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property testing

Sublinear-time, approximate, randomized decision algorithms that
make local queries to their input.
∙ Big Dataset: too big
∙ Expensive access: pricey data
∙ “Model selection”: many options
∙ Good Enough: a priori knowledge

Need to infer information – one bit – from the data: quickly, or with
very few lookups.
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property testing

Figure: Property Testing: Inside the yolk, or outside the egg.
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property testing
Introduced by [RS96, GGR98] – has been a very active area since.
∙ Known space (e.g., {0, 1}N )
∙ Property P ⊆ {0, 1}N
∙ Oracle access to unknown x ∈ {0, 1}N
∙ Proximity parameter ε ∈ (0, 1]
Must decide
x∈P

vs.

dist(x, P) > ε

(has the property, or is ε-far from it)
Many variants, subareas, with a plethora of results (see
e.g. [Ron08, Ron10, Gol10, Gol17, BY17]).
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distribution testing
Now, our “big object” is a probability distribution over a (discrete*)
domain Ω (here, |Ω| = n).
∙ instead of queries: samples*
∙ instead of Hamming distance: total variation*
∙ instead of functions/graphs/strings: distributions

Focus on the sample complexity, with efﬁciency as ancillary goal.
*usually.
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Much has been done; and yet…
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many questions remain

Techniques
Most algorithms, results are somewhat ad hoc, and property-speciﬁc.
Hardness

√
Most properties are depressingly hard to test: Ω( n) samples are
required.
Beyond?
Testing is only a preliminary step! What if…
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outline of the thesis

Three main axes:
1. Changing the way: general algorithms and approaches
2. Changing the rules: different, more powerful types of access
3. Changing the goal: beyond testing – correcting the distributions
This defense: We will cover all three (focusing on the ﬁrst).
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{
}
n
∑
∆([n]) = p : [n] → [0, 1] :
p(i) = 1
i=1

∙ Property (or class) of distributions over [n]:
P ⊆ ∆([n])

∙ Total variation distance (statistical distance, ℓ1 distance):
1∑
dTV (p, q) = sup(p(S) − q(S)) =
|p(x) − q(x)| ∈ [0, 1]
2
S⊆Ω
x∈Ω

Domain size n ∈ N is big (“goes to ∞”). Proximity parameter ε ∈ (0, 1]
is small. Lowercase Greek letters are in (0, 1]. Asymptotics Õ, Ω̃, Θ̃
hide logarithmic factors.*
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What we want
General algorithms applying to all (or many) distribution testing
problems.
Theorem (Wishful)
Let P be a class of distributions that all exhibit some “nice
structure.” If P can be tested with q queries, algorithm T can too,
with “roughly” q queries as well.
More formally, we want:
Goal
Design general-purpose testing algorithms that, when applied to a
property P, have (tight, or at least reasonable) sample complexity
q(ε, τ ) as long as P satisﬁes some structural assumption Sτ
parameterized by τ .
13
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Structural assumption Sτ : every distribution in P is
well-approximated (in a speciﬁc ℓ2 -type sense) by a
piecewise-constant distribution with LP (τ ) pieces.

Theorem ([CDGR16])
There exists an algorithm which, given sampling access to an
unknown distribution p over [n] and parameter ε ∈ (0, 1], can
distinguish with probability 2/3 between (a) p ∈ P versus (b)
√
dTV (p, P) > ε, with Õ( nLP (ε)/ε3 + LP (ε)/ε2 ) samples.
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swiss army knives: shape restrictions
Outline: Abstracting ideas from [BKR04] (for monotonicity):
1. decomposition step: recursively build a partition Π of [n] in
O(LP (ε)) intervals s.t. p is roughly uniform on each piece. If
successful, then p will be close to its “ﬂattening” q on Π; if not,
we have proof that p ∈
/ P and we can reject.
2. approximation step: learn q. Can be done with few samples
since Π has few intervals.
3. projection step: (computational) verify that dTV (q, P) < O(ε).
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Outline: Abstracting ideas from [BKR04] (for monotonicity):
1. decomposition step: recursively build a partition Π of [n] in
O(LP (ε)) intervals s.t. p is roughly uniform on each piece. If
successful, then p will be close to its “ﬂattening” q on Π; if not,
we have proof that p ∈
/ P and we can reject.
2. approximation step: learn q. Can be done with few samples
since Π has few intervals.
3. projection step: (computational) verify that dTV (q, P) < O(ε).
Applications
∙ monotonicity

