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We have complicated data; we want to make sense of it.



What is complicated data?

� many data points; many dimensions

� elaborate structures and relationships (e.g., text)

� different interconnected modalities (e.g., images, links, text, clicks)



What is making sense of data?

� make predictions about the future

� identify interpretable patterns

� do science: confirm, elaborate, form causal theories



PROBABILISTIC MACHINE LEARNING

� ML methods that connect domain knowledge to data.

� Provides a computational methodology for analyzing data

� Goal: A methodology that is expressive, scalable, easy to develop



APPLIED BAYESIAN STATISTICS

� Statistical methods that connect domain knowledge to data.

� Provides a computational methodology for analyzing data

� Goal: A methodology that is expressive, scalable, easy to develop



Communities discovered in a 3.7M node network of U.S. Patents

[Gopalan and Blei PNAS 2013]
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Figure 5
Topics found in a corpus of 1.8 million articles from the New York Times. Modified from Hoffman et al. (2013).

a particular movie), our prediction of the rating depends on a linear combination of the user’s
embedding and the movie’s embedding. We can also use these inferred representations to find
groups of users that have similar tastes and groups of movies that are enjoyed by the same kinds
of users.

Figure 4c illustrates the graphical model. This model is closely related to a linear factor model,
except that each cell’s distribution is determined by hidden variables that depend on the cell’s row
and column. The overlapping plates show how the observations at the nth row share its embedding
wn but use different variables γm for each column. Similarly, the observations in the mth column
share its embedding γm but use different variables wn for each row. Casting matrix factorization

214 Blei

A
nn

ua
l R

ev
ie

w
 o

f S
ta

tis
tic

s a
nd

 It
s A

pp
lic

at
io

n 
20

14
.1

:2
03

-2
32

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 P
rin

ce
to

n 
U

ni
ve

rs
ity

 L
ib

ra
ry

 o
n 

01
/0

9/
14

. F
or

 p
er

so
na

l u
se

 o
nl

y.

Topics found in 1.8M articles from the New York Times

[Hoffman+ JMLR 2013]
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Population analysis of 2 billion genetic measurements

[Gopalan+ Nature Genetics 2016]



Neuroscience analysis of 220 million fMRI measurements

[Manning+ PLOS ONE 2014]



Analysis of 1.7M taxi trajectories, in Stan

[Kucukelbir+ JMLR 2016]
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Figure 1: Measure of “eventness,” or time interval impact on cable content (Eq. 2). Grey background indicates the number of cables

sent over time. This comes from the model fit we discuss in Section 3. Capsule successful detects real-world events from National

Archive diplomatic cables.

and the primary sources around them. We develop
Capsule, a probabilistic model for detecting and char-
acterizing important events in large collections of
historical communication.

Figure 1 illustrates Capsule’s analysis of the two
million cables from the National Archives. The
y-axis is “eventness”, a loose measure how strongly
a week’s cables deviate from the usual diplomatic
chatter to discuss a matter that is common to many
embassies. (This is described in detail in Section 2.)

The figure shows that Capsule detects many of
the important moments during this five-year span,
including Indonesia’s invasion of East Timor (Dec. 7,
1975), the Air France hijacking and Israeli rescue op-
eration (June 27–July 4, 1976), and the fall of Saigon
(April 30, 1975). It also identifies other moments,
such as the U.S. sharing lunar rocks with other coun-
tries (March 21, 1973) and the death of Mao Tse-tung
(Sept. 9, 1976). Broadly speaking, Capsule gives a
picture of the diplomatic history of these five years;
it identifies and characterizes moments and source
material that might be of interest to a historian.

The intuition behind Capsule is this: embassies
write cables throughout the year, usually describing
typical business such as the visiting of a government
official. Sometimes, however, there is an important
event, e.g., the fall of Saigon. When an event occurs,
it pulls embassies away from their typical business
to write cables that discuss what happened and its
consequences. Thus Capsule effectively defines an

“event” to be a moment in history when embassies
deviate from what each usually discusses, and when
each embassy deviates in the same way.

Capsule embeds this intuition into a Bayesian
model. It uses hidden variables to encode what “typi-
cal business” means for each embassy, how to charac-
terize the events of each week, and which cables dis-
cuss those events. Given a corpus, the corresponding
posterior distribution provides a filter on the cables
that isolates important moments in the diplomatic his-
tory. Figure 1 illustrates the mean of this posterior.

Capsule can be used to explore any corpora with
the same underlying structure: text (or other discrete
multivariate data) generated over time by known en-
tities. This includes email, consumer behavior, social
media posts, and opinion articles.

We present the model in Section 2, providing both
a formal model specification and guidance on how
to use its posterior to detect and characterize real-
worlds events. In Section 3, we evaluate Capsule
and explore its results on a collection of U.S. State
Department cables and on simulated data.

Related work. We first review previous work on
automatic event detection and other related concepts.

In both univariate and multivariate settings, the
goal is often that analysts want to predict whether or
not rare events will occur (Weiss and Hirsh, 1998;
Das et al., 2008). Capsule, in contrast, is designed
to help analysts explore and understand the original
data: our goal is interpretability, not prediction.

Analysis of 2M declassified cables from the State Dept

[Chaney+ EMNLP 2016]
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Estimating political sentiment based on text

[Vafa+ in progress]
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.

28

� Customized data analysis is important to many fields.

� Pipeline separates assumptions, computation, application

� Eases collaborative solutions to machine learning problems
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� Posterior inference is the key algorithmic problem.

� Answers the question: What does this model say about this data?

� Goal: General and scalable approaches to posterior inference



The story I’m trying to tell

� 1950’s and 1960’s: Bayesian inference is nearly impossible.

� 1970’s and 1980’s: Early work on approximate Bayesian
inference—Metropolis-Hastings, importance sampling.

� 1990’s: The Gibbs sampler and better computation. We can fit many
Bayesian models. (Early work on variational inference.)

� 2000’s: VI in practice; we can fit Bayesian models faster.

� 2010’s: VI is scalable and general; robust probabilistic programming.
We can explore large classes of models and with large data sets.
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Criticize model

[Box, 1980; Rubin, 1984; Gelman+ 1996; Blei, 2014]



Introduction



Probabilistic machine learning

� A probabilistic model is a joint distribution of hidden variables z and
observed variables x,

p(z,x).

� Inference about the unknowns is through the posterior, the conditional
distribution of the hidden variables given the observations

p(z |x) =
p(z,x)
p(x)

.

� For most interesting models, the denominator is not tractable.
We appeal to approximate posterior inference.



Variational inference

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� VI solves inference with optimization.
(Contrast this with MCMC.)

� Posit a variational family of distributions over the latent variables,

q(z;ν)

� Fit the variational parameters ν to be close (in KL) to the exact posterior.



Example: Mixture of Gaussians
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[images by Alp Kucukelbir; Blei+ 2016]



Variational inference

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

VI solves inference with optimization.

In this tutorial:

� the basics of VI
� VI for massive data
� VI for a wide class of difficult models



“Prerequisites”

� A little probability

– joint distribution, conditional distribution
– expectation, conditional expectation

� A little optimization

– the main idea
– gradient-based optimization
– coordinate-ascent optimization

� A little Bayesian statistics (but you don’t have to be a Bayesian!)



What you will learn about

� The basics of variational inference (VI)

– Mean-field variational inference
– Coordinate ascent optimization for VI

� Stochastic variational inference for massive data

� Black box variational inference

– Score gradients
– Reparameterization gradients
– Amortized variational families, the variational autoencoder

� Models, along the way

– Latent Dirichlet allocation and topic models
– Deep exponential families
– Embedding models of consumer behavior
– Deep generative models



Collaborators

Matt Hoffman Rajesh Ranganath Alp Kucukelbir
(Google) (NYU) (Fero Labs)



Variational Inference
& Stochastic Variational Inference



Motivation: Topic Modeling

Topic models use posterior inference to discover the hidden thematic
structure in a large collection of documents.



Model: Latent Dirichlet Allocation (LDA)

Documents exhibit multiple topics.



