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Abstract. Computational depth estimation is a central task in conrpuitgon
and graphics. A large variety of strategies have been intred in the past rely-
ing on viewpoint variations, defocus changes and genestae codes. How-
ever, the tradeoffs between such designs are not well undersDepth estima-
tion from computational camera measurements is a highlylinear process and
therefore most research attempts to evaluate depth estimsitategies rely on
numerical simulations. Previous attempts to design coatjmrtal cameras with
good depth discrimination optimized highly non-linear amah-convex scores,
and hence it is not clear if the constructed designs are aptim this paper
we address the problem of depth discrimination frénmages captured using
J arbitrary codes placed within one fixed lens aperture. Wéyaeahe desired
properties of discriminative codes under a geometric eptiodel and propose
anupper boundn the best possible discrimination. We show that under a&i-mul
plicative noise model, the half ring codes discovered bywéioal. [1] are near-
optimal. When a large number of images are allowed, a mpkitare camera [2]
dividing the aperture into multiple annular rings providesar-optimal discrim-
ination. In contrast, the plenoptic camera of [5] which d&s the aperture into
compact support circles can achieve at nig@st of the optimal discrimination
bound.

1 Introduction

Estimating scene depth from image measurements is a cgotathdf computer vision
research. Historical depth estimation strategies utilize/point or defocus cues. This
includes stereo [3] and plenoptic cameras [4, 5], depth fiamzus and depth from defo-
cus techniques [6, 2]. Recent computational cameras caanid extend these strate-
gies using coded apertures [7, 8, 1] and phase masks [9, 10].

The large variety of computational cameras calls for a syatE way to compare their
performance and understand limitations. However, defipitéarge amount of research
on the subject, the problem is far from being understoodtarsal comparisons be-
tween stereo and DFD approaches have attracted a lot ofrcbsgd—13], leading
to different conclusions based on different experimergls. An important analytic
analysis is proposed by Schechner and Kiryati [11], who fabiat to compare the two
approaches the same physical dimensions should be useatigssidreo baseline should
be equal to the lens aperture. Despite the important caniitbof their analysis, many
open questions remain. In particular, they model noiseitdé@tison a per-frequency
basis and do not analyze how the discrimination informasaombined over multiple
frequencies.
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The problem of computational camera analysis is gainingeased attention [11, 14—
17,1, 10]. Recently, success has been achieved in undéirsgehe related problem of
removing defocus blur given depth [17, 10, 16]. However,lavthie accuracy of depth
estimation has an important effect on the quality of defatetslurring, depth discrim-
ination accuracy is often omitted from the analysis [17, D®]evaluated numerically
only [16, 14]. Some authors [1, 8] address the depth disoation problem directly and
propose explicit scores for discrimination accuracy. Hesvedepth discrimination is a
non linear process and the proposed discrimination scoedsghly non linear as well.
Specifically, Zhou et al. [1] searched for discriminativeles using a genetic algorithm.
While the discovered codes are interesting, it is not clieiiely are optimal since there
is no way to test whether the global optimum of the discririorascore was reached by
the optimization algorithm. This optimization also did dfer concrete understanding
of the characteristics of good codes.

In this manuscript we address depth discrimination in d@rggttimilar to [1]. One is
allowed to capture/ > 2 images of a scene usingdifferent aperture code masks. All
images, however, are taken by a fixed static camera, usiagdastd lens at a fixed focus
setting. The aperture codes are allowed to have any gererpé svithin the maximal
lens aperture width. This problem formulation is generalgyh to cover most existing
depth estimation strategies. For example, depth from defecan be expressed using
disc aperture masks with different widths, and stereo caxpeessed using code masks
with holes allowing light at opposite ends of the aperturee Mite that in this setting
all designs have the same physical dimensions since théyoareled within the same
maximal aperture which provides an upper bound on theiridiscation performance.
We restrict the discussion to the geometric optics modelaamdesults are valid only
up to the extent at which this model is valid.