∙ log-concavity

∙ unimodality

∙ Poisson Binomial

∙ k-modality

∙ Monotone Hazard Rate

∙ k-histograms

…
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swiss army knives: fourier sparsity

Structural assumption Sτ : every distribution in P has sparse
Fourier and effective support: ∃MP (τ ), SP (τ ) s.t. ∀p ∈ P,
∃Ip ⊆ [n] with |Ip | ≤ MP (τ )
∥p̂1SP (ε) ∥ ≤ O(ε),
2

∥p1Ip ∥ ≤ O(ε)
1

Theorem ([CDS17])
There exists an algorithm which, given sampling access to an
unknown distribution p over [n] and parameter ε ∈ (0, 1], can
distinguish with probability 2/3 between (a) p ∈ P versus (b)
√
dTV (p, P) > ε, with Õ( |SP (ε)| MP (ε)/ε2 + |SP (ε)| /ε2 ) samples.
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swiss army knives: fourier sparsity
Outline:
1. effective support test: take samples to identify a candidate Ip ,
and check |Ip | ≤ M(ε)
2. Fourier effective support test: invoke a Fourier sparsity
subroutine to check that ∥p̂1SP (ε) ∥ ≤ O(ε) (if so learn q, inverse
2

Fourier transform of p̂1SP (ε) )
3. projection step: (computational) verify that dTV (q, P) < O(ε).
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swiss army knives: fourier sparsity
Outline:
1. effective support test: take samples to identify a candidate Ip ,
and check |Ip | ≤ M(ε)
2. Fourier effective support test: invoke a Fourier sparsity
subroutine to check that ∥p̂1SP (ε) ∥ ≤ O(ε) (if so learn q, inverse
2

Fourier transform of p̂1SP (ε) )
3. projection step: (computational) verify that dTV (q, P) < O(ε).
Applications
∙ k-SIIRVS

∙ Poisson Multinomial

∙ Poisson Binomial

∙ log-concavity
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Theorem (Wishful)
Let P be a class of distributions. Then, testing P is at least as hard
as testing any PHard ⊆ P.
Very intuitive… and very false. But we can make it “true-er”:
Theorem ([CDGR16])
Let P be a class of distributions that has a sample-efﬁcient agnostic*
learner. Then, testing P is at least as hard as testing any PHard ⊆ P.
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1. Use tester for P on p: if p ∈ PHard , it accepts (and if does not
reject, p close to P)
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previous step)
3. Check ofﬂine if q is close to PHard , accept only if it is the case
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previous step)
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∙
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∙

monotonicity
unimodality
k-modality
k-histograms

∙ log-concavity
∙ Poisson
Binomial
∙ MHR

∙ k-SIIRVS
∙ PMD
∙ +tolerant testing
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∙ Communication complexity: huge literature, culminating in very
strong lower bounds
∙ Can be leveraged to prove hardness results in streaming, data
structures, decision tree complexity, …
∙ Elegant framework of Blais, Brody, and Matulef [BBM12]: actually,
in property testing too!

Can we do the same in distribution testing? (“Tap into” the
hard-earned lower bounds results from communication
complexity)
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Theorem ([BCG17])
Yes. (Even better, from the Simultaneous Message Passing (SMP)
model.)
Applications
∙
∙
∙
∙

monotonicity
unimodality
k-modality
log-concavity

∙ Poisson
Binomial
∙ symmetric
sparse support

∙ MHR
∙ junta
∙ identity
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changing the rules: what if…

