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Part Il: Lower bounds for learning



Two recalls

p—»X-—» /74 > Y

p(Y =) = ) PO - W(yl) = Ex_[W(y1X)]

For distributions p, q
D(p Il @) = 2x p(x) log[p(x)/q(x)]

d,2(p,q) = Z:(p(x) — q()) " /q(x)

D(p Il q) =d,z(p.q)



SMP protocols
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Estimation

® € R%: space of parameters

Po = {pg: 0 € O}, distributions over X indexed by 0
Po
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Objective: £,, estimation of 0
Givene > 0,p =1
~ 1/p
sgp Ep, [fp (8 (Y™, U), 0)p] <¢
where

£y V)P = ) Ju; = vilP

Sample complexity: Smallest n for which such a 0 exists



Example: Discrete distributions (A, )

* Parameter space
© = {0 € [0,1]%: Y9, = 1}

* Underlying domain
X ={1,..,k}

Forx € X
p@(x) = 0,

6 denotes the probability mass function of pg



Example: Product Bernoulli (B, )

* Parameter space
0 ={0 €[-1,1]%}

* Underlying domain
X ={-1,1}4

*Forx = (x4,...,x5) EX
Po(x) = ﬂpei(xi)

1+0, °
2 l'p91(_1) —

Py, (1) =
Therefore, Eg[x;] = 6;

0 is the distribution mean
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Example: Gaussians (G,)

* Parameter space
0 ={0 €[-1,1]%}
* Underlying domain
X = R4

pe = N(6,1)
0 is the distribution mean



Estimation Tasks in this tutorial

Discrete distribution estimation (4;,)

Product Bernoulli mean estimation (B;)

Gaussian mean estimation (G,)
* Results qualitatively same as B, (details can be messy)
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Aim of the tutorial

Provide general methods

Discrete distribution estimation (4;,)
p = 1: £4 distance

Product Bernoulli estimation (B,)
p = 2: Euclidean distance
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Information constraints

1. Communication constraints
£-bit communication constraints

()
W, = {W:X - {0,1}* } A

2. Local differential privacy constraints
o0-LDP channels

W(ylx)
W, = {W: max{x'xlex'yey}W(ylx’) < eg} ¢




Sample complexity for the applications

Problem ((‘é’)) &'é
k k k k
Ay, 1 e2 min{2¢,k} g2 p2
By, ¥ d d d d
g2 min{¢, d} g% p?
Gart> d d a 4
g2 min{f, d} g% p?

Centralized sample complexity X blow-up due to constraints
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Lower bounds for SMP protocols

Reference Distribution Constraints

[GMN14, ZDJW14] Gy ((‘é’))

[DJW17] Ak, Ga ¢
[HOW18, HMOW18] Aw,Ba,Ga ((c;a))

[ACT19] A ((cé))) G




SMP vs interactive

SMP protocols:
Fixed U lower bounds for independent channels

e W
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SMP vs interactive

Interactive protocols:
Several dependencies possible, harder to handle
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The plan for this hour

Three methods to establish interactive lower bounds

1. Classic Cramer-Rao/van Trees inequality [BHO19, BCO20]

* Unified results for Ay, B;, G4
* Results hold for £, loss

2. Strong Data Processing + Assouad’s method [BGMNwW16, DR19]

. Lower bounds for B, , G4 under £, loss
. Naturally extends to other £, loss functions

3. Chi-squared contractions + Assouad’s method [AcLsT20, ACT20]

* Unified bounds for Ay, B;, G4
*  Works under £, forp = 1

17



Plan for each part

1. General methodology

2. Application



Proving lower bounds in statistical inference

Recall the goal
sup Ep, [fp (@(Y”, U), 0)pr/p <¢
0

1. Prior 1 is a distribution over © To>0->X->Y)
2. Show that for any 8

E, [Epelfp(é(yn, V), e)p]l/p] > ¢

E < max = alower bound onn
All lower bounds will involve choosing a T at some point

Observation: Given m, suffices to prove lower bound for a fixed U =
1 and denote (Y™, u) by Y™



Proving lower bounds in statistical inference

1. Design a prior T over 0

2. Show that for any @

E, [Epelfp(é(yn), 9)”]1/p] > €



1. CR/van Trees inequality



Outline for method 1

* Univariate Cramer Rao (CR) bound
* Bounds error in terms of Fisher information
* High-dimensional CR
* Bayesian CR bound/van Trees inequality
* Error bounds under information constraints

* Application



Cramer Rao bound (ford = 1)

®cCR

Fisher information:

1(6) = Ex-p, | (2 po(0) |

6: any unbiased estimator of 0, i.e., IE[@] =0

Theorem.
1

[x(6)