We ask what is the quality of depth discrimination that a gicedes set can provide,
and what are the best results one can hope to achieve. Wednuilte discrimination
score derived by [1] but notice that it can be analyzed aitaljy using the derivatives
of the code spectra, and larger variations improve disoi@mn. We use Parseval's the-
orem and the fact that the primal support of the codes is beditmlshow that the max-
imal derivative power is bounded. This analysis allows udedve an analytiazipper
boundon the maximal possible depth discrimination. It also pdegian understanding
of the desired properties of good aperture codes. We uséothisalyze existing depth
discrimination strategies. For the caseof= 2 images and multiplicative noise, we
show that the half ring codes discovered by [1] are indeed oygi@mal. When a large
numberJ of images is allowed, near optimal discrimination can bawigd when the
aperture is divided to multiple annular rings, along thedif the multi-aperture cam-
era of [2]. In contrast, dividing the aperture into small quant squares or circles as
done by the plenoptic camera of [5] can achieve no more #éhof the discrimina-
tion bound.
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2 Depth Discrimination from Coded Apertures

Problem formulation: We consider a camera with a standard lens focused at dgpth
J images are captured via codes which block light at different regions of the aper-
ture. The codes can be expressed danctionsa’, .. ., a’ bounded within a maximal
aperture radiug. Thatis:vz,y 0 < af, <1, af, , = 0if [2[* + [y|* > R?. We
also restrict the/ codes to disjoint parts of the aperture so that fhimages can be
captured simultaneously (e.g. [5, 2]). That is, for each there is a singlg for which

a-gz_y) > 0. However, many of our results hold without the disjointnesuirement.

Let I denote an ideal sharp version of a scene, and assume we ®bsémages
B',..., B’.Ifthe depth is locally constant the observed images of gobht depthi
can be described as a local convolution of the sharp versigith Point Spread Func-
tions (PSFsy®. In the frequency domain the imaging is expressed as michibn

with an Optical Transfer Function (OTB): *

B, , =0 Jos, + b, @

wherew, , = (w.,w,) denote spatial frequency coordinates aridis an imaging
noise. Through this paper we index depth using the correpgtight field slopes =
(d — dp)/d, since the PSF and OTF vary as a linear functios and not ofd. Using a
geometric optics model, it was shown [7, 8] that the PSFs aries@re scaled versions
of the aperture codes: o v
oy = sy ) @)

The scaled PSF model, however, does not take into accourtt a@tics effects. The
geometric optics model is a reasonable approximation ttrtieeoptics when the holes
in the code are not too small. The optimality arguments is faper are only valid to
the extant at which the geometric model is valid.
Noise model:We follow the affine noise model (e.g. [16]). For simplicibys model as-
sumes the noise is a zero mean Gaussian whose varjangeonstant over the image,
and it is a combination of a constant additive term, the remaslen and a multiplicative
term, the photon noise: v v

()% = & ite + Miraas (3)
wherea/ is the amount of light gathered by thigh aperturen’ = [ afdw,dw,. For
modern sensors under good illumination conditions theesislominated mostly by
the multiplicative term any’)? ~ o2, ... We often assume that allapertures have
equal area and omit theindex froma, 7.

Given a set of observed images, . . ., B/, estimating the scene depth is equivalent to
estimating at every local image window a slope indsxch that locallyB’ was blurred

with ¢*7. Our goal in this paper is to analyze the quality of depthrilisimation that a

set of aperture codes can provide. We note that all codesoaredied within the same
maximal aperture radiug and the maximal radius is the parameter upper-bounding the
performance of all codes. We start with a brief review of thptth discrimination score
proposed in [1]. In Section 3, we derive bounds on this disitration score and study
the desired properties of optimal discrimination codes.