Latent Dirichlet Allocation (LDA)

gene     0.04
dna      0.02
genetic  0.01
.,,

life     0.02
evolve   0.01
organism 0.01
.,,

brain    0.04
neuron   0.02
nerve    0.01
...

data     0.02
number   0.02
computer 0.01
.,,

Topics Documents Topic proportions and
assignments

� Each topic is a distribution over words

� Each document is a mixture of corpus-wide topics

� Each word is drawn from one of those topics



Latent Dirichlet Allocation (LDA)

Topics Documents Topic proportions and
assignments

� But we only observe the documents; everything else is hidden.

� So we want to calculate the posterior

p(topics, proportions, assignments |documents)

(Note: millions of documents; billions of latent variables)



LDA as a Graphical Model

Proportions
parameter

Per-document
topic proportions

Per-word
topic assignment

Observed
word Topics

Topic
parameter

˛ ✓d zd;n wd;n ˇk
N D

⌘

K

� A schematic of the generative process

� Defines a factorization of the joint distribution

� Connects to assumptions and algorithms



Posterior Inference

˛ ✓d zd;n wd;n ˇk
N D

⌘

K

� The posterior of the latent variables given the documents is

p(β ,θ ,z |w) =
p(β ,θ ,z,w)

∫

β

∫

θ

∑

z p(β ,θ ,z,w)
.

� We can’t compute the denominator, the marginal p(w).

� We use variational inference.



Mean-field variational inference for LDA
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Mean-field variational inference for LDA

“Genetics” “Evolution” “Disease” “Computers”

human evolution disease computer
genome evolutionary host models

dna species bacteria information
genetic organisms diseases data
genes life resistance computers

sequence origin bacterial system
gene biology new network

molecular groups strains systems
sequencing phylogenetic control model

map living infectious parallel
information diversity malaria methods

genetics group parasite networks
mapping new parasites software
project two united new

sequences common tuberculosis simulations
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Figure 5
Topics found in a corpus of 1.8 million articles from the New York Times. Modified from Hoffman et al. (2013).

a particular movie), our prediction of the rating depends on a linear combination of the user’s
embedding and the movie’s embedding. We can also use these inferred representations to find
groups of users that have similar tastes and groups of movies that are enjoyed by the same kinds
of users.

Figure 4c illustrates the graphical model. This model is closely related to a linear factor model,
except that each cell’s distribution is determined by hidden variables that depend on the cell’s row
and column. The overlapping plates show how the observations at the nth row share its embedding
wn but use different variables γm for each column. Similarly, the observations in the mth column
share its embedding γm but use different variables wn for each row. Casting matrix factorization
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Mean-field VI and Stochastic VI

Subsample
data

Infer local 
structure

Update global 
structure

Road map:

� Define the generic class of conditionally conjugate models

� Derive classical mean-field VI

� Derive stochastic VI, which scales to massive data



Conditionally conjugate models

Global variables

Local variables

ˇ

xizi
n

p(β ,z,x) = p(β)
n
∏

i=1

p(zi, xi |β)

� The observations are x= x1:n.

� The local variables are z= z1:n.

� The global variables are β .

� The ith data point xi only depends on zi and β .

Compute p(β ,z |x).



Conditionally conjugate models

Global variables

Local variables

ˇ

xizi
n

p(β ,z,x) = p(β)
n
∏

i=1

p(zi, xi |β)

� A complete conditional is the conditional of a latent variable given the
observations and other latent variables.

� Assume each complete conditional is in the exponential family,

p(zi |β , xi) = expfam(zi ; η`(β , xi))
p(β |z,x) = expfam(β ; ηg(z,x)),

where expfam(z ; η) = h(z)exp{η>z− a(η)).



Aside: The exponential family

p(x) = h(x)exp{η>t(x)− a(η)}

Terminology:

η the natural parameter

t(x) the sufficient statistics

a(η) the log normalizer

h(x) the base density



Aside: The exponential family

p(x) = h(x)exp{η>t(x)− a(η)}

� The log normalizer is

a(η) = log

∫

exp{η>t(x)}dx

� It ensures the density integrates to one.

� Its gradient calculates the expected sufficient statistics

E[t(X)] =∇η a(η).



Aside: The exponential family

p(x) = h(x)exp{η>t(x)− a(η)}

� Many common distributions are in the exponential family
– Bernoulli, categorical, Gaussian, Poisson, Beta, Dirichlet, Gamma, etc.

� Outlines the theory around conjugate priors and corresponding posteriors

� Connects closely to variational inference [Wainwright and Jordan, 2008]



Conditionally conjugate models

Global variables

Local variables

ˇ

xizi
n

p(β ,z,x) = p(β)
n
∏

i=1

p(zi, xi |β)

� Each complete conditional is in the exponential family.

� The global parameter comes from conjugacy [Bernardo and Smith, 1994]

ηg(z,x) = α+
∑n

i=1 t(zi, xi),

where α is a hyperparameter and t(·) are sufficient statistics for [zi, xi].



Conditionally conjugate models

Global variables

Local variables

ˇ

xizi
n

p(β ,z,x) = p(β)
n
∏

i=1

p(zi, xi |β)

� Bayesian mixture models

� Time series models
(HMMs, linear dynamic systems)

� Factorial models

� Matrix factorization
(factor analysis, PCA, CCA)

� Dirichlet process mixtures, HDPs

� Multilevel regression
(linear, probit, Poisson)

� Stochastic block models

� Mixed-membership models
(LDA and some variants)



evaluable differentiableall models conditionally 
conjugate



Variational inference

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

Minimize KL between q(β ,z;ν) and the posterior p(β ,z |x).



The Kullback-Leibler divergence

� The KL divergence between two distributions is

KL (q ‖ p) = Eq

�

log
q(β ,z)

p(β ,z |x)

�

� It is non-negative, KL (q ‖ p)≥ 0. It equals zero when q= p.

� It is not symmetric, KL (p ‖ q) 6= KL (q ‖ p)



The evidence lower bound

L (ν) = Eq [log p(β ,z,x)]
︸ ︷︷ ︸

Expected complete log likelihood

− Eq [log q(β ,z ; ν)]
︸ ︷︷ ︸

Negative entropy

� KL is intractable; VI optimizes the evidence lower bound (ELBO) instead.

– It is a lower bound on log p(x).
– Maximizing the ELBO is equivalent to minimizing the KL.

� The ELBO trades off two terms.

– The first term prefers q(·) to place its mass on the MAP estimate.
– The second term encourages q(·) to be diffuse.

� Caveat: The ELBO is not convex.



The evidence lower bound

L (ν) = Eq [log p(x |β ,z)]
︸ ︷︷ ︸

Expected log likelihood of data

− KL(q(β ,z ; ν) ||p(β ,z))
︸ ︷︷ ︸

KL between variational and prior

� KL is intractable; VI optimizes the evidence lower bound (ELBO) instead.

– It is a lower bound on log p(x).
– Maximizing the ELBO is equivalent to minimizing the KL.

� The ELBO trades off two terms.

– The first term prefers q(·) to place its mass on the MLE.
– The second term encourages q(·) to be close to the prior.

� Caveat: The ELBO is not convex.



Two properties of the ELBO

� Consider the KL divergence between q and p(β ,z |x). Write it as

KL= Eq [log q(β ,z ; ν)]−Eq [log p(β ,z,x)]
︸ ︷︷ ︸

negative ELBO

+ log p(x)
︸ ︷︷ ︸

not a function ofν

.

Maximizing the ELBO minimizes the KL.

� Rearrange to write the log marginal as

log p(x) = KL
︸︷︷︸

a positive value

+Eq [log p(β ,z,x)]−Eq [log p(β ,z,x)]
︸ ︷︷ ︸

the ELBO

.

The ELBO is a lower bound, L (ν)≤ log p(x).



Mean-field variational inference

ELBO

ˇ

xi
n

zi
n

zi

ˇ�

�i

� We need to specify the form of q(β ,z); it defines the variational family.

� The mean-field family is fully factorized,

q(β ,z;λ,φ) = q(β;λ)
∏n

i=1 q(zi;φi).

� Each factor is the same family as the model’s complete conditional.

p(β |z,x) = expfam(β ; ηg(z,x))

q(β ; λ) = expfam(β ; λ)



Mean-field variational inference

ELBO

ˇ

xi
n

zi
n

zi

ˇ�

�i

� Optimize the ELBO,

L (λ,φ) = Eq [log p(β ,z,x)]−Eq [log q(β ,z)] .