Var(9) >

23



Example: Bernoulli mean estimation

X ={01}, po(1) = 6, X1, ..., X ~iia Pe

b 6) = g7 =0

By additivity of Fisher information

IXn(H) =-Nn- le(Q) =-n-

0(1—-6)

For any unbiased 6(X™)
6(1—26)

n

Var(é) =

Achieved by
=X+ +X,)/n



Multivariate Cramer Rao bound

O c R4

dXd Fisher information matrix:

02
(Ix (9))1-1,1-2 = Ey [09i109i2 Inpg (X)]

Theorem (CR). For any unbiased 8 (X)
. ~1
Cov (8(X)) = (1x(8))

Corollary.

. 2 . 2 _1 d?
2,(0(X),0)" =Y%(6;, —6,) ZTr((IX(H)) )

- Tr(1x(6))

Last step uses Tr(4) - Tr(A™1) > d? for p.s.d. A

25



van Trees inequality [VT68, GL9I5]

Unbiasedness a strong assumption
van Trees inequality: a Bayesian CR bound
e 7:a prior distribution over 0

e Lower bound for error under 1

26



van Trees inequality [VT68, GL9I5]

Let T := X ---Xm4 be a product prior over ® € RY, i.e.,
m(0) = m1(0;1) .3 (04)

Theorem. Under some mild assumptions

) d?
ErEx-p | £2(0(X),6)| >

E.|Tr(1x(8))] + 1(m)’

where I(r) = I(my) + -+ + 1(my)

[(7r;) = Eq, [((%iln ni(ei))z]

[GL95] R. D. Gill, B. Y. Levit, “Applications of the van Trees inequality: a Bayesian Cramer-
Rao bound” Bernoulli, 1995 27



van Trees inequality [vT68, GL95]

Theorem. Under some mild assumptions

A d
ErEx-py [£2(00r™,6)°| >

E|Tr(Iyn(8))] + 1()

Design a T to upper bound

E|Tr(1yn(8))] + 1(x)

[GL95] R. D. Gill, B. Y. Levit, “Applications of the van Trees inequality: a Bayesian Cramer-
Rao bound” Bernoulli, 1995 28



E,|[Tr(1y=(6))]| under interactive protocols [BHO19]

Fix 8. By the chain rule of Fisher information,

Tr(Iyn(8)) = 2 Ey -1 | Tr (Iy,ye-1.(6))|

Given 0, X, indep Y1, Using this

Tr(Iyn(H)) <n-sup Tr(Iy(H))
wew

Consider worst 8 in the support of

[En-[Tr(IyTl(H))] <n- sup sup Tr(IY(H))
6esupp (m) WeW

29




[(r)

Fact [Borovkov95]. Given A = [a — A,a + A] € O there exists u s.t.

3.14159265358...7

[(w) = 2

This is the smallest possible value.

Choosing T = uX ---Xu (eachm; = u), I(w) = d - 3.14 ...2 /A?.

30



Information-constrained lower bounds

d - 3.15%
E. [Tr (I(yn’U) (6))] +I(m) <n- ;;A% MS/lel% Tr(Iy(H)) + 2

Therefore,

dZ
g% >

, 2
n- sup sup Tr(IY(H)) + d 2'215
0eAd WeW

31



Application 1: B,

A = [-0.5,0.5]

sup sup Tr(IY(H)) = 0(¥)

% [BHO19] SUp oub

d2
>
n_sz-f

¢ [BCO19] sup sup Tr(Iy(H))=O(Q2)

0cAd WEW,

d2

n >
€2°Q2




Application 2: A, under £,

1 1
A=|—
() f
A [BHO19] sSup sup Tr(Iy(H)) = O(k - 2 )
0cAd WEW,
k
nz 2 .27

«/ZS [BCO19] sup sup Tr(Iy(8)) = O(k - 0?)

oeAd WEW,

k

n =
€2°Q2




Conclusion

* Tight bounds for £, estimation

* Works for A, B, and under % 4/25

* Does not yield €1 bounds



Detour: Assouad’s method

Method 2 and 3 use classic Assouad’s method



The method

Z ={—1,1}" for some m
Oy ={0,:z € Z} S 0, such that

dham (Z, Z’)
m

. b

t) (6,,0,)P >

6,,0, arefarif z,z' are far

Prior 7 is the uniform distribution over O 4
* Z ~yar %
e A = HZ

Estimate 6, under m = Estimate Z in Hamming distance
= Y™ gives information about Z

36



Assouad’s method

Theorem. If

E, [Epg 2, (00, e)pll/p] < 18—0,

then

Z 1(Z; AY™) = Q(m).

