matrix. We assume the signal variance is sufficiently

above the noise level:|φ̂̂φ̂φ
s

ωx,y
|σ2

ωx,y
> η2 (other frequencies provide little discrimina-

tion and their contribution can be ignored).Ψ allows high variance along the OTFs
directionφ̂̂φ̂φωx,y

and low variance at all orthogonal directions. The expectednegative log
likelihood of an observation whose correct depth iss0 under possible explanations is:

EP (B|s0)[−2 log P (B|s)] = EP (B|s0)[B
∗
Ψ

s
B] + log |Ψs| (6)

=
X

ωx,y

"

|φ̂̂φ̂φ
s0

ωx,y
|2σ2

ωx,y
+ η2

|φ̂̂φ̂φ
s0

ωx,y
|2η2

˛

˛

˛

U
s∗
ωx,y

φ̂̂φ̂φ
s0

ωx,y

˛

˛

˛

2

+
η2

|φ̂̂φ̂φ
s

ωx,y
|2(|φ̂̂φ̂φ

s

ωx,y
|2σ2 + η2)

˛

˛

˛

φ̂̂φ̂φ
s∗

ωx,y
U

s0
ωx,y

˛

˛

˛

2

+
|φ̂̂φ̂φ

s0

ωx,y
|2σ2

ωx,y
+ η2

|φ̂̂φ̂φ
s

ωx,y
|2|φ̂̂φ̂φ

s0

ωx,y
|2(|φ̂̂φ̂φ

s

ωx,y
|2σ2

ωx,y
+ η2)

˛

˛

˛

φ̂̂φ̂φ
s∗

ωx,y
φ̂̂φ̂φ

s0

ωx,y

˛

˛

˛

2

+
˛

˛U
s∗
ωx,y

U
s0
ωx,y

˛

˛

2
+ log |Ψs

ωx,y
|
i

(7)

≈
X

ωx,y

σ2
ωx,y

η2

˛

˛

˛

U
s∗
ωx,y

φ̂̂φ̂φ
s0

ωx,y

˛

˛

˛

2

(8)

where the approximation of Eq. (8) follows from the fact thatEq. (7) is dominated by
the first term when the noise is small relative to the signal, and thelog |Ψs

ωx,y
| term is

relatively constant. That means that a good discriminationis obtained when̂φ̂φ̂φ
s

andφ̂̂φ̂φ
s0

are as orthogonal as possible.

The discrimination score in Eq. (8) is a simple extension of the one derived by [1] from
the two image case to theJ image case. In [1] the discrimination score was evaluated
discretely over a sample ofs values. Since discrimination is usually most challenging at
the neighborhood of the true solution2 we propose to replace the discrete sample with

2 This model does not penalize the symmetry of the PSF in front and behind the focus depth
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an analytic derivative of the OTF as a function of depth:∇sφ̂
s

ωx,y
=

∂φ̂̂φ̂φ
s

ωx,y

∂s
(∇sφ̂

s
ωx,y

is a J-dimensional vector). We note that sinceUs∗
ωx,y

φ̂̂φ̂φ
s

ωx,y
= 0, Us∗

ωx,y
φ̂̂φ̂φ

s0

ωx,y
=

Us∗
ωx,y

(φ̂̂φ̂φ
s0

ωx,y
− φ̂̂φ̂φ

s

ωx,y
) ≈ Us∗

ωx,y
∇sφ̂

s
ωx,y

. We denote byDs
ωx,y

(φ̂̂φ̂φ) the local discrimi-
nation score at frequencyωx,y:

D
s
ωx,y

(φ̂̂φ̂φ) =
σ2

ωx,y

η2

˛

˛

˛

U
s∗
ωx,y

∇sφ̂
s
ωx,y

˛

˛

˛

2

=
σ2

ωx,y

η2

 

˛

˛

˛

∇sφ̂
s
ωx,y

˛

˛

˛

2

−
1

|φ̂̂φ̂φ
s

ωx,y
|2

˛

˛

˛

φ̂̂φ̂φ
s∗

ωx,y
∇sφ̂

s
ωx,y

˛

˛

˛

2
!