� Traditional VI uses coordinate ascent [Ghahramani and Beal, 2001]

λ∗ = Eφ
�

ηg(z,x)
�

; φ∗i = Eλ [η`(β , xi)]

� Iteratively update each parameter, holding others fixed.
– Notice the relationship to Gibbs sampling [Gelfand and Smith, 1990] .



Example: Mixture of Gaussians

(a) Initialization (b) Iteration 20

(c) Iteration 28 (d) Iteration 35 (e) Iteration 50
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[images by Alp Kucukelbir; Blei+ 2016]



Mean-field variational inference for LDA

�ˇkwd;nzd;n�d˛
N D K

�d �d;n �k

� The local variables are the per-document variables θd and zd.

� The global variables are the topics β1, . . . ,βK.

� The variational distribution is

q(β ,θ ,z) =
K
∏

k=1

q(βk;λk)
D
∏

d=1

q(θd;γd)
N
∏

n=1

q(zd,n;φd,n)



Mean-field variational inference for LDA

�ˇkwd;nzd;n�d˛
N D K

�d �d;n �k

� In the “local step” we iteratively update the parameters for each document,
holding the topic parameters fixed.

γ(t+1) = α+
∑N

n=1φ
(t)
n

φ(t+1)
n ∝ exp{E[logθ] +E[logβ.,wn

]}.



Mean-field variational inference for LDA
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Mean-field variational inference for LDA

�ˇkwd;nzd;n�d˛
N D K

�d �d;n �k

� In the “global step” we aggregate the parameters computed from the local
step and update the parameters for the topics,

λk = η+
∑

d

∑

n

wd,nφd,n.



Mean-field variational inference for LDA

“Genetics” “Evolution” “Disease” “Computers”

human evolution disease computer
genome evolutionary host models

dna species bacteria information
genetic organisms diseases data
genes life resistance computers

sequence origin bacterial system
gene biology new network

molecular groups strains systems
sequencing phylogenetic control model

map living infectious parallel
information diversity malaria methods

genetics group parasite networks
mapping new parasites software
project two united new

sequences common tuberculosis simulations



Coordinate ascent variational inference (CAVI)

Input: data x, model p(β ,z,x).

Initialize λ randomly.

while not converged do

for each data point i do

Set local parameter

φi← Eλ [η`(β , xi)] .

end

Set global parameter

λ← α+
∑n

i=1Eφi
[t(Zi, xi)] .

end
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Coordinate ascent variational inference (CAVI)

Input: data x, model p(β ,z,x).

Initialize λ randomly.

while not converged do

for each data point i do

Set local parameter

φi← Eλ [η`(β , xi)] .

end
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Stochastic variational inference (SVI)

�ˇkwd;nzd;n�d˛
N D K

�d �d;n �k

� Classical VI is inefficient:

– Do some local computation for each data point.
– Aggregate these computations to re-estimate global structure.
– Repeat.

� This cannot handle massive data.

� Stochastic variational inference (SVI) scales VI to massive data.



Stochastic variational inference
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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Stochastic optimization

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to
The Annals of Mathematical Statistics.

www.jstor.org
®

� Replace the gradient with cheaper noisy estimates [Robbins and Monro, 1951]

� Guaranteed to converge to a local optimum [Bottou, 1996]

� Has enabled modern machine learning



Stochastic optimization

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to
The Annals of Mathematical Statistics.

www.jstor.org
®

� With noisy gradients, update

νt+1 = νt +ρt∇̂νL (νt)

� Requires unbiased gradients, E
�

∇̂νL (ν)
�

=∇νL (ν)

� Requires the step size sequence ρt follows the Robbins-Monro conditions



Stochastic variational inference

� The natural gradient of the ELBO [Amari, 1998; Sato, 2001; Hoffman+ 2013]

∇nat
λ L (λ) =

�

α+
∑n

i=1Eφ∗i [t(Zi, xi)]
�

−λ.

� Construct a noisy natural gradient,

j∼ Uniform(1, . . . , n)

∇̂nat
λ L (λ) = α+ nEφ∗j [t(Zj, xj)]−λ.

� It is good for stochastic optimization.

– Its expectation is the exact gradient (unbiased).
– It only depends on optimized local parameters of one data point (fast).
– We don’t need to store those optimized parameters (cheap).



Stochastic variational inference

Input: data x, model p(β ,z,x).

Initialize λ randomly. Set ρt appropriately.

while not converged do

Sample j∼ Unif(1, . . . , n). Set local parameter

φ← Eλ
�

η`(β , xj)
�

.

Set intermediate global parameter

λ̂= α+ nEφ[t(Zj, xj)].

Set global parameter

λ= (1−ρt)λ+ρtλ̂.

end
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Stochastic variational inference
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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Stochastic variational inference for LDA

�ˇkwd;nzd;n�d˛
N D K

�d �d;n �k

� Sample a document

� Estimate the local variational parameters using the current topics

� Form intermediate topics from those local parameters

� Update topics as a weighted average of intermediate and current topics



Stochastic variational inference for LDA

4096

systems
health

communication
service
billion

language
care
road

8192

service
systems
health

companies
market

communication
company
billion

12288

service
systems
companies
business
company
billion
health
industry

16384

service
companies
systems
business
company
industry
market
billion

32768

business
service

companies
industry
company

management
systems
services

49152

business
service

companies
industry
services
company

management
public

2048

systems
road
made
service

announced
national
west

language

65536

business
industry
service

companies
services
company

management
public

Documents
analyzed

Top eight
words

Documents seen (log scale)

P
e
rp
le
x
it
y

600

650

700

750

800

850

900

10
3.5

10
4

10
4.5

10
5

10
5.5

10
6

10
6.5

Batch 98K

Online 98K

Online 3.3M

[Hoffman+ 2010]



ST01CH10-Blei ARI 4 December 2013 17:0

Game

Second

Season
Team

Play

Games

Players

Points

Coach

Giants

1

House

Bush

Political

Party

Clinton
Campaign

Republican

Democratic

Senator
Democrats

6

School

Life

Children

Family

Says

Women

Help
Mother

Parents
Child

11

Street
School

House

Life

Children

Family
Says

Night

Man

Know

2

Percent

Street

House

Building

Real

Space
Development

Square
Housing

Buildings

7

Percent

Business

Market

Companies

Stock

Bank

Financial

Fund

Investors
Funds

12

Life

Says

Show

Man
Director

Television

Film

Story

Movie

Films

3

Game

Second
Team

Play

Won

Open

Race

Win

Round
Cup

8

Government

Life

War
Women

Political
Black

Church

Jewish

Catholic

Pope

13

House

Life

Children

Man

War

Book

Story

Books

Author

Novel

4

Game

Season

Team

Run
League

Games
Hit

Baseball

Yankees

Mets

9

Street

Show

Art
Museum

Works
Artists

Artist

Gallery

Exhibition
Paintings

14

Street

House

Night
Place

Park

Room

Hotel

Restaurant

Garden

Wine

5

Government

Officials

War
Military

Iraq

Army

Forces

Troops

Iraqi

Soldiers

10

Street

Yesterday
Police

Man

Case
Found

Officer

Shot

Officers

Charged

15

Figure 5
Topics found in a corpus of 1.8 million articles from the New York Times. Modified from Hoffman et al. (2013).

a particular movie), our prediction of the rating depends on a linear combination of the user’s
embedding and the movie’s embedding. We can also use these inferred representations to find
groups of users that have similar tastes and groups of movies that are enjoyed by the same kinds
of users.

Figure 4c illustrates the graphical model. This model is closely related to a linear factor model,
except that each cell’s distribution is determined by hidden variables that depend on the cell’s row
and column. The overlapping plates show how the observations at the nth row share its embedding
wn but use different variables γm for each column. Similarly, the observations in the mth column
share its embedding γm but use different variables wn for each row. Casting matrix factorization
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Communities discovered in a 3.7M node network of U.S. Patents

[Gopalan and Blei, PNAS 2013]
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SVI scales many models

Subsample
data

Infer local 
structure

Update global 
structure

� Bayesian mixture models

� Time series models
(HMMs, linear dynamic systems)

� Factorial models

� Matrix factorization
(factor analysis, PCA, CCA)

� Dirichlet process mixtures, HDPs

� Multilevel regression
(linear, probit, Poisson)

� Stochastic block models

� Mixed-membership models
(LDA and some variants)



Black Box Variational Inference



Variational inference

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� VI solves inference with optimization.