37



Example: B, under £,

m=d,Z ={-1,1}¢

For z € Z,
6 2€ E | X]
— — 7 = ~
2T Vd Pz
Pr(X; =1) =05+ — =2
r — —
\/d
Therefore,
167

t (HZ' Hz’)z — dham(Z: z') - d

Po, denoted by p,




Example: A, under £; [PaninskiO8]

m=k/2,Z ={-1,1}F/?
Forj=1,..,k/2, let

, 1+ z¢
p.(2j —1) =

k

1—Zj€
k

) pz(zj) —

6, € [O;l]k» Hz(j) — pz(i)

2¢&
£1(02,0,1) = £1(P2 P,') = dham(2,2") - k

1/k+ [ ] _




2. SDPI + Assouad



Background

[DJWZ14, GMN14] use SDPI for SMP protocols

(%)
IBGMNW16] generalize to interactive protocols forA

[DR19] <25

41



Outline for method 2

* Ford = 1.

* Strong data processing constant

* Distributed SDPI for interactive protocols
 Extendtod > 1 by adirect sum result

* Application



Strong data processing constant (d = 1)

P+, P-1 two distributions
let Z ~, 4 {—1,1},and X ~ p,

7—X > w —— Y Guess Z fromY

B(p1,p—1) be smallest B such that foranyZ — X —Y
IZAY)SB-I(XAY)

Y tells about Z at most B fraction of what it tells about X

Can be shown: ()
e J(XAY) < {for A
¢ I(XAY) < 0(g?) for 5

43



A distributed SDPI [BGMNW15]

Z ~uar {—1,1}and X" ~ p,

Guess Z from Y™




A distributed SDPI [BGMNW15]

Theorem. Suppose p_(x) = @(p+1(x)). Then for any blackboard
protocol

IZAY™)=0(B - 1(X"AY™)).
Y™ tells about Z at most f fraction of what it tells about X™

SMP protocols: follows by tensorization of SDPI [Raginsky14]

Interactive protocols: cut-paste property of Hellinger distance from
communication complexity [BYJKSO4, JayaramQ9]

45



Example: Bernoulli
p+1 = Bern(0.5 £ §)
B(P+1,P-1) = 0(6%)

IZAYY) =0(8%-1(X"AY™))



Under information constraints

(21&) I(XTAY™) < né

[BGMNW15] I(ZAY™ =Q(1) =

«/zs I(X"AY™) = 0(np?)

[DR19] I(Z AY™) = Q(1) =

n=0(

9252 )



Generalizationtod > 1

Z={-11}¢6=2 ®, = Bern (0.5 +

Vd

% IBGMNW15] Prove a direct sum result

SI(Z; AY™) = Q(d) = n=Q(d-

J’,ZS IDR19] Use the direct sum result

2 1(Z;AY™) =0d) = n




Conclusion

* Tight lower bounds for estimation B, G4 under £,

* Can naturally extend to other £, loss

* Does not yield desired bounds A,



3. y? contraction+ Assouad



Outline for method 3

* Bounding mutual information by chi-squared contractions
* Bounding the chi squared contraction

* General plug and play bounds

* Applicationto Ay

* Extensionsto B,



Bounding mutual information

By Assouad’s method,

Bound },; I(Z; AY™) as a function of W

@Y
@ ® ‘Z (]
0z
® o ® w e o ©
o ©

52



Notation

P;: shorthand for pg_

p.": distribution of Y™ when input distribution p,




Information bound on one coordinate

Fixi € [m]
Bound I(Z; AY™)

average output distribution fixing Z; = +1:

I(Z; AY™)islarge < pY; andp imust be far

= bound distance between p+l and p¥ v

How do channels shrink the distance?



Difficulty in handling distributions [ACLST20]

n t— t—
D(p ”pY ) zEpKf . pitJY 1||pY|Y 1)]

1. Interactivity in the protocols to choose channels
2. p+; and p_; mixture distributions, complicated expressions

Delicate to handle (see discussion in [ACLST20])



Convexity to handle mixtures [ACLST20]
z € {—1,1}™, zP! obtained by flipping the ith coordinate of z

Theorem.