,

(9)
which implies that discrimination is maximized when there is a large variation of the
OTFs as a function ofs, in the direction orthogonal tôφ̂φ̂φ

s
. We wish to find OTFs maxi-

mizing discrimination integrated over all frequencies (upto spatial resolutionΩ):

D
s(φ̂̂φ̂φ) =

Z Ω

−Ω

Z Ω

−Ω

D
s
ωx,y

(φ̂̂φ̂φ)dωxdωy. (10)

3 Discrimination Budget

To understand how to maximize the discrimination score we study some of the physical
constraints on the OTF. Letaj , âj denote the aperture code of thej’th view and its
Fourier transform. The PSF and OTF are known to be scaled versions of the aperture
code [7, 8]:̂φs,j

ωx,y
= âj

(s·ωx,y). This implies that

∇sφ̂
s,j
ωx,y

= |ωx,y |∇ωx,y â
j

(sωx,y) = |ωx,y|

„

ωx

|ωx,y|

∂âj

∂ωx

+
ωy

|ωx,y|

∂âj

∂ωy

«

. (11)

The|ωx,y| factor multiplying the derivative in Eq. (11) is canceled byσ2
ωx,y

= 1/|ωx,y|
2

in Eq. (9), and the discrimination score of Eq. (9) can be expressed as a function of the
derivatives of the aperture spectraâj weighting all entries equally:

Definition 1. Consider a set of aperture codesâ̂âa. The depth discrimination score at
spatial frequencyωx,y is defined as

Dωx,y(â̂âa) =
1

η2

 

˛

˛∇ωx,y â̂âaωx,y

˛

˛

2
−

˛

˛â̂âa∗
ωx,y

∇ωx,y â̂âaωx,y

˛

˛

2

|â̂âaωx,y |
2

!

(12)

and the total discrimination scoreat depths as

D
s(â̂âa) =

1

s2

Z sΩ

−sΩ

Z sΩ

−sΩ

Dωx,y(â̂âa)dωxdωy. (13)

We note that the discrimination around depths is integrated up to a cut-off frequency
sΩ but multiplied by the density1/s2. We often omit thes index from Eq. (13) and
consider the cases = 1 which is usually the more challenging case. (the1/s2 factor
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improves the score of lows values and in addition, there is usually more energy at the
low frequencies).

The discrimination score cannot be made arbitrarily large.Our goal is to show that the
best possible discrimination score is bounded and then understand the desired properties
of aperture codes with optimal discrimination. We define twouseful quantities:

Definition 2. Thecenter-oriented derivative power at frequencyωx,y is

Cωx,y (â̂âa) =
1

η2

X

j

˛

˛

˛

∇ωx,y â
j
ωx,y

˛

˛

˛

2

=
1

η2

X

j

˛

˛

˛

˛

ωx

|ωx,y|

∂âj

∂ωx

+
ωy

|ωx,y|

∂âj

∂ωy

˛

˛

˛

˛

2

, (14)

the total center-oriented derivative poweris C
s(â̂âa) = 1

s2

∫ sΩ

−sΩ

∫ sΩ

−sΩ
Cωx,y

(â̂âa)dωxdωy.

Definition 3. Thegradient power at frequencyωx,y is

Gωx,y (â̂âa) =
1

η2

X

j

˛

˛

˛

∇â
j
ωx,y

˛

˛

˛

2

=
1

η2

X

j

"

˛

˛

˛

˛

∂âj

∂ωx

˛

˛

˛

˛

2

+

˛

˛

˛

˛

∂âj

∂ωy

˛

˛

˛

˛

2
#

(15)

and thetotal gradient poweris Gs(â̂âa) = 1
s2

∫ sΩ

−sΩ

∫ sΩ

−sΩ
Gωx,y

(â̂âa)dωxdωy.

Note that while we use the terms derivative and gradient, thequantities in Eqs. (14) and
(15) are actually normalized by the noise varianceη2. The definition of the discrimina-
tion score in Eq. (12) implies that it is bounded by the center-oriented derivative power
Dωx,y

(â̂âa) ≤ Cωx,y
(â̂âa). Also the oriented derivative power is bounded by the gradient

powerCωx,y
(â̂âa) ≤ Gωx,y

(â̂âa). We observe that the total gradient power cannot be made
arbitrarily high. We show that there is a fixed energy budget which is determined by the
primal support ofaj , and this budget is preserved in the frequency domain as a con-
sequence of Parseval’s theorem. Bounding the gradient power provides a bound on the
best possible discrimination score.