� Posit a variational family of distributions over the latent variables.

� Fit the variational parameters ν to be close (in KL) to the exact posterior.



BLEI, NG, AND JORDAN

Finally, we expand Eq. (14) in terms of the model parameters (α,β) and the variational parameters
(γ,φ). Each of the five lines below expands one of the five terms in the bound:

L(γ,φ;α,β) = logΓ
�
∑k
j=1α j

�
�

k

∑
i=1
logΓ(αi)+

k

∑
i=1

(αi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

+
N

∑
n=1

k

∑
i=1

φni
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

+
N

∑
n=1

k

∑
i=1

V

∑
j=1

φniw j
n logβi j

� logΓ
�
∑k
j=1 γ j

�
+

k

∑
i=1
logΓ(γi)�

k

∑
i=1

(γi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

�
N

∑
n=1

k

∑
i=1

φni logφni,

(15)

where we have made use of Eq. (8).
In the following two sections, we show how to maximize this lower bound with respect to the

variational parameters φ and γ.

A.3.1 VARIATIONAL MULTINOMIAL

We first maximize Eq. (15) with respect to φni, the probability that the nth word is generated by
latent topic i. Observe that this is a constrained maximization since ∑k

i=1φni = 1.
We form the Lagrangian by isolating the terms which contain φni and adding the appropriate

Lagrange multipliers. Let βiv be p(wvn = 1 |zi = 1) for the appropriate v. (Recall that each wn is
a vector of size V with exactly one component equal to one; we can select the unique v such that
wvn = 1):

L[φni] = φni
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
+φni logβiv�φni logφni+λn

�
∑k
j=1φni�1

�
,

where we have dropped the arguments of L for simplicity, and where the subscript φni denotes that
we have retained only those terms in L that are a function of φni. Taking derivatives with respect to
φni, we obtain:

∂L
∂φni

=Ψ(γi)�Ψ
�
∑k
j=1 γ j

�
+ logβiv� logφni�1+λ.

Setting this derivative to zero yields the maximizing value of the variational parameter φni (cf. Eq. 6):

φni ∝ βiv exp
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
. (16)

1020

LATENT DIRICHLET ALLOCATION

A.3.2 VARIATIONAL DIRICHLET

Next, we maximize Eq. (15) with respect to γi, the ith component of the posterior Dirichlet param-
eter. The terms containing γi are:

L[γ] =
k

∑
i=1

(αi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
+

N

∑
n=1

φni
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

� logΓ
�
∑k
j=1 γ j

�
+ logΓ(γi)�

k

∑
i=1

(γi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
.

This simplifies to:

L[γ] =
k

∑
i=1

�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

���
αi+∑N

n=1φni� γi
�
� logΓ

�
∑k
j=1 γ j

�
+ logΓ(γi).

We take the derivative with respect to γi:

∂L
∂γi

=Ψ0(γi)
�
αi+∑N

n=1φni� γi
�
�Ψ0 �∑k

j=1 γ j
� k

∑
j=1

�
α j +∑N

n=1φn j� γ j
�
.

Setting this equation to zero yields a maximum at:

γi = αi+∑N
n=1φni. (17)

Since Eq. (17) depends on the variational multinomial φ, full variational inference requires
alternating between Eqs. (16) and (17) until the bound converges.

A.4 Parameter estimation

In this final section, we consider the problem of obtaining empirical Bayes estimates of the model
parameters α and β. We solve this problem by using the variational lower bound as a surrogate
for the (intractable) marginal log likelihood, with the variational parameters φ and γ fixed to the
values found by variational inference. We then obtain (approximate) empirical Bayes estimates by
maximizing this lower bound with respect to the model parameters.

We have thus far considered the log likelihood for a single document. Given our assumption
of exchangeability for the documents, the overall log likelihood of a corpus D = {w1,w2, . . . ,wM}
is the sum of the log likelihoods for individual documents; moreover, the overall variational lower
bound is the sum of the individual variational bounds. In the remainder of this section, we abuse
notation by using L for the total variational bound, indexing the document-specific terms in the
individual bounds by d, and summing over all the documents.

Recall from Section 5.3 that our overall approach to finding empirical Bayes estimates is based
on a variational EM procedure. In the variational E-step, discussed in Appendix A.3, we maximize
the bound L(γ,φ;α,β) with respect to the variational parameters γ and φ. In the M-step, which we
describe in this section, we maximize the bound with respect to the model parameters α and β. The
overall procedure can thus be viewed as coordinate ascent in L .

1021

BLEI, NG, AND JORDAN

A.1 Computing E[log(θi |α)]

The need to compute the expected value of the log of a single probability component under the
Dirichlet arises repeatedly in deriving the inference and parameter estimation procedures for LDA.
This value can be easily computed from the natural parameterization of the exponential family
representation of the Dirichlet distribution.

Recall that a distribution is in the exponential family if it can be written in the form:

p(x |η) = h(x)exp
�
ηTT (x)�A(η)

 
,

where η is the natural parameter, T (x) is the sufficient statistic, and A(η) is the log of the normal-
ization factor.

We can write the Dirichlet in this form by exponentiating the log of Eq. (1):

p(θ |α) = exp
��
∑k
i=1(αi�1) logθi

�
+ logΓ

�
∑k
i=1αi

�
�∑k

i=1 logΓ(αi)
 

.

From this form, we immediately see that the natural parameter of the Dirichlet is ηi = αi� 1 and
the sufficient statistic is T (θi) = logθi. Furthermore, using the general fact that the derivative of
the log normalization factor with respect to the natural parameter is equal to the expectation of the
sufficient statistic, we obtain:

E[logθi |α] =Ψ(αi)�Ψ
�
∑k
j=1α j

�

where Ψ is the digamma function, the first derivative of the log Gamma function.

A.2 Newton-Raphson methods for a Hessian with special structure

In this section we describe a linear algorithm for the usually cubic Newton-Raphson optimization
method. This method is used for maximum likelihood estimation of the Dirichlet distribution (Ron-
ning, 1989, Minka, 2000).

The Newton-Raphson optimization technique finds a stationary point of a function by iterating:

αnew = αold�H(αold)
�1g(αold)

where H(α) and g(α) are the Hessian matrix and gradient respectively at the point α. In general,
this algorithm scales as O(N3) due to the matrix inversion.

If the Hessian matrix is of the form:

H = diag(h)+1z1T, (10)

where diag(h) is defined to be a diagonal matrix with the elements of the vector h along the diagonal,
then we can apply the matrix inversion lemma and obtain:

H�1 = diag(h)�1� diag(h)
�111Tdiag(h)�1

z�1+∑k
j=1 h

�1
j

Multiplying by the gradient, we obtain the ith component:

(H�1g)i =
gi� c
hi
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[from Blei+ 2003]
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� Easily use variational inference with any model; no more appendices!

� Perform inference with massive data

� No mathematical work beyond specifying the model



Motivation: Bayesian deep learning

2

the word error rate on four major benchmarks by about 30%
(e.g. from 27.4% to 18.5% on RT03S) compared to state-of-
the-art models based on Gaussian mixtures for the acoustic
modeling and trained on the same amount of data (309 hours
of speech). The relative improvement in error rate obtained
by Dahl et al. (2012) on a smaller large-vocabulary speech
recognition benchmark (Bing mobile business search dataset,
with 40 hours of speech) is between 16% and 23%.

Representation-learning algorithms (based on recurrent neu-
ral networks) have also been applied to music, substan-
tially beating the state-of-the-art in polyphonic transcrip-
tion (Boulanger-Lewandowski et al., 2012), with a relative
error improvement of between 5% and 30% on a standard
benchmark of four different datasets.