! Through this manuscript we uséo denote the Fourier transform of the corresponding signal
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2.1 Descrimination Score

One often assumes a zero mean Gaussian prior on the shagd sigRor sim-
plicity the classicall/f? law is used and the variance in frequency, is set to

02, , = 1/lwey|*. We denote with bold fonts thé dimensional vector8,,, | =
AS ~ ~
[Bl . BJ A P, = [wxy...,q%y] a,,, = [aizy,...,ai ]. The

probab|I|ty of the observed i images factorizes as an mdda@arproduct over individual
frequenciesP(B,...,B7) = [, ) P(wa) SlnceBwI is obtained from/ as a
linear transformation plus Gaussian noiR{wayy) follows a Gaussian distribution

Sk

with covariancels =~ = q@iwyyaim’y%m’y + 7?1, wherel denotes aJ x .J identity
matrix and* denotes the conjugate transpose. gt ) be aJ x (J — 1) matrix com-

~s

pIetinqubiz , to an orthogonal basis, that is, thiex J matrix sz L= [IZW y‘ US, L
. .y
is orthogonal. We can then express:
s s s 2\ ;¥
v, =05, ,D (|¢> I%Iy+n7n7m7n)Uw,,y7 (4)
v, V=05 D <% %%) s, ., )
9o, 1?02, +n* 1 n

whereD(- - - ) denotes a diagonal matrix. We assume the signal variancéisiently
above the noise Ievel&ix,ywiz’y > n? (other frequencies provide little discrimina-
tion and their contribution can be ignored).allows high variance along the OTFs
d|rect|on¢ , and low variance at all orthogonal directions. The expentghtive log
likelihood of an observation whose correct depthgsinder possible explanations:

EP(B‘SO)[—QIOg P(B| )] = EP(B‘SO)[B*WSB] + log |!p6| (6)
~50
. Z |:|¢wa wx b T 77 ‘U (ISSO 2 772 Ak so
- W,y ~S0 Wy wa, AS Wz, Wz, y
’ |<I5w,y|2 R o, , 2160, [20% +172) v
|$j}(; (4]1- [y +n A Sk ~AS 2 Sx s s
oz | Ty b b |+ o vz [P tog e, I17)

~S AS AS
b, , 12160, 12(8s, 1203, , +?)
awx Oioay 2
~ Z“r Y

where the approximation of Eq. (8) follows from the fact that (7) is dominated by
the first term when the noise is small relative to the sigmad, thelog [V | term is

As0

S%
UieyPus,

8)

relatively constant. That means that a good discriminati@btained Whezb and¢
are as orthogonal as possible.

The discrimination score in Eq. (8) is a simple extensiorhefdne derived by [1] from
the two image case to theimage case. In [1] the discrimination score was evaluated
discretely over a sample efvalues. Since discrimination is usually most challenging a
the neighborhood of the true solutfowe propose to replace the discrete sample with

2 This model does not penalize the symmetry of the PSF in fredteehind the focus depth
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: oo . 5 06,
an analytic derivative of the OTF as a function of demfﬁix = %I B (VS%I v
. . . . A8 « 250
is a J—Ej;:neng?snal vector). We Tote that sintg’ ¢, =AO, sz VO, =
Usr (@e,, —9u,,) = UL V¢, . We denote byd;, (¢) the local discrimi-

nation score at frequen%,y:

AS*

2
oL, #) = "5 & V.,

S 7s
Uwr y S¢wm,y

2 Ugr,y <‘V QBS 2 2)
= -2 sPwy y Y )
K 2
R o _ O
which implies that discrimination is maximized when thesailarge variation of the

OTFs as a function of, in the direction orthogonal tés. We wish to find OTFs maxi-
mizing discrimination integrated over all frequencies {oigpatial resolutior?):

¢3 / / dw@ dwy. (10)

3 Discrimination Budget

To understand how to maximize the discrimination score weyssome of the physical
constraints on the OTF. Le¥ , @’ denote the aperture code of tli¢h view and its
Fourier transform. The PSF and OTF are known to be scaledownarsf the aperture

code [7, 8]¢3’7 a )" This implies that

(s wg

~J ~J
we O Wy ai) (11)

vS(ﬁiJ’i,y |UJ¢ ylv“]r Y (swx y) |w1'7y| <m aww |ww y| awy
, s

The|w, , | factor multiplying the derivative in Eq. (11) is canceleddly == 1/|w, ,[*
in Eq. (9), and the discrimination score of Eq. (9) can be esped as a function of the
derivatives of the aperture spectraweighting all entries equally:

Definition 1. Consider a set of aperture codsThe depth discrimination score at
spatial frequencw, , is defined as

D AN 1 v a~ 2 &;z,vamwyawmwyf 12
W,y (a) = F ! w:,y‘hux,y! - |a'wm,y|2 ( )
and thetotal discrimination scorat depths as
/ Dy (@) dwzdwy. (13)
s J—s0

We note that the discrimination around deptls integrated up to a cut-off frequency
582 but multiplied by the densityt /s2. We often omit thes index from Eq. (13) and
consider the case = 1 which is usually the more challenging case. (ihi@? factor
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improves the score of low values and in addition, there is usually more energy at the
low frequencies).

The discrimination score cannot be made arbitrarily la@. goal is to show that the
best possible discrimination score is bounded and thernrataohel the desired properties
of aperture codes with optimal discrimination. We define tweful quantities:

Definition 2. Thecenter-oriented derivative power at frequengy, is

1 we 0d7 Wy a’ 2
w w. w = T 19 . a . ) 14
@ = 5 [Venstl[ = 55 D et ot vl R
. R s era 1 s ps2 ~
the total center-oriented derivative power¢*(a) = = [~ [, Cu, , (@)dw,dw,.
Definition 3. Thegradient power at frequency, , is
@) o4’ da’ |
SRUTES o S o} L AL IS

1 sf2 582

and thetotal gradient poweis 8°(a) = = [, [ .,

B, (a)dw,dw,.

Note that while we use the terms derivative and gradientjtfaatities in Egs. (14) and
(15) are actually normalized by the noise varianéeThe definition of the discrimina-
tion score in Eq. (12) implies that it is bounded by the cepténted derivative power
Do, @) < €&, (a). Also the oriented derivative power is bounded by the gradie
powerd,,  (a) < &,  (a). We observe that the total gradient power cannot be made
arbitrarily high. We show that there is a fixed energy buddsgttvis determined by the
primal support ofz/, and this budget is preserved in the frequency domain as-a con
sequence of Parseval’s theorem. Bounding the gradientrqmeeides a bound on the
best possible discrimination score.

Claim 1 Leta',...a’ be a set of disjoint codes inside an aperture of radiusTheir
total gradient power is bounded and satisfies

. 2
Z // ’v ol [ dwedu, = a, | @+ yPdedy < B (16)
for
T 4 4
7 (R = (R=N)")
®= 0X<R g T(R2 = (R=N2)n2se + Moga ()

Proof. Differentiatingdj can be expressed as a convolutiowdivith derivative filters
fw,, such thatv,, a’ = fwm ® a’. In the primal domain this convolution translates

to multiplication f(z_,y) . a{m e The Fourier transform of an ideal derivative filter is

|f(w,y)| = |z|. Parseval's theorem implies that the frequency derivatp@wer is pre-
served in the primal domain, and thus:

12 .
//]fwz ® a’| dwedwy = //|a€z’y)|2a:2d:rdy. (18)
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A similar property applies fow,,, a’. Therefore

1 " 2 1
7 /] (v [ docao = 5 [

We now ask what is the maximal value that the RHS of Eq. (19)atatain. Ifa’ is
open over a large area the integral value is increased, it if > 0, a larger aperture
area also increases the noise (see Eq. (3)). Thus, the dpipmdure area should trade
discrimination v.s. noise, and depends on the ratio betwgep to n?2,,. However, for
every fix aperture area, we can ask what is the maximal valtleeahtegral in the RHS
of Eqg. (19), among all codes with the same fixed area. The kigladue is obtained by
aring attached to the aperture boundaries, sincethey? values averaged in Eq. (19)
are large when they are adjacent to the aperture boundarny’ Idenote a code open at
an outer ring of width\, r(, | = 1iff (R —A)? <2? +y* < R?. The gradient power
of the coder” is the highest among all codes with the same area. Standialusa
implies that the area and gradient power of a ringre

// rle pdzdy = 7 (R* — (R—\)?), // T (@ + ) dady = g (R = (R—=N)").