Claim 1 Leta1, . . . aJ be a set of disjoint codes inside an aperture of radiusR. Their
total gradient power is bounded and satisfies

J
X

j=1

1

η2

ZZ

˛

˛

˛

∇â
j
ωx,y

˛

˛

˛

2

dωxdωy =

J
X

j=1

1

η2

ZZ

˛

˛

˛

a
j

(x,y)

˛

˛

˛

2

(x2 + y
2)dxdy ≤ B (16)

for

B = max
0<λ<R

π
2

`

R4 − (R − λ)4
´

π
J
(R2 − (R − λ)2)η2

mult + η2
add

(17)

Proof. Differentiatingâj can be expressed as a convolution ofâj with derivative filters
fωx

, such that∇ωx
âj = fωx

⊗ âj . In the primal domain this convolution translates
to multiplication f̂(x,y) · aj

(x,y). The Fourier transform of an ideal derivative filter is

|f̂(x,y)| = |x|. Parseval’s theorem implies that the frequency derivatives power is pre-
served in the primal domain, and thus:

ZZ

˛

˛

˛

fωx ⊗ â
j
˛

˛

˛

2

dωxdωy =

ZZ

|aj

(x,y)|
2
x

2
dxdy. (18)
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A similar property applies for∇ωy
âj . Therefore

1

η2

ZZ

˛

˛

˛

∇â
j
ωx,y

˛

˛

˛

2

dωxdωy =
1

η2

ZZ

˛

˛

˛

a
j

(x,y)

˛

˛

˛

2

(x2 + y
2)dxdy. (19)

We now ask what is the maximal value that the RHS of Eq. (19) canobtain. If aj is
open over a large area the integral value is increased, but ifη2

mult > 0, a larger aperture
area also increases the noise (see Eq. (3)). Thus, the optimal aperture area should trade
discrimination v.s. noise, and depends on the ratio betweenη2

mult to η2
add. However, for

every fix aperture area, we can ask what is the maximal value ofthe integral in the RHS
of Eq. (19), among all codes with the same fixed area. The highest value is obtained by
a ring attached to the aperture boundaries, since thex2 +y2 values averaged in Eq. (19)
are large when they are adjacent to the aperture boundary. Let rλ denote a code open at
an outer ring of widthλ, rλ

(x,y) = 1 iff (R − λ)2 ≤ x2 + y2 ≤ R2. The gradient power

of the coderλ is the highest among all codes with the same area. Standard calculus
implies that the area and gradient power of a ringrλ are
ZZ

r
λ
(x,y)dxdy = π

`

R
2 − (R − λ)2

´

,

ZZ

r
λ
(x,y)(x

2 + y
2)dxdy =

π

2

`

R
4 − (R − λ)4

´

.

(20)
Therefore the gradient power of a code is bounded by:

1

η2

ZZ

˛

˛

˛

∇â
j
ωx,y

˛

˛

˛

2

dωxdωy ≤ max
0<λ<R

π
2

`

R4 − (R − λ)4
´

π(R2 − (R − λ)2)η2
mult + η2

add

. (21)

For J disjoint codes, the best gradient power is obtained when their union forms an
outer ring and Eq. (16) follows.

Corollary 1. The total depth discrimination score, oriented derivativepower and gra-
dient power are bounded in the following order

D(â̂âa) ≤ C(â̂âa) ≤ G(â̂âa) ≤ B. (22)

Optimal discrimination codes should therefore satisfy thefollowing three properties:

1. The total gradient power should approach the boundG(â̂âa) → B.

2. For everyωx, ωy, the oriented derivative power should approach the gradient
powerCωx,y

(â̂âa) → Gωx,y
(â̂âa)

3. For everyωx, ωy, the discrimination score should approach the oriented derivative
powerDωx,y

(â̂âa) → Cωx,y
(â̂âa)

To understand the first property note that the proof of Claim 1implies that the gradient
power is maximized when the codes let in light at a ring at the periphery of the aperture.
The exact ring width is a function of the ratio between the multiplicative and additive
noise components. If the noise is fully additive (ηmult = 0) it is best to collect light
over the entire aperture area. When the noise is mostly multiplicative (η2 ≈ αη2

mult),
the best is to have a very narrow ring at the periphery of the aperture.