Object Recognition
The beginnings of deep learning in 2006 have focused on

the MNIST digit image classification problem (Hinton et al.,
2006a; Bengio et al., 2007), breaking the supremacy of SVMs
(1.4% error) on this dataset2. The latest records are still held
by deep networks: Ciresan et al. (2012) currently claims the
title of state-of-the-art for the unconstrained version of the task
(e.g., using a convolutional architecture), with 0.27% error,
and Rifai et al. (2011c) is state-of-the-art for the knowledge-
free version of MNIST, with 0.81% error.

In the last few years, deep learning has moved from
digits to object recognition in natural images, and the latest
breakthrough has been achieved on the ImageNet dataset3

bringing down the state-of-the-art error rate from 26.1% to
15.3% (Krizhevsky et al., 2012).

Natural Language Processing
Besides speech recognition, there are many other Natural

Language Processing applications of representation learning
algorithms. The idea of distributed representation for symbolic
data was introduced by Hinton (1986), and first developed
in the context of statistical language modeling by Bengio
et al. (2003)4. They are all based on learning a distributed
representation for each word, also called a word embedding.
Combining this idea with a convolutional architecture, Col-
lobert et al. (2011) developed the SENNA system5 that shares
representations across the tasks of language modeling, part-of-
speech tagging, chunking, named entity recognition, semantic
role labeling and syntactic parsing. SENNA approaches or
surpasses the state-of-the-art on these tasks but is much faster
than traditional predictors and requires only 3500 lines of C
code to perform its predictions.

The neural net language model was also improved by
adding recurrence to the hidden layers (Mikolov et al., 2011),
allowing it to beat the state-of-the-art (smoothed n-gram
models) not only in terms of perplexity (exponential of the
average negative log-likelihood of predicting the right next
word, going down from 140 to 102) but also in terms of

2. for the knowledge-free version of the task, where no image-specific prior
is used, such as image deformations or convolutions

3. The 1000-class ImageNet benchmark, whose results are detailed here:
http://www.image-net.org/challenges/LSVRC/2012/results.html

4. See this review of neural net language models (Bengio, 2008).
5. downloadable from http://ml.nec-labs.com/senna/

word error rate in speech recognition (since the language
model is an important component of a speech recognition
system), decreasing it from 17.2% (KN5 baseline) or 16.9%
(discriminative language model) to 14.4% on the Wall Street
Journal benchmark task. Similar models have been applied
in statistical machine translation (Schwenk et al., 2012),
improving the BLEU score by almost 2 points. Recursive auto-
encoders (which generalize recurrent networks) have also been
used to beat the state-of-the-art in full sentence paraphrase
detection (Socher et al., 2011a) almost doubling the F1 score
for paraphrase detection. Representation learning can also be
used to perform word sense disambiguation (Bordes et al.,
2012), bringing up the accuracy from 67.8% to 70.2% on
the subset of Senseval-3 where the system could be applied
(with subject-verb-object sentences). Finally, it has also been
successfully used to surpass the state-of-the-art in sentiment
analysis (Glorot et al., 2011b; Socher et al., 2011b).
Multi-Task and Transfer Learning, Domain Adaptation

Transfer learning is the ability of a learning algorithm to
exploit commonalities between different learning tasks in order
to share statistical strength, and transfer knowledge across
tasks. As discussed below, we hypothesize that representation
learning algorithms have an advantage for such tasks because
they learn representations that capture underlying factors, a
subset of which may be relevant for each particular task, as
illustrated in Figure 1. This hypothesis seems confirmed by a
number of empirical results showing the strengths of repre-
sentation learning algorithms in transfer learning scenarios.

raw input x 

task 1  
output y1 

task 3  
output y3 

task 2 
output y2 Task%A% Task%B% Task%C%

%output%

%input%

%shared%
subsets%of%
factors%

Fig. 1. Illustration of a representation-learning model which
discovers explanatory factors (middle hidden layer, in red),
some of which explain the input (semi-supervised setting), and
some of which explain the target for each task. Because these
subsets overlap, sharing of statistical strength allows gains in
generalization..

Most impressive are the two transfer learning challenges
held in 2011 and won by representation learning algorithms.
First, the Transfer Learning Challenge, presented at an ICML
2011 workshop of the same name, was won using unsuper-
vised layer-wise pre-training (Bengio, 2011; Mesnil et al.,
2011). A second Transfer Learning Challenge was held the
same year and won by Goodfellow et al. (2011). Results were
presented at NIPS 2011’s Challenges in Learning Hierarchical
Models Workshop. Other examples of the successful appli-
cation of representation learning in fields related to transfer

� Deep learning [Bengio+ 2013]
Discover layered representations of high-dimensional data.

� Bayesian statistics [Gelman+ 2014]
Cast inferences of unknown quantities as probability calculations.

� Bayesian deep learning [Ranganath+ 2015]
Posterior inference of layered representations of high-dimensional data.



Model: Deep exponential families
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Deep exponential families
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� All distributions are in an exponential family

p(zn,`,k |zn,`+1,w`,k) = expfam(z ; η)

η= g(z>n,`+1w`,k).

� Design choices:

– number of layers; number of units per layer
– type of representation; link function g



Deep exponential families
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The hidden layers define the type of latent representation:

� Bernoulli, binary [Sigmoid Belief Net, Neal 1992]

� Gaussian, real-valued [Deep Latent Gaussian Models, Rezende+ 2014, Kingma+ 2014]

� Poisson, count

� Gamma, positive (and sparse)



Example: Text data

� The data layer defines the type of observations,
e.g., xn,i can be the count of word i in document n.

� Use a Poisson likelihood, conditional on the last layer of hidden variables,

xn,i ∼ Poisson(g(w>0,izn,1))

� (This is an alternative to LDA that finds layers of topics.)
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� 160,000 documents; 8,500 vocabulary terms; 10M observed words

� The posterior weights provide topics and topics-of-topics.



Medical Diagnoses

single birth
pregnancy

delivery
pregnant state

ibuprofen

lanolin
oxytocin
docusate

single birth
zolpidem

STI screening
contraceptives
HIV counseling

gyn exam
pregnancy test

hypertension
cholesterol+
flu vaccine
presbyopia

prescriptions+

anxiety
depression
headache

abdominal pain
myalgia

diverticulosis
hemorrhoids

cancer screen
reflux

 colon cancer

pain in joint
lumbago

pain in limb
cervicalgia

thoracic neuritis

“Pregnancy” “Geriatrics”

� 300,000 patients; 18,000 diagnoses; 1.5M observed diagnoses

� The posterior weights provide topics and topics-of-topics.



Deep exponential families
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� We want to try lots of types of DEFs. But how to do inference?

� DEFs contain cascades of latent variables.

� DEFs are not conditionally conjugate.



Nonconjugate models

Global variables

Local variables

ˇ

xizi
n

p(β ,z,x) = p(β)
n
∏

i=1

p(zi, xi |β)

� Nonlinear time series models

� Deep latent Gaussian models

� Models with attention

� Generalized linear models

� Stochastic volatility models

� Discrete choice models

� Bayesian neural networks

� Deep exponential families

� Correlated topic models

� Sigmoid belief networks
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Black box variational inference

L (ν) = Eq [log p(β ,z,x)]
︸ ︷︷ ︸

Expected complete log likelihood

− Eq [log q(β ,z;ν)]
︸ ︷︷ ︸

Negative entropy

� Recall: VI optimizes the evidence lower bound (ELBO) instead.

– It is a lower bound on log p(x).
– Maximizing the ELBO is equivalent to minimizing the KL.

� The ELBO trades off two terms.

– The first term prefers q(·) to place its mass on the MAP estimate.
– The second term encourages q(·) to be diffuse.

� Caveat: The ELBO is not convex.



Black box variational inference

L (ν) = Eq [log p(β ,z,x)]
︸ ︷︷ ︸

Expected complete log likelihood

− Eq [log q(β ,z;ν)]
︸ ︷︷ ︸

Negative entropy

The main idea behind BBVI:

� Write the gradient of the ELBO as an expectation
� Sample from q(·) to form a Monte Carlo estimate of the gradient
� Use the MC estimate in a stochastic optimization



Black box variational inference

L (ν) = Eq [log p(β ,z,x)]
︸ ︷︷ ︸

Expected complete log likelihood

− Eq [log q(β ,z;ν)]
︸ ︷︷ ︸

Negative entropy

Keep in mind the black box criteria. We should only need to:

� sample from q(β ,z)
� evaluate things about q(β ,z)
� evaluate log p(β ,z,x)



Black box variational inference

L (ν) = Eq [log p(β ,z,x)]
︸ ︷︷ ︸

Expected complete log likelihood

− Eq [log q(β ,z;ν)]
︸ ︷︷ ︸

Negative entropy

� Research in BBVI is about how to write the gradient as an expectation.