2.2, 2
(z° 4+ y°)dzdy. (19)

J
U,y

(20)
Therefore the gradient power of a code is bounded by:
1 T I (R*—(R-N)")
n? // ’vawm’y duondivy < 0<X<R T(R? — (R = A)2)02use + Maaa @)

For J disjoint codes, the best gradient power is obtained whein tiiéon forms an
outer ring and Eq. (16) follows$]

Corollary 1. The total depth discrimination score, oriented derivapever and gra-
dient power are bounded in the following order

D@ <¢a) <@ <s. (22)
Optimal discrimination codes should therefore satisfyftilowing three properties:
1. The total gradient power should approach the bodrid) — 8.

2. For everyw,,w,, the oriented derivative power should approach the gratlien

powerd,,, (a) — &, (&)

3. For everyw,,w,, the discrimination score should approach the orientedwdgive
power®,,,  (a) — &, (&)

To understand the first property note that the proof of Claimglies that the gradient
power is maximized when the codes let in light at a ring at #r@ghery of the aperture.
The exact ring width is a function of the ratio between thetiplitative and additive
noise components. If the noise is fully additivg,(,: = 0) it is best to collect light
over the entire aperture area. When the noise is mostly ptiotive (> ~ an?,.;,).
the best is to have a very narrow ring at the periphery of tlestage.

The oriented derivative power is equal to the gradient pafagard only if for all js, the
gradient direction at spatial frequeney , equalsw, ,. Having all gradients oriented
toward the center implies that should be radially symmetric.
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(2)D(a) = 0.25% (b)D(a) = 0.85% (c)D(a) = 0.12B (d) D (a) = 0.37B (e)D(a) = 0.33B

Additive noiseo . = 0

(@)D(a) = 0.12%B (b)D(a) = 0.58B (c)D(a) = 0.15%B (d) D (a) = 0.12B (e)D(a) = 0.52B

Fig. 1: Aperture codes and their discrimination score. Top groupltiplicative noise ¢2,,,;; =
2002,4), Lower group: additive noisesf2,,,;, = 0). Each group visualizes in the upper row aper-
ture codes (primal domain) and in the second row their disaniation scored.,, , (&) provided

in each spatial frequency (frequency domain). The portibthe upper bound utilized b$ (&)

is reported at the bottom.

The last property of Corollary 1 requires that the OTFs vestorthogonal to its deriva-
tive. This property is the hardest to analyze, butin the segtion we consider examples
of codes which approach this requirement.

4 Analyzing Aperture Code Designs

In this section we consider a few aperture code designs algzatheir optimality. We
start with designs capturing two images and then move toipheliitnages.

4.1 Two image designs

We consider the aperture code pairs visualized in Figureng.fifst one is a standard
stereo setting with two disc holes. Another design is twadmlof a ring (bananas),
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inspired by the optimized codes of [1]. We then consider gegandom codes in each
view. We consider random codes in the entire aperture atigal(E)) and only in the
periphery ring (Fig 1(d)). Finally we consider a depth froeiatus like pair (Fig 1(e))-
an outside ring plus an inner disc.

We consider two noise situations, well illuminated sceneghchn?, ,, = 20n2,,, and
the purely additive noise casg,.;: = 0. Apart for the random designs, we searched
numerically for good parameters in each pair family (e.g. width of the rings and
discs, or the exact shape of the banana parameterized asewsith 5 keypoints). The
parameters optimization is done independently for eackergituation. For multiplica-
tive noise, narrower holes or rings at the periphery arertavand at the additive noise
case wide code areas are selected.

For each pair, the second row of Fig 1 visualizes the map afidisnation score at
each spatial frequency. At the bottom we report the portioth@ bound achieved by
the total discrimination scores. The best discriminatooltained by the two halved
rings, which at the multiplicative case utilizé% of the gradient power upper bound.
All other designs utilize at mosi0% of the bound. Below we discuss some of the
interesting properties of each design.