The oriented derivative power is equal to the gradient powerif and only if for all js, the
gradient direction at spatial frequencyωx,y equalsωx,y. Having all gradients oriented
toward the center implies thatâj should be radially symmetric.
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Multiplicative noiseσ2
mult = 20σ2

add

(a)D(â̂âa) = 0.25B (b) D(â̂âa) = 0.85B (c) D(â̂âa) = 0.12B (d) D(â̂âa) = 0.37B (e)D(â̂âa) = 0.33B

Additive noiseσmult = 0

(a)D(â̂âa) = 0.12B (b) D(â̂âa) = 0.58B (c) D(â̂âa) = 0.15B (d) D(â̂âa) = 0.12B (e)D(â̂âa) = 0.52B

Fig. 1: Aperture codes and their discrimination score. Top group: multiplicative noise (σ2
mult =

20σ2
add), Lower group: additive noise (σ2

mult = 0). Each group visualizes in the upper row aper-
ture codes (primal domain) and in the second row their discrimination scoreDωx,y(â̂âa) provided
in each spatial frequency (frequency domain). The portion of the upper bound utilized byD(â̂âa)
is reported at the bottom.

The last property of Corollary 1 requires that the OTFs vector is orthogonal to its deriva-
tive. This property is the hardest to analyze, but in the nextsection we consider examples
of codes which approach this requirement.

4 Analyzing Aperture Code Designs

In this section we consider a few aperture code designs and analyze their optimality. We
start with designs capturing two images and then move to multiple images.

4.1 Two image designs

We consider the aperture code pairs visualized in Figure 1. The first one is a standard
stereo setting with two disc holes. Another design is two halves of a ring (bananas),
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inspired by the optimized codes of [1]. We then consider pseudo random codes in each
view. We consider random codes in the entire aperture area (Fig 1(c)) and only in the
periphery ring (Fig 1(d)). Finally we consider a depth from defocus like pair (Fig 1(e))-
an outside ring plus an inner disc.

We consider two noise situations, well illuminated scenes at whichη2
mult = 20η2

add, and
the purely additive noise caseηmult = 0. Apart for the random designs, we searched
numerically for good parameters in each pair family (e.g. the width of the rings and
discs, or the exact shape of the banana parameterized as a spline with 5 keypoints). The
parameters optimization is done independently for each noise situation. For multiplica-
tive noise, narrower holes or rings at the periphery are favored and at the additive noise
case wide code areas are selected.

For each pair, the second row of Fig 1 visualizes the map of discrimination score at
each spatial frequency. At the bottom we report the portion of the bound achieved by
the total discrimination scores. The best discrimination is obtained by the two halved
rings, which at the multiplicative case utilize85% of the gradient power upper bound.
All other designs utilize at most50% of the bound. Below we discuss some of the
interesting properties of each design.

Note that in designs (a-d) the codes are flipped versions of each othera1
(x,y) = a2

(−x,−y),
and hence the spectra are conjugate. To analyze the discrimination scores of code pairs
of this type we derive the following lemmas. The first lemma shows that the spectrum
derivative consists of the magnitude derivative plus the phase derivative, and for con-
jugate spectra the portion of the derivative lost in the non orthogonal direction is the
derivative of the magnitude. Using this observation we willlater aim to show that for
discriminative code pairs the magnitude derivative is small relative to the phase.

Lemma 1. Let â1, â2 be a conjugate pair of aperture spectra,

â
1
ωx,y

= mωx,ye
iζωx,y , â

2
ωx,y

= mωx,ye
−iζωx,y . (23)

wheremωx,y
is the magnitude andζωx,y

the phase. The discrimination score equals the
magnitude times the phase derivative power which is also thederivative power minus
the magnitude derivative power.