� While SVI uses stochastic optimization to overcome large datasets,
BBVI uses it to overcome difficult objective functions.

� There are two main strategies:

– Score gradients

– Reparameterization gradients



The score gradient

∇νL = Eq(z;ν)[∇ν log q(z;ν)
︸ ︷︷ ︸

score function

(log p(x,z)− log q(z;ν))
︸ ︷︷ ︸

instantaneous ELBO

]

� Use the score function to write the gradient as an expectation.
[Ji+ 2010; Paisley+ 2012; Wingate+ 2013; Ranganath+ 2014; Mnih+ 2014]

� Also called the likelihood ratio or REINFORCE gradient
[Glynn 1990; Williams 1992]

� Optimizes ν to have high probability on z that give a big ELBO



The score gradient

∇νL = Eq(z;ν)[∇ν log q(z;ν)
︸ ︷︷ ︸

score function

(log p(x,z)− log q(z;ν))
︸ ︷︷ ︸

instantaneous ELBO

]

Satisfies the black box criteria — no model-specific analysis needed.

� sample from q(z;ν)

� evaluate ∇ν log q(z;ν)

� evaluate log p(x,z) and log q(z)



Score-gradient BBVI

Input: data x, model p(z,x).

Initialize ν randomly. Set ρj appropriately.

while not converged do

Take S samples from the variational distribution

z[s]∼ q(z;ν) s= 1 . . . S

Calculate the noisy score gradient

g̃t =
1
S

S
∑

s=1

∇ν log q(z[s];νt)(log p(x,z[s])− log q(z[s];νt))

Update the variational parameters

νt+1 = νt +ρtg̃t

end
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Score-gradient BBVI

Input: data x, model p(z,x).

Initialize ν randomly. Set ρj appropriately.

while not converged do

Take S samples from the variational distribution

z[s]∼ q(z;ν) s= 1 . . . S

Calculate the noisy score gradient

g̃t =
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S
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BBVI: Making it work
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� Control the variance of the gradient [e.g., Paisley+ 2012; Ranganath+ 2014]

– Rao-Blackwellization, control variates, importance sampling

� Adaptive step sizes [e.g., Duchi+ 2011; Kingma and Ba 2014; Kucukelbir+ 2016]

� SVI, for massive data [Hoffman+ 2013]
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� 160,000 documents

� 8,500 vocabulary terms

� 10M observed words



Empirical study of DEFs

� NYT and Science (about 150K documents in each, about 7K terms)

� Adjusted the depth, prior on weights, and link function

� Used BBVI for all analyses

� Held-out perplexity (lower is better) [Wallach+ 2009]



DEF evaluation

Model p(w) NYT Science

LDA [Blei+ 2003] 2717 1711
DocNADE [Larochelle+ 2012] 2496 1725

Sparse Gamma 100 ; 2525 1652
Sparse Gamma 100-30 Γ 2303 1539
Sparse Gamma 100-30-15 Γ 2251 1542

Sigmoid 100 ; 2343 1633
Sigmoid 100-30 N 2653 1665
Sigmoid 100-30-15 N 2507 1653

Poisson 100 ; 2590 1620
Poisson 100-30 N 2423 1560
Poisson 100-30-15 N 2416 1576
Poisson log-link 100-30 Γ 2288 1523
Poisson log-link 100-30-15 Γ 2366 1545



Neuroscience analysis of 220 million fMRI measurements

[Manning+ 2014]



evaluable differentiableall models conditionally 
conjugate



The reparameterization gradient

� One BB criterion is to calculate log p(z,x).
But what if we can also calculate the gradient ∇z log p(z,x).

� This information might help optimize the ELBO; and it can still be “black
box,” thanks to automatic differentiation.

� This is the class of models that can use the reparameterization gradient.



Shopper: A Bayesian model of consumer choice

� Economists want to understand how people shop

� Shopper is a Bayesian model of consumer behavior [Ruiz+ 2017] .

� Use it to understand patterns of purchasing behavior and estimate the
effects of interventions (e.g., on price)



Shopper

baby	items dog	items seasonal	fruits taco	ingredients

� Each customer walks into the store and sequentially chooses items, each
time maximizing utility. This leads to a joint:

p(yt) = p(yt1)p(yt2 |yt1) · · ·p
�

ytn |y
[n−1]
t

�

.

� The customer picks each item conditional on features of the other items.
These features capture that, e.g.,

– taco shells and beans go well together
– a customer doesn’t need to buy four different types of salsa
– people who buy dog food also usually buy dog treats

� But these features are latent!



Shopper

baby	items dog	items seasonal	fruits taco	ingredients

� The conditional probability of picking item c is a log linear model

p(yti = c |previously selected items)∝ exp{Ψtc}.

� The parameter is

Ψtc = ρ
>
c

 

i−1
∑

j=1

αytj

!

� This is an embedding method [Bengio+ 2003; Rudolph+ 2016] .

– αtaco : (latent) attributes of taco shells
– ρsalsa : attributes that go well with salsa



The Shopper posterior

CUSTOMER PREFERENCES
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� From a dataset of shopping trips, infer the posterior p(α,ρ |x).

� Posterior of per-item attributes and per-item interaction coefficients

� 3,200 customers; 5,600 items; 570K trips; 5.7M purchased items



havarti w/dill primo taglio dv

wellington wtr crackers traditional

brie president

brie cambozola champignon
brie supreme dv

spread garlic/herb alouette

artichoke parm dip stonemill

dip spinach signature 16 oz

carrs cracker table water garlic & herb

cheddar smokey sharp deli counter dv

carrs cracker table water cracked pepper

wellington wtr crackers cracked pepper
mozz/proscuitto rl primo taglio

carrs crackers table water w/sesame

spread spinach alouette

dip artichoke cps toast garlic & cheese mussos

carrs crackers table water black

spread garlic herb lt alouette

brie ile de france cut/wrap

gouda domestic dv

gouda smoked deli counter dv

pep farm dist crackers quartet

toast tiny pride of fran

brie primo taglio

crackers water classic monet

crackers monet classic shp

alouette cheese spread sundrd tom w/bsl

wellington wtr crackers tsted ssme

brie mushroom champignon dv
brie camembert de france dv

carrs crackers whole wheat

pep farm cracker butter thins

brie marquis de lafayette

Shopper on 5.7M purchases.

[Ruiz+ 2017]



Shopper

baby	items dog	items seasonal	fruits taco	ingredients

� Shopper is not conditionally conjugate

� But we can evaluate log p(α,ρ,x) and its gradient ∇α,ρ log p(α,ρ,x).

� We can use BBVI with the reparameterization gradient.



Differentiable models and transformable variational families

� Suppose log p(x,z) and log q(z) are differentiable with respect to z.

� Suppose the variational distribution can be written with a transformation,

ε∼ s(ε)
z= t(ε,ν)
→ z∼ q(z;ν).

For example,

ε∼ Normal(0,1)
z= εσ+µ

→ z∼ Normal(µ,σ2).

� Note: The variational parameters are part of the transformation,
but not the “noise” distribution.



evaluable differentiableall models conditionally 
conjugate



The reparameterization gradient

∇νL = Es(ε)



∇z [log p(x,z)− log q(z;ν)]
︸ ︷︷ ︸

gradient of instananeous ELBO

∇ν t(ε,ν)
︸ ︷︷ ︸

gradient of transformation





� This is the reparameterization gradient.
[Glasserman 1991; Fu 2006; Kingma+ 2014; Rezende+ 2014; Titsias+ 2014]

� Can use autodifferentiation to take gradients (especially of the model)

� Can use and reuse different transformations [e.g., Naesseth+ 2017]



Reparameterization BBVI

Input: data x, model p(z,x).