1
[(ZiNY™) < 5 z D(py || @l)_ E;[D(p} " |Ipye:)]

ze{—1,1}Mm

Proof. Convexity of divergence to the definitions of p * and p

Information about Z; bounded by average divergence in message
distribution upon changing only Z;

56



Focus on one Zz

By linearity of expectations

zI(Zi/\Y") <=

Therefore,

ZI(Z AY™) < 5 max

72

ZD(pz Ilpz@l

zD(p IlpZ@l

WTL r—— ‘ ‘

57



Bounding );; D(pgn | ‘Plz/@i)

By the chain rule of divergence
nooyny Y lyt= Yelyt—1
2 D(pg ”pz@i) = z [Epgt_l Z D t ZtEBi ) .
i t ]

t 1
. pZtI : Distribution of Y, with input p, conditioned on Yt~1

. Channel at player t a function only of Yt~1, denoted WY

72

@
Z t—1 —— ‘
O O W o

Y, conditioned on Y1
. zP3

58



. Y Yt—l Y. Yt—l
Bounding ZiD(pZtl sztelai )

Yt=1 fixed (conditioning on Y*~1), denote WY by W,
Yt( ) — Yt|Yt_1( —_ W — IE W X
P, V) = P;, y) — pz(x) t(Y|x) Xt~pz[ t(Y| t)]
X

Since KL < x?, plugging the expression above

(p? () - p?@i(y))z

Y, Y,
> D(p}IIpls) < ) ) e
[ [ y pZEBi y

Y'Y (Z:(p: () = p,oi )W, (1))
4 Ep o W O/IX)]

I



An explicit bound at one user

ZD (p7 ™ 1) zz (2 (p.0) — p,0:00) Wi 01))

Z@l p ,Di Wt(ylx)]

Explicit bound on mutual information in terms of channels

'2692

1

zD3

60



Average information bound [ACLST20, ACT20]

Theorem.

zWEWl.

ZI(ZiAY") <n-sup sup HW,z,i)
i

where

a0 =y (Ze (P, () — P& W)’

4 Ep o W (/IX)]




Applications

[ACLST20]

* Bounds for estimating A, under ¥4

* Applications to testing distributions (in Part 3 of the tutorial)
[ACT20]

* Plug and play bounds for establishing lower bounds

* Bounds for estimating Ay, By, G4 under £, forp = 1



Estimating A, under 44



Example: A;, under £ [ACLST20]

Plugging into the definition of Paninski construction:

B (W(l2i — 1) - W(y|20))*
EH(W Z,t) = ZZ « W(y|x)

Used for testing in next part:

| N
) 1= Yy WO D — WO20)
Ly

2xW(ylx)

A few lines of computation

sup || HW) I, = min{2?, k}
WeW,

sup | HW) |, = 0(0?)
Wew,

64



Example: A;, under £ [ACLST20]

Plugging in the theorem and requiring

% Y I(Z AY™) = Qk) = n=Q( i )

£2 min{2? k}

@ Tz AY) = Q) = n=0(4)

£202



Plug and play bounds



Towards plug and play bounds [ACT20]

» (e (P2 ) — B0 WD)
E
Ly

o o WOIX)]

Suppose some nice properties hold (and they do for A, B,)

pz(x)_pz@i(x)
pz(x)

Al (nice densities): For some «,

= a- ¢z,i(x)

Ex—p, [W(Y|X)]
A2 (Boundedness): For some k, su <K
‘ ) P s WO

A3 (orthonormality): IEXNPZ [qbz,i(X)qﬁz,j (X)] = 5ij

67



A variance plug and play bound [ACT20]

Theorem. Under A1, A2, and A3,

Vary.-p, (W(/1X))
I(Z; AY™) < 0| na® - sup su Pz
Z l " wew s Bx—p, WG]

Variance of message distribution

Applications:
Vary - (W(yIX))
() X™Pz < |y| = 2¢
A By, W] =7
y
¢ VarX"’pz(W(ylx)) < 0(@2)

Ex~p, [W(IX)]

68



Applications [ACT20]

For A, Paninski construction, @ = ¢/Vk

W 3,1z Y™ = k) = n=0(mrr)
G 5.1(Zi V™) = 0k) = n=0(5=)

For By, @ = /Vd

GE Ti1ZAY™) = d) = n=Q(d2)

QZSZ



An information plug and play bound [ACT20]

A4 (subgaussianity): For X ~ p, [¢,1(X), ..., ¢ m] is a%-subgaussian

Theorem. Under A1, A2, and A3, A4

ZI(Z,; AYY) <0 (nazgz -sup sup H(pY ),
: z Wew

where Y is message distribution with input p,, and H is the entropy

70



Application [ACT20]

For By, a = ¢/Vd, o0 =1

583 S I(Z, AY™) = Q(d) = n=0Q (ﬁ)

g2y



Conclusion

Three methods to prove lower bounds on distributed estimation
Cramer Rao bounds + Fisher information
Distributed strong data processing + Assouad’s method

Chi-squared contraction + Assouad’s method

Coming up
Hypothesis testing under information constraints

Thanks!