Dωx,y(â̂âa) = 2
˛

˛mωx,y

˛

˛

2 ˛
˛∇ωx,yζωx,y

˛

˛

2
=
˛

˛∇ωx,y â̂âa
˛

˛

2
− 2

˛

˛∇ωx,y |â|
˛

˛

2
. (24)

Proof. The derivatives are the sum of the magnitude derivative and the phase derivative:

∇ωx,y â
1
ωx,y

= e
iζωx,y ∇ωx,ymωx,y + mωx,ye

iζωx,y i∇ωx,yζωx,y (25)

∇ωx,y â
2
ωx,y

= e
−iζωx,y ∇ωx,ymωx,y − mωx,ye

−iζωx,y i∇ωx,yζωx,y . (26)

Since the two phase derivatives have opposite signs they cancel each other when we
take the inner product witĥââa and we are left with the magnitude derivative only:

˛

˛â̂âaωx,y

∗∇ωx,y â̂âaωx,y

˛

˛

2

|â̂âaωx,y |
2

= 2
˛

˛∇ωx,ymωx,y

˛

˛

2 (27)

and Eq. (24) follows from the definition in Eq. (12).
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Next, we note that to analyze the spectraâ̂âa along directionθ we can apply the slicing
theorem [18] and look at the projection of the primal codesaaa in the orthogonal direction.
Let ρj,θ denote the projection ofaj onto directionθ

ρ
j,θ

(x) =

Z

a
j

(x
−→
θ +y

−→
θ

+
)
dy, (28)

for
−→
θ = (cos(θ), sin(θ)),

−→
θ

+
= (−sin(θ), cos(θ)). Let |ρj,θ|2 =

∫

|ρj,θ

(x)|
2dx denote

the total power andτ j,θ the power center of mass:

τ
j,θ =

1

|ρj,θ |2

Z

|ρj,θ

(x)|
2
x dx. (29)

If a1, a2 are a flipped pair, their powers are equal and their mass centers satisfiesτ1,θ =
−τ2,θ. Therefore we can think of2|τ j,θ| as the average disparity along directionθ.

The following lemma shows that if the projection has a relatively wide disparity, there
will be a large discrimination in that direction. Figure 2 visualizes projections of the
codes in Figure 1(a-d). As we will explain below, the more discriminative codes have a
wider disparity in most orientations.

Lemma 2. Let a1, a2 be a pair of flipped aperture codes. The frequency domain dis-
crimination score along directionθ is at least the square of the averaged disparity times
the total power

Z

D
ω
−→
θ
(â̂âa)dω ≥

2

η2
|τ j,θ|2|ρj,θ|2 (30)

Proof. The slicing theorem [18] implies that a slice ofâj in direction
−→
θ is the 1D

Fourier transform ofρj,θ. Therefore, we can apply a 1D variant of Claim 1 to compute
the total derivative magnitude ofâj along direction

−→
θ .

Z

˛

˛

˛

∇−→
θ

â
j(ω

−→
θ )
˛

˛

˛

2

dω =

Z

(xρ
j,θ

(x))
2
dx. (31)

We note that
Z

(xρ
j,θ

(x))
2
dx =

Z

(x − τ
j,θ)2(ρj,θ

(x))
2
dx + |τ j,θ|2|ρj,θ|2. (32)

Our goal is to show that
Z

˛

˛∇−→
θ
m

ω
−→
θ

˛

˛

2
dω ≤

Z

(x − τ
j,θ)2|ρj,θ

(x)|
2
dx, (33)

and then Eq. (30) will follow directly from Lemma 1 (the factor 2 is because we sum
over 2 code spectra). For that note that for any phaseχ

ω
−→
θ

,
˛

˛

˛

∇−→
θ

“

m
ω
−→
θ
e

iχ
ω
−→

θ

”

˛

˛

˛

2

=
˛

˛∇−→
θ
m

ω
−→
θ

˛

˛

2
+
˛

˛m
ω
−→
θ

˛

˛

2 ˛
˛∇−→

θ
χ

ω
−→
θ

˛

˛

2
≥
˛

˛∇−→
θ
m

ω
−→
θ

˛

˛

2
. (34)

In particular, we can choose a phaseχ such thatm
ω
−→
θ
eiχ

ω
−→

θ will be the Fourier trans-

form of |ρj,θ

(x−τ j,θ)
|2 (that is, a centered version ofρ). Applying Claim 1 again, the total

derivative power in that centered version is
Z

(xρ
j,θ

(x−τj,θ)
)2dx =

Z

(x − τ
j,θ)2(ρj,θ

(x))
2
dx (35)
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and Eq. (33) follows.