Initialize ν randomly. Set ρt appropriately.

while not converged do

Take S samples from the auxillary variable

εs ∼ s(ε) s= 1 . . . S

Calculate the noisy gradient

g̃t =
1
S

S
∑

s=1

∇z[log p(x, t(εs,νn))− log q(t(εs,νn);νn)]∇νt(εs,νn)

Update the variational parameters

νt+1 = νt +ρtg̃t

end
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Analysis of 1.7M taxi trajectories, in Stan

[Kucukelbir+ 2017]



Score gradient

Eq(z;ν)[∇ν log q(z;ν)(log p(x,z)− log q(z;ν))]

� Works for discrete and continuous models
� Works for a large class of variational approximations
� But the variance of the noisy gradient can be large

Reparameterization gradient

Es(ε)[∇z [log p(x,z)− log q(z;ν)]∇ν t(ε,ν)]

� Requires differentiable models, i.e., no discrete variables
� Requires variational approximation to have form z= t(ε,ν)
� Better behaved variance



Variance comparison

K���������, T���, R��������, G����� ��� B���

���� is not the only way to compute Monte Carlo approximations of the gradient of the ����.
Black box variational inference (����) takes a di�erent approach (Ranganath et al., 2014). The ����
gradient estimator uses the gradient of the variational approximation and avoids using the gradient of
the model. For example, the following ���� estimator

r����
� L D Eq.⇣ I�/

⇥r� log q.⇣ I �/
˚
logp

�
x; T �1.⇣/

�C log
ˇ̌
det JT�1.⇣/

ˇ̌ � log q.⇣ I �/
 ⇤

and the ���� gradient estimator in Equation (7) both lead to unbiased estimates of the exact gradient.
While ���� is more general—it does not require the gradient of the model and thus applies to more
settings—its gradients can su�er from high variance.
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(a) Univariate Model
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(b) Multivariate Nonlinear Regression Model

Figure 8: Comparison of gradient estimator variances. The ���� gradient estimator exhibits lower
variance than the ���� estimator. Moreover, it does not require control variate variance reduction,
which is not available in univariate situations.

Figure 8 empirically compares the variance of both estimators for two models. Figure 8a shows
the variance of both gradient estimators for a simple univariate model, where the posterior is a
Gamma.10; 10/. We estimate the variance using ten thousand re-calculations of the gradient r�L,
across an increasing number of �� samples M . The ���� gradient has lower variance; in practice, a
single sample su�ces. (See the experiments in Section 4.)

Figure 8b shows the same calculation for a 100-dimensional nonlinear regression model with
likelihood N .y j tanh.x>ˇ/; I/ and a Gaussian prior on the regression coe�cients ˇ. Because
this is a multivariate example, we also show the ���� gradient with a variance reduction scheme
using control variates described in Ranganath et al. (2014). In both cases, the ���� gradients is
computationally more e�cient.

3.3 Sensitivity to Transformations
���� uses a transformation T from the unconstrained space to the constrained space. We now study
how the choice of this transformation a�ects the non-Gaussian posterior approximation in the original
latent variable space.

Consider a posterior density in the Gamma family, with support over R>0. Figure 9 shows three
configurations of the Gamma, ranging from Gamma.1; 2/, which places most of its mass close to
✓ D 0, to Gamma.10; 10/, which is centered at ✓ D 1. Consider two transformations T1 and T2

T1 W ✓ 7! log.✓/ and T2 W ✓ 7! log.exp.✓/ � 1/;

16

[Kucukelbir+ 2017]



Models that can use the score gradient

evaluable differentiableall models conditionally 
conjugate



Models that can use the reparameterization gradient

evaluable differentiableall models conditionally 
conjugate



(A pause to look again at the big picture)



The probabilistic pipeline

Make assumptions Discover patterns

DATA

Predict & Explore

KNOWLEDGE &
QUESTION
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This content downloaded from 128.59.38.144 on Thu, 12 Nov 2015 01:49:31 UTC
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.

28

� Box’s loop separates the activities involved in probabilistic ML

� We design models for applications, e.g., LDA, DEFs, Shopper.
But what about computation?

� Posterior inference is the key algorithmic problem.
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� VI provides scalable and general approaches to posterior inference.

� Stochastic VI scales up VI

� Black box VI generalizes VI to many models



Stochastic optimization makes VI better

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� SVI and BBVI both rely on stochastic optimization.

� SVI forms noisy gradients by subsampling data.

� BBVI forms noisy gradients with Monte Carlo
(and can use automatic differentiation).



(Now let’s continue)



Next topics

� What is a variational autoencoder?

� Let’s derive BBVI!

� A tour of variational inference with one picture

� Open questions and references



What is a variational autoencoder?



Deep learning (a probabilistic perspective)
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� The features are xi (e.g., an image); the response is yi (e.g., a category).

� Deep learning fits a conditional model θ ,

(µi,σ
2
i ) = fθ (xi)

yi ∼N (µi,σ
2
i ),

where fθ (·) is a neural network.

� Different distributions of the response lead to different loss functions.
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<latexit sha1_base64="+XIRSGBdAN8Stl1rvHm+Js7w2lM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZK7VE/4xe1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+7pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE974GZdJalCyxaIwFcTEZPY7GXCFzIiJJZQpbm8lbEQVZcYmVLIheMsvr5JWrepdVmsPV5X6bR5HEU7gFM7Bg2uowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4A6m2PSg==</latexit>

hi,3
<latexit sha1_base64="ZYlRm+0WaCSQpfO0XXgbgTUPe9I=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mkmCfkSHkoecUWOl9qif8cvatF8quxV3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrWvFqlerDVbl+m8dRgFM4gwvw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8A6/KPSw==</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

� The NN forms the response parameter as a function of the features.

� It is a composition of non-linear functions, where hi,`,k = σ(h>i,`−1θ`).

� The non-linear function can be logit, probit, softplus, etc.



Deep generative models

(µi, �
2
i )

<latexit sha1_base64="T7VHIQKI7IMoSiZZd6Jb9AFeRrI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmqoMuiG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRNGlXacb2tldW19Y7O0Vd7e2d3btw8OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45up330kUtFY3OssIT5HQ0EjipE2UmBXah5PA3oGPUWHHD00Anoa2FWn7swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+jqSmmJFJ2UsVSRAeoyHpGyoQJ8rPZ8dP4IlRBjCKpSmh4Uz9PZEjrlTGQ9PJkR6pRW8q/uf1Ux1d+TkVSaqJwPNFUcqgjuE0CTigkmDNMkMQltTcCvEISYS1yatsQnAXX14mnUbdPa837i6qzesijhI4AsegBlxwCZrgFrRAG2CQgWfwCt6sJ+vFerc+5q0rVjFTAX9gff4AM2eT1Q==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

f✓(·)
<latexit sha1_base64="om3sw0AlPVCyudHNMTC5TwnLbVc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSBT0WvXisYD+gCWGz2bRLN9mwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYVSKThHaI4EL2A6woZwntAANO+6mkOA447QXjm5nfe6BSMZHcwySlXoyHCYsYwaAl36xGfu7CiAKe1l0SCjjzzZrdsOewVolTkBoq0PbNLzcUJItpAoRjpQaOnYKXYwmMcDqtuJmiKSZjPKQDTRMcU+Xl89On1qlWQisSUlcC1lz9PZHjWKlJHOjOGMNILXsz8T9vkEF05eUsSTOgCVksijJugbBmOVghk5QAn2iCiWT6VouMsMQEdFoVHYKz/PIq6TYbznmjeXdRa10XcZTRMTpBdeSgS9RCt6iNOoigR/SMXtGb8WS8GO/Gx6K1ZBQzR+gPjM8fEyOT3w==</latexit>

� Deep generative model [Kingma+ 2013; Rezende+ 2014]

zi ∼N (0, I)

(µi,σ
2
i ) = fθ (zi)

yi ∼N (µi,σ
2
i )

� The input is latent; it is no longer a conditional model.

� The likelihood p(y | z ; θ ) is complicated—it involves a NN.