the limitations of the standard model

Fact
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√
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√
to test; i.e., require a strong dependence on n (at least Ω( n)).
Example
√
Testing uniformity has Θ( n/ε2 ) sample complexity
√
[GR00, BFR+ 13, Pan08], identity Θ( n/ε2 ) [BFF+ 01, Pan08];
equivalence Θ(n2/3 ) [BFR+ 13, Val11, CDVV14]…
(
)
and more depressing for tolerant testing: Ω n1−o(1) for entropy,
support size…even for uniformity! [VV11, VV10a, JVYW15, WY16]
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∙ Not practical or even affordable in many situations
∙ Ways to “get around” somewhat unsatisfactory (add strong
structural assumptions on p) [BKR04, DDS+ 13, DKN15b, DKN15a]
∙ Standard sampling model too conservative?
“In practice”
The algorithm may have stronger type of access to the data. Does
that help? How to model it?
(Also, can this help “ in theory” as well?)
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conditional sampling models [CRS14, CRS15, ACK15, Can15a]
Deﬁnition (Conditional oracle)
Fix a distribution p over [n]. A conditional oracle for p, denoted
CONDp , is deﬁned as follows: given as input a query set S ⊆ [n] that
has p(S) > 0, it returns an element i ∈ S, where i ∈ S is returned with
probability pS (i) = p(i)/p(S) (independently of all previous calls).
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Deﬁnition (Conditional oracle)
Fix a distribution p over [n]. A conditional oracle for p, denoted
CONDp , is deﬁned as follows: given as input a query set S ⊆ [n] that
has p(S) > 0, it returns an element i ∈ S, where i ∈ S is returned with
probability pS (i) = p(i)/p(S) (independently of all previous calls).
Remarks
∙ generalizes the SAMP oracle (S = [n]), but allows adaptivity;
∙ variants which only allow some speciﬁc types of subsets to be
queried: PCOND (either [n] or pairs {i, j}) and ICOND (intervals);
∙ not deﬁned for sets S with zero probability under p.
(Similar model introduced in [CFGM13].)
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conditional sampling models [CRS14, CRS15, ACK15, Can15a]
Practical situations: more control
∙ Experiment: can inﬂuence the outcome by tuning the conditions
∙ Polling: surveys and stratiﬁed sampling
New insights
∙ Understanding where the core difﬁculties of problems lie: e.g.,
identity is easy [CRS14], [FJO+ 15], equivalence stays
“hard” [ACK15]
… and more
∙ Uses in other areas (Algorithms) [GTZ17]
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conditional sampling models [CRS14, CRS15, ACK15, Can15a]

Problem
CONDp
uniformity

PCONDp
ICONDp
CONDp

identity
PCONDp

equivalence

CONDp ,p
1 2

PCONDp ,p
1 2
CONDp
monotonicity
PCONDp
ICONDp
tolerant uniformity

PCONDp

Conditional model
(
)
1
Ω
( ε2 )
1
Õ
(
) ε2(
)
log3 n
log n
Õ
,Ω
log log n
ε3
(
)
+
1
Õ
2 [FJO 15]
ε)
(
(√
)
log4 n
log n
Õ
,Ω
log log n
ε4
(
)
)
(
log log n
log5 n
Õ
[FJO+ 15], Õ
ε5
ε4
(√
)
Ω
log log n
(
)
6
log n
Õ
ε21
(
)
1
Õ
( ε22 )
log2 n
Õ
ε4
(
)
log5 n
Õ
ε4
)
(
1
Õ
ε20

Standard model

Θ

(√ )
n [GR00, BFR+ 13, Pan08]
ε2

Θ

(√ )
n [BFF+ 01, Pan08, VV17]
ε2

(
(
))
2/3 √n
Θ max n
,
[BFR+ 13, Val11, CDVV14]
ε4/3 ε2

(√ )
n [BKR04, CDGR16, ADK15, Pan08]
Θ
ε2

(
Θ

n
1
ε2 log(n/ε)

)
[VV11, VV10b, VV10a, JYW17]

Table: Comparison between COND and SAMP on a sample of problems.
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dual access models [CR14, Can15a]
Deﬁnition (Dual oracle)
Fix a distribution p over [n]. A dual oracle for p is a pair of oracles
(SAMPp , EVALp ):
∙ sampling oracle: SAMPp returns i ∈ [n] drawn from p;
∙ evaluation oracle: EVALp takes j ∈ [n], and returns p(j).
Deﬁnition (Cumulative Dual oracle)
A cumulative dual oracle for p is a pair of oracles (SAMPp , CEVALp ):
∙ sampling oracle: SAMPp as above;
∙ cumulative evaluation oracle: CEVALp takes j ∈ [n], and returns
∑j
p([j]) = i=1 p(i).
(Considered, although not systematically, in [BDKR05, GMV06] and [BKR04].)
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dual access models [CR14, Can15a]
Broke Arthur & Greedy Merlin
∙ Free but huge dataset out there
∙ Long and expensive analysis of it held by Merlin
∙ Computationally limited Arthur working on the data
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dual access models [CR14, Can15a]
Broke Arthur & Greedy Merlin
∙ Free but huge dataset out there
∙ Long and expensive analysis of it held by Merlin
∙ Computationally limited Arthur working on the data
Someone did the work!
∙ Google n-gram data: pdf for sequences of n words + samples of
sequences
∙ Sorted ﬁles: samples in O(1) time, cdf and pdf queries O(log n)
…and more.
∙ Connection to streaming algorithms [GMV06]
∙ Uses in other areas of Theory [CGG+ 17]
30

dual access models [CR14, Can15a]