Another intuitive argument which follows from the above proof is that when most of
the mass ofρj,θ is located in a narrow region, but the average disparity is large, the
magnitude derivative power is small relative to the total derivative power. This is be-
cause the total derivative power is

∫

(xρj,θ

(x))
2dx, and the magnitude derivative power is

bounded by
∫

(xρj,θ

(x−τ j,θ)
)2dx. Thex2 values to which(ρj,θ

(x−τ j,θ)
)2 assigns non-zero

weight are small compared to the non-zero values of(ρj,θ

(x))
2. Since Lemma 1 shows that

the portion of the derivative power lost in the non-orthogonal direction is the magnitude
derivative power, if the magnitude derivative power is low,most of the derivative power
C(â̂âa) contributes to the discrimination scoreD(â̂âa).

We now use Lemmas 1,2 to analyze the code pairs in Fig 1.

Stereo pair: (Fig 1(a)). The main problem with this design is that it provides disparity
only in the horizontal direction. The discrimination map inFig 1(a) is high around
the horizontal spatial frequency axis and low around the vertical one. Similarly, the
projections in Fig 2(a) show that the average disparity is large in the vertical direction,
but reduces as the projection angle changes, with zero disparity horizontally. Stereo
violates the second optimal discrimination property of Corollary 1. The spectra are not
radially symmetric, but the gradient is mostly in the horizontal direction at all spatial
frequencies. To see this, letmωx,y

denote the spectrum of a disc centered at(0, 0). The
spectrum of a disc centered at a pointτ = [τx, τy ] is a phase shifted version ofm:

â
1
ωx,y

= mωx,ye
i(τxωx+τyωy)

, â
2
ωx,y

= mωx,ye
−i(τxωx+τyωy). (36)

According to Lemma 1, the magnitude derivative does not contribute to the discrimina-
tion, and the phase gradient has a constant directionτ . In fact, this implies that the total
discrimination score of a stereo pair cannot pass50% of the total gradient power. To
see this, note that the discrimination score at frequencyωx,y is a function of the inner

produce ofτ and the directionωx,y/|ωx,y|: Dωx,y
(â) =

2|mωx,y |2

|ωx,y|2

∣

∣ω∗
x,yτ

∣

∣

2
(the factor

2 results from summingJ = 2 spectra). Sincem is radially symmetric, averaged over
all directions, this inner product utilizes only half of thepower ofτ . Hence:

Dωx,y (â) =

ZZ

2|mωx,y |
2

|ωx,y|2
˛

˛ω
∗
x,yτ

˛

˛

2
dωxdωy =

ZZ

|mωx,y |
2|τ |2dωxdωy ≤

1

2
Gωx,y (â).

(37)

In Fig 1(a) we see that for multiplicative noise two smaller holes at the far ends of the
aperture are preferred, while for additive noise it is better to have wide holes at the
expense of reducing the disparity between them.

Halved rings: (Fig 1(b)). Our numerical calculation shows that for multiplicative noise
this design utilizes85% of the bound. There is no simple closed-form formula for these
code spectra. However, we provide below a few intuitive arguments to justify this suc-
cess. The important property of halved rings is a large disparity along most orientations.
Fig 2(b) visualizes the 1D oriented code projections. Apartfrom the horizontal projec-
tion, the mean disparity at most other orientations is closeto the aperture boundary, and
hence Lemma 2 implies high discrimination at most orientations.
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Fig. 2: 1D projectionsρθ for the first 4 codes of Figure 1, multiplicative noise. We plot projec-
tions at 4 sampled orientations0o (red), 30o (green),60o (blue) and90o (magenta). For each
projection direction the center of mass (mean disparity) ismarked by a dashed line.

For this near-optimal pair we can verify empirically that all three properties of Corol-
lary 1 hold. Property 1: the open code area is next to the periphery of the aperture disc.
Property 2: for most orientations, the projections in Fig 2(b) are similar, and have the
shape of a narrow peak at the right plus a tail (the exact tail shape varies between differ-
ent projection directions). Since most projections are similar, most oriented slices from
the spectra are similar, and the spectra are relatively radially symmetric except of a nar-
row angle range around the vertical direction. Property 3: according to the discussion
after Lemma 2 the fact that the 1D projections have most mass around a narrow peak
implies that the magnitude derivative power is small, whichimplies by Lemma 1 that
most of the derivative power is discrimination power.