Note that in designs (a-d) the codes are flipped versionscﬂf@tﬂeralmyy = afiz_fy),
and hence the spectra are conjugate. To analyze the disatiom scores of code pairs
of this type we derive the following lemmas. The first lemmawh that the spectrum
derivative consists of the magnitude derivative plus thasghderivative, and for con-
jugate spectra the portion of the derivative lost in the nchagonal direction is the
derivative of the magnitude. Using this observation we \ailer aim to show that for

discriminative code pairs the magnitude derivative is $netdtive to the phase.

Lemma 1. Leta', a? be a conjugate pair of aperture spectra,

i ~2 .
= m“’z,yelcwmwy7 awx,y = My, € LCwm,y. (23)

wherem,,, , is the magnitude and,, , the phase. The discrimination score equals the
magnitude times the phase derivative power which is alsal¢neative power minus
the magnitude derivative power.

2 2

gwx,y(a’) =2 ’m“’x,y’2 !v“’ryycwx,y’ = !V 6’2 -2 !v“’zyy |6‘|

(24)

Wz, y

Proof. The derivatives are the sum of the magnitude derivativelamghase derivative:

A1 _iCuwy iCg g

v‘*’w,ya“’z,y = e vmy v‘*’ryymwmwy + Mg,y € wr'yZVWm,yCWw,y (25)
.2 _ —ic, —iC, .

Ve ylo, , =€ " ¥ Vo, Mo,y — My € ViV, Copy - (26)

Since the two phase derivatives have opposite signs thesetaach other when we
take the inner product with and we are left with the magnitude derivative only:

2

a * a
!a"*’ryy Vwm,ya"*’r,y

~
Bz, |

= 2|V, My, | (27)

We,y

and Eq. (24) follows from the definition in Eq. (12).
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Next, we note that to analyze the spediralong directiord we can apply the slicing
theorem [18] and look at the projection of the primal codl@sthe orthogonal direction.
Let o’ denote the projection af onto directiord

7,0 _ J
p(z) - /a(z?+y?+)dy7 (28)

for § = (cos(0), sin(h)), 7= (—sin(0), cos(0)). Let|p?b|? = [ |pgf)|2dcﬂ denote
the total power and’-? the power center of mass:

v 1 v
o /|pg;f)|2;c dz. (29)

If a', o are a flipped pair, their powers are equal and their massrssutisfies !/ =
—729 Therefore we can think af|77-%| as the average disparity along directibn

The following lemma shows that if the projection has a retdyi wide disparity, there
will be a large discrimination in that direction. Figure Zualizes projections of the
codes in Figure 1(a-d). As we will explain below, the moredisinative codes have a
wider disparity in most orientations.

Lemma 2. Leta', a? be a pair of flipped aperture codes. The frequency domain dis-
crimination score along directiofiis at least the square of the averaged disparity times
the total power

2 v
[2.5@a > S (30)

Proof. The slicing theorem [18] implies that a slice of in direction @ is the 1D
Fourier transform op?-?. Therefore, we can apply a 1D variant of Claim 1 to compute
—

the total derivative magnitude éf along directiond .

. — |2 .
/‘V?dj(w 0 )( dw = /(xpgf))?dm. (31)
We note that
Jwoifyas = [ =268 s + 1Pl 32)
Our goal is to show that
/!V;mwgf dw < /(:p — 7'j’9)2|p{’ze)|2dac7 (33)

and then Eq. (30) will follow directly from Lemma 1 (the fact® is because we sum
over 2 code spectra). For that note that for any phasg,
ix =\ |? 2 2 2 2
V4 (mge™?)| = [Vamz " +Imz [ [Voxg = [Vomus [ 64

In particular, we can choose a phagsuch thatmwyeixﬁ will be the Fourier trans-
form of |p€fiﬂ-79) |2 (that is, a centered version pf. Applying Claim 1 again, the total

derivative power in that centered version is

J@o oo = [ (@ =5 (35)
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and Eq. (33) follows]