AlphaFold (from DeepMind)



Inference and estimation

(µi, �
2
i )

<latexit sha1_base64="T7VHIQKI7IMoSiZZd6Jb9AFeRrI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmqoMuiG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRNGlXacb2tldW19Y7O0Vd7e2d3btw8OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45up330kUtFY3OssIT5HQ0EjipE2UmBXah5PA3oGPUWHHD00Anoa2FWn7swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+jqSmmJFJ2UsVSRAeoyHpGyoQJ8rPZ8dP4IlRBjCKpSmh4Uz9PZEjrlTGQ9PJkR6pRW8q/uf1Ux1d+TkVSaqJwPNFUcqgjuE0CTigkmDNMkMQltTcCvEISYS1yatsQnAXX14mnUbdPa837i6qzesijhI4AsegBlxwCZrgFrRAG2CQgWfwCt6sJ+vFerc+5q0rVjFTAX9gff4AM2eT1Q==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

f✓(·)
<latexit sha1_base64="om3sw0AlPVCyudHNMTC5TwnLbVc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSBT0WvXisYD+gCWGz2bRLN9mwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYVSKThHaI4EL2A6woZwntAANO+6mkOA447QXjm5nfe6BSMZHcwySlXoyHCYsYwaAl36xGfu7CiAKe1l0SCjjzzZrdsOewVolTkBoq0PbNLzcUJItpAoRjpQaOnYKXYwmMcDqtuJmiKSZjPKQDTRMcU+Xl89On1qlWQisSUlcC1lz9PZHjWKlJHOjOGMNILXsz8T9vkEF05eUsSTOgCVksijJugbBmOVghk5QAn2iCiWT6VouMsMQEdFoVHYKz/PIq6TYbznmjeXdRa10XcZTRMTpBdeSgS9RCt6iNOoigR/SMXtGb8WS8GO/Gx6K1ZBQzR+gPjM8fEyOT3w==</latexit>

� Inference of zi and estimation of θ are hard.

� Fix the global parameters θ . The conditional of the local variable zi is

p(zi |yi,θ ) =
p(zi)p(yi | zi,θ )

∫

p(z′i)p(yi | z′i ,θ )dz′i
.

� The integral in the denominator is intractable; let’s use VI.



Amortized inference

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

(�i, �
2
i )

<latexit sha1_base64="oUaKXWRy0fel2KdVZyxuNSt+xLs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJFXRZdOOygn1AE8NkOmmHzkzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fB64rcfiFQ0Fnd6lBCfo76gEcVIGymwDypeMqABPYVeH3GO7msBPQnsslN1poCLxM1JGeRoBPaX14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfT68fw2Cg9GMXSlNBwqv6eyBBXasRD08mRHqh5byL+53VTHV36GRVJqonAs0VRyqCO4SQK2KOSYM1GhiAsqbkV4gGSCGsTWMmE4M6/vEhatap7Vq3dnpfrV3kcRXAIjkAFuOAC1MENaIAmwOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8wfZwJQw</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

g⌫(·)
<latexit sha1_base64="BlSxBDy6eC0RctJqftFzt6XwFd4=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/QXUs2zbah2WRJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsrPQx6mS/SScUnfWnOeqWyW3VnQMvEy0kZcjR6pS+/L0kaU2EIx1p3PTcxQYaVYYTTSdFPNU0wGeEB7VoqcEx1kM2unqBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xjc10VWQMZGkhgoyXxSlHBmJphGgPlOUGD62BBPF7K2IDLHCxNigijYEb/HlZdKqVb3zau3uoly/zuMowDGcQAU8uIQ63EIDmkBAwTO8wpvz5Lw4787HvHXFyWeO4A+czx9KBJJe</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

� Use VI at the local level, aiming to fit a q(zi) that is close to the posterior.

� Amortization: the variational family q(zi; yi,ν) is a function of the data
point yi and shared variational parameters ν [Gershman and Goodman 2014] .

� Surprise! We use a neural network,

(φi,γ
2
i ) = gν(yi)

q(zi) = normal(zi ; φi,γ
2
i ).

It is called the inference network.



The variational autoencoder

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

(�i, �
2
i )

<latexit sha1_base64="oUaKXWRy0fel2KdVZyxuNSt+xLs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJFXRZdOOygn1AE8NkOmmHzkzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fB64rcfiFQ0Fnd6lBCfo76gEcVIGymwDypeMqABPYVeH3GO7msBPQnsslN1poCLxM1JGeRoBPaX14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfT68fw2Cg9GMXSlNBwqv6eyBBXasRD08mRHqh5byL+53VTHV36GRVJqonAs0VRyqCO4SQK2KOSYM1GhiAsqbkV4gGSCGsTWMmE4M6/vEhatap7Vq3dnpfrV3kcRXAIjkAFuOAC1MENaIAmwOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8wfZwJQw</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

g⌫(·)
<latexit sha1_base64="BlSxBDy6eC0RctJqftFzt6XwFd4=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/QXUs2zbah2WRJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsrPQx6mS/SScUnfWnOeqWyW3VnQMvEy0kZcjR6pS+/L0kaU2EIx1p3PTcxQYaVYYTTSdFPNU0wGeEB7VoqcEx1kM2unqBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xjc10VWQMZGkhgoyXxSlHBmJphGgPlOUGD62BBPF7K2IDLHCxNigijYEb/HlZdKqVb3zau3uoly/zuMowDGcQAU8uIQ63EIDmkBAwTO8wpvz5Lw4787HvHXFyWeO4A+czx9KBJJe</latexit>

(µi, �
2
i )

<latexit sha1_base64="T7VHIQKI7IMoSiZZd6Jb9AFeRrI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmqoMuiG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRNGlXacb2tldW19Y7O0Vd7e2d3btw8OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45up330kUtFY3OssIT5HQ0EjipE2UmBXah5PA3oGPUWHHD00Anoa2FWn7swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+jqSmmJFJ2UsVSRAeoyHpGyoQJ8rPZ8dP4IlRBjCKpSmh4Uz9PZEjrlTGQ9PJkR6pRW8q/uf1Ux1d+TkVSaqJwPNFUcqgjuE0CTigkmDNMkMQltTcCvEISYS1yatsQnAXX14mnUbdPa837i6qzesijhI4AsegBlxwCZrgFrRAG2CQgWfwCt6sJ+vFerc+5q0rVjFTAX9gff4AM2eT1Q==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

f✓(·)
<latexit sha1_base64="om3sw0AlPVCyudHNMTC5TwnLbVc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSBT0WvXisYD+gCWGz2bRLN9mwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYVSKThHaI4EL2A6woZwntAANO+6mkOA447QXjm5nfe6BSMZHcwySlXoyHCYsYwaAl36xGfu7CiAKe1l0SCjjzzZrdsOewVolTkBoq0PbNLzcUJItpAoRjpQaOnYKXYwmMcDqtuJmiKSZjPKQDTRMcU+Xl89On1qlWQisSUlcC1lz9PZHjWKlJHOjOGMNILXsz8T9vkEF05eUsSTOgCVksijJugbBmOVghk5QAn2iCiWT6VouMsMQEdFoVHYKz/PIq6TYbznmjeXdRa10XcZTRMTpBdeSgS9RCt6iNOoigR/SMXtGb8WS8GO/Gx6K1ZBQzR+gPjM8fEyOT3w==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

ELBO

� Amortization ties together the ELBO for each zi. The objective is

L (ν) =
n
∑

i=1

Eq(zi;yi,ν) [log p(zi) + log p(yi | zi,θ )− log q(zi; yi,ν)] .

� The expectation in the ith term uses q(zi ; yi,ν).

� Amortization is about “learning to infer.”
(Open research: there seems to be more to this story.)



The variational autoencoder

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

(�i, �
2
i )

<latexit sha1_base64="oUaKXWRy0fel2KdVZyxuNSt+xLs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJFXRZdOOygn1AE8NkOmmHzkzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fB64rcfiFQ0Fnd6lBCfo76gEcVIGymwDypeMqABPYVeH3GO7msBPQnsslN1poCLxM1JGeRoBPaX14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfT68fw2Cg9GMXSlNBwqv6eyBBXasRD08mRHqh5byL+53VTHV36GRVJqonAs0VRyqCO4SQK2KOSYM1GhiAsqbkV4gGSCGsTWMmE4M6/vEhatap7Vq3dnpfrV3kcRXAIjkAFuOAC1MENaIAmwOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8wfZwJQw</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

g⌫(·)
<latexit sha1_base64="BlSxBDy6eC0RctJqftFzt6XwFd