Problem
uniformity
Testing identity
equivalence
tolerant uniformity
Tolerant identity
tolerant equivalence
monotonicity
tolerant monotonicity

EVAL
( )
( )
O 1 [RS09], Ω 1
ε
ε
(

Ω(n)

)
1
(ε2 −ε1 )2
(
) (
)
log n
log n
O
+ 12 , Ω
ε
log log n
ε
Ω

Dual access
(

Θ 1
ε
(
Θ

Cumulative Dual

)

(
Θ
)

)

(

1
(ε2 −ε1 )2

(upper bound from EVAL)
(
)
log n
for ε2 > 3.1ε1
O
3
ε
2

1
ε

O

(
O

)
1
(ε2 −ε1 )2
)
(
1
Õ
ε4
)

1 + log n
ε2
ε2
2

for ε2 > 3.1ε1

Table: Comparison between EVAL, Dual access and Cumulative Dual.
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motivation

Often, the distribution on the data has particular, useful structure
that algorithms can exploit (monotone pmf, uniform distribution,
independent components…)
But in many situations, sample data comes from noisy or imperfect
sources, tampering with these properties.

Can we still exploit the structure that the distribution should
have had?
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Fix a speciﬁc property P of distributions. (application-dependent)
∙ independent samples from a p promised to be ε-close to P
∙ want independent samples from some p̃ which:
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correcting distributions

p

s1 , . . . , sk ∼ p

s1 , . . . , sm ∼ p̃

Corrector

Algorithm

p̃

Fix a speciﬁc property P of distributions. (application-dependent)
∙ independent samples from a p promised to be ε-close to P
∙ want independent samples from some p̃ which:
∙ has the property: p̃ ∈ P;
∙ remains faithful to the data: dTV (p̃, p) = O(ε).
Similar in spirit to the “local ﬁlters” for functions [ACCL08, SS10, JR11, BGJ+ 12].
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correcting distributions

∙ neither learning nor testing
∙ connections to both (and others: tolerant testing, agnostic
learning…)
∙ systematic investigation of this model
∙ (much more left to explore)

35

future directions: what now?
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Thank you.
And thank you, Akash, Alaa, Alex, Alice, Alistair, Amit, Anindya, Dana, Daniel, Dimitris, Elena,

Eric, Erik, Fay, Fernando, Gautam, Igor, Ilias, Ilya, Jayadev, Jerry, Jessica, Joschi, Juba, Karl,

Laurent, Li-Yang, Madhu, Mihalis, Narges, Omri, Raghu, Rémi, Reut, Rocco, Ronitt, Tal, Talya,

Themis, Tom, (other) Tom, Tuğkan, Venkat, Vicky, Xi, Yumi. Thank you, Nandini, Maman, Papa,

Thomas, Cécile, Marion, Nicolas, Quentin, Margot, Sacha, and tiny Lola.
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reductions: alice, bob, and the referee

Theorem ([BCG17])
Let P ⊆ ∆([n]), predicate f : {0, 1}k × {0, 1}k → {0, 1}, and ε > 0. Suppose there
exists p : {0, 1}k × {0, 1}k → ∆([n]) satisfying:
1. Decomposability: For every x, y ∈ {0, 1}k , there exist constants*
α = α(x), β = β(y) ∈ [0, 1] and distributions pA (x), pB (y) s.t.
p(x, y) =

α
β
· pA (x) +
· pB (y)
α+β
α+β

2. Completeness: For all (x, y) ∈ f−1 (1), p(x, y) ∈ P.
3. Soundness: For all (x, y) ∈ f−1 (0), p(x, y) is ε-far from P.
(
)
SMP(f)
Then, every ε-tester for P needs Ω log n
samples.
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reductions: alice, bob, and the referee

Take the “equality” predicate Eqk as f:

Theorem (Newman and Szegedy [NS96])
For every k ∈ N, SMP(Eqk ) = Ω

(√ )
k .
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Take the “equality” predicate Eqk as f:

Theorem (Newman and Szegedy [NS96])
For every k ∈ N, SMP(Eqk ) = Ω

(√ )
k .

Example:
√
Will (re)prove an Ω̃( n) lower bound on testing uniformity.
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Applications
Testing monotonicity, unimodality, k-modality, log-concavity, Poisson Binomial
Distributions, symmetric sparse support, identity*…

The * above
∙ unexpected connection to interpolation theory
∙ led to new insights: “instance-optimal” identity testing [VV17], revisited:
max
∥q−
∥
[VV17]
−Θ(ε) 2/3

⇝

κ−1
q (1 − Θ(ε)) [BCG17]
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