Another intuitive argument which follows from the above pfds that when most of
the mass of’? is located in a narrow region, but the average disparityrigelathe
magnitude derivative power is small relative to the totaiwddive power. This is be-
cause the total der|vat|ve power f?‘gxp(m) )2dz, and the magnitude derivative power is

bounded by ( :Cp( ]9))2da: Thez? values to Whlcl"(p TJQ)) assigns non-zero

weight are small compared to the non-zero vaIue(&@c )2. Since Lemma 1 shows that
the portion of the derivative power lost in the non-orthoglatirection is the magnitude
derivative power, if the magnitude derivative power is lovgst of the derivative power
¢(a) contributes to the discrimination ScoPEa).

We now use Lemmas 1,2 to analyze the code pairs in Fig 1.

Stereo pair: (Fig 1(a)). The main problem with this design is that it pd®s disparity
only in the horizontal direction. The discrimination maphig 1(a) is high around
the horizontal spatial frequency axis and low around théicadrone. Similarly, the
projections in Fig 2(a) show that the average disparityngdan the vertical direction,
but reduces as the projection angle changes, with zeroritisp@rizontally. Stereo
violates the second optimal discrimination property of@lary 1. The spectra are not
radially symmetric, but the gradient is mostly in the honial direction at all spatial
frequencies. To see this, let,, , denote the spectrum of a disc centerefba0). The
spectrum of a disc centered ata paint [7,, 7] is a phase shifted version of:

Py — W(Tegwe +Tyw ~2 _ —i(Tgwa+Tywy).
Cuwg,y = m“’wwye( e y)7 g,y = Mgy € e (36)

According to Lemma 1, the magnitude derivative does notrdmute to the discrimina-
tion, and the phase gradient has a constant directitmfact, this implies that the total
discrimination score of a stereo pair cannot pa&#% of the total gradient power. To
see this, note that the discrimination score at frequeangcyis a function of the inner

2ma, , I?

produce ofr and the direction,,, /|wq y|: Do, (a) = =5~ |w) 7 \ (the factor

2 results from summing = 2 spectra). Sincen is radially symmetric, averaged over
all directions, this inner product utilizes only half of thewer ofr. Hence:

A 2o, , [*
D () P

In Fig 1(a) we see that for multiplicative noise two smalletds at the far ends of the
aperture are preferred, while for additive noise it is beitehave wide holes at the
expense of reducing the disparity between them.

1
wdwy = // |mwm7y|2|7|2dwwdwy < §®Wa:,y (@).
(37)

Halved rings: (Fig 1(b)). Our numerical calculation shows that for muitigtive noise
this design utilize85% of the bound. There is no simple closed-form formula for ¢hes
code spectra. However, we provide below a few intuitive argnts to justify this suc-
cess. The important property of halved rings is a large ditspaong most orientations.
Fig 2(b) visualizes the 1D oriented code projections. Afrarn the horizontal projec-
tion, the mean disparity at most other orientations is ctosbe aperture boundary, and
hence Lemma 2 implies high discrimination at most orieotwi
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(b)
Fig. 2: 1D projectionsps for the first 4 codes of Figure 1, multiplicative noise. Wet jpimjec-

tions at 4 sampled orientatior® (red), 30° (green),60° (blue) and90° (magenta). For each
projection direction the center of mass (mean disparityparked by a dashed line.

For this near-optimal pair we can verify empirically thdttaree properties of Corol-
lary 1 hold. Property 1: the open code area is next to the perjpof the aperture disc.
Property 2: for most orientations, the projections in Fig)2{re similar, and have the
shape of a narrow peak at the right plus a tail (the exacthaijbs varies between differ-
ent projection directions). Since most projections arelaimmost oriented slices from
the spectra are similar, and the spectra are relativelgligdymmetric except of a nar-
row angle range around the vertical direction. Propertyc8oeding to the discussion
after Lemma 2 the fact that the 1D projections have most massd a narrow peak
implies that the magnitude derivative power is small, whaplies by Lemma 1 that
most of the derivative power is discrimination power.