When the noise is additive the codes area is wider and the optimal shape resemble the
one discovered by Zhou et al. [1] (who assume an additive noise). The banana’s shape
of the ends reduces the degeneracy around the vertical direction.

Pseudo random codes:(Fig 1(c,d)) obtain the worst discrimination scores. In terms of
Lemma 2, the fact that light is collected from all around the aperture means that there
is no real disparity, and the mean projections in Fig 2(c,d) are close to zero. Also, these
codes violate properties 2 and 3 of Corollary 1. They are not radially symmetric and
the derivatives are not orthogonal to the OTFs. In the multiplicative noise case the full
aperture code (Fig 1(c)) has another major problem since it lets in light over the entire
aperture area and not only around the boundaries. This is solved by a code in the outer
ring (Fig 1(d)), but properties 2,3 are still problematic.

Ring and disc pair: (Fig 1(e)). This design should simulate the concept of depthfrom
defocus (DFD). Intuitively, its drawback is enabling only half of the possible disparity-
from the aperture boundary to the center, instead of from endto end. While this design
is perfectly radially symmetric and satisfies property 2 of Corollary 1, for multiplicative
noise it violates property 1, as it lets in light at the centerof the aperture and holes at the
center of the aperture do not contribute to spectra gradients. This design also violates
property 3 since the OTFs vector is not orthogonal to its derivative.

Stereo v.s. depth from defocus:Our analysis predicts that DFD overcomes stereo. The
disadvantages of stereo are having disparity only along oneaxis, and in the additive
noise case it also suffers because it blocks light. This is consistent with previously
reported evaluations of stereo v.s. DFD under similar physical dimensions [11–13].
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(a)D(â̂âa) = 0.48B (b) D(â̂âa) = 0.88B (c) D(â̂âa) = 0.85B

Fig. 3: Top row: Aperture codes which divide the aperture into multiple images. Second row:
The discriminationDωx,y(â̂âa) they provide in each spatial frequency. At the bottom we provide
the portion of the upper bound achieved byD(â̂âa) for the additive noise case

4.2 Multiple image designs

We now consider some designs which capture a large number of images. We note that
while an image captured from an inner aperture area is less discriminative than an image
from an outer ring, adding additional images always improves the discrimination score.
Therefore if we are allowed to capture a large number of images we do want to utilize
the entire aperture area. If the images number is unlimited,better results can be obtained
if we restrict the area of each code such thatα → 0 and the noise reducesη2 → η2

add.

The first example divides the aperture into multiple subsquares (Fig 3(a)). It is subopti-
mal and must lose at least50% of the gradient power budget, since as in the stereo case
the gradients have a constant direction. This design is similar to the plenoptic camera
implementation of [5] which divides the aperture area and captures multiple views ([5]
divides the sensor area as well).

In contrast, Fig 3(b,c) show two near-optimal designs utilizing over85% of the bound.
The first one generalizes Fig 1(b) with a set of half rings. To remove the degeneracy in
one direction, it alternates vertical and horizontal pairs. The second near-optimal design
is a set of annular rings, like the multi-aperture camera of [2]. Despite the sub-optimality
of the ring and disc in Fig 1(e), multiple rings can approach the bound.

5 Discussion

In this paper we have analyzed the depth discrimination accuracy provided by a gen-
eral set of aperture codes. We propose an analytic upper bound on the best achievable
discrimination, and study the desired characteristics of an optimal solution. We show
that under multiplicative noise, the two half-ring codes of[1] provide near-optimal dis-
crimination. When a large number of images are allowed, a multi-aperture camera [2]
dividing the aperture into annular rings provides near-optimal discrimination. In con-
trast, a plenoptic camera can achieve at most50% of the bound.
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Our analysis and bounds can be extended to more general families of computational
cameras such as cameras including phase plates (optical elements with non standard
curvature) and not only amplitude masks. This, however, requires an analysis of the
lens kernels in the 4D light field spectrum space, as proposedin [10].
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