When the noise is additive the codes area is wider and thmapsihape resemble the
one discovered by Zhou et al. [1] (who assume an additiveepolhe banana’s shape
of the ends reduces the degeneracy around the verticatiditec

Pseudo random codes(Fig 1(c,d)) obtain the worst discrimination scores. Imisrof
Lemma 2, the fact that light is collected from all around tperdure means that there
is no real disparity, and the mean projections in Fig 2(c;d)cdose to zero. Also, these
codes violate properties 2 and 3 of Corollary 1. They are adtatly symmetric and
the derivatives are not orthogonal to the OTFs. In the mliddive noise case the full
aperture code (Fig 1(c)) has another major problem sinetdtih light over the entire
aperture area and not only around the boundaries. Thisvedbly a code in the outer
ring (Fig 1(d)), but properties 2,3 are still problematic.

Ring and disc pair: (Fig 1(e)). This design should simulate the concept of déptin
defocus (DFD). Intuitively, its drawback is enabling onitof the possible disparity-
from the aperture boundary to the center, instead of fromterdd. While this design
is perfectly radially symmetric and satisfies property 2 ofd@lary 1, for multiplicative
noise it violates property 1, as it lets in light at the cewfighe aperture and holes at the
center of the aperture do not contribute to spectra graglieftis design also violates
property 3 since the OTFs vector is not orthogonal to itsvagiie.

Stereo v.s. depth from defocusOur analysis predicts that DFD overcomes stereo. The
disadvantages of stereo are having disparity only alongaxi® and in the additive
noise case it also suffers because it blocks light. This ssistent with previously
reported evaluations of stereo v.s. DFD under similar pafslimensions [11-13].
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Fig. 3: Top row: Aperture codes which divide the aperture into npldtimages. Second row:
The discrimination®.,, , (@) they provide in each spatial frequency. At the bottom weigeov
the portion of the upper bound achieved®ya) for the additive noise case

4.2 Multiple image designs

We now consider some designs which capture a large numbaragfas. We note that
while an image captured from an inner aperture area is Iessiginative than an image
from an outer ring, adding additional images always impsdte discrimination score.
Therefore if we are allowed to capture a large number of imagedo want to utilize
the entire aperture area. If the images number is unlinitettier results can be obtained
if we restrict the area of each code such that- 0 and the noise reduces — 7?2,

The first example divides the aperture into multiple subseméFig 3(a)). It is subopti-
mal and must lose at lea&t% of the gradient power budget, since as in the stereo case
the gradients have a constant direction. This design idasinu the plenoptic camera
implementation of [5] which divides the aperture area argtwas multiple views ([5]
divides the sensor area as well).

In contrast, Fig 3(b,c) show two near-optimal designsaitilj over85% of the bound.
The first one generalizes Fig 1(b) with a set of half rings. imove the degeneracy in
one direction, it alternates vertical and horizontal pditee second near-optimal design
is a set of annular rings, like the multi-aperture camer@2pfpespite the sub-optimality
of the ring and disc in Fig 1(e), multiple rings can approdehitound.

5 Discussion

In this paper we have analyzed the depth discriminationracguprovided by a gen-
eral set of aperture codes. We propose an analytic uppeidbmuthe best achievable
discrimination, and study the desired characteristicsnobgtimal solution. We show
that under multiplicative noise, the two half-ring code$Xfprovide near-optimal dis-

crimination. When a large number of images are allowed, airaperture camera [2]

dividing the aperture into annular rings provides neairglk discrimination. In con-

trast, a plenoptic camera can achieve at 6%t of the bound.
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Our analysis and bounds can be extended to more generailgarmfl computational
cameras such as cameras including phase plates (opticadrmeie with non standard
curvature) and not only amplitude masks. This, howevewireg an analysis of the
lens kernels in the 4D light field spectrum space, as propiosgd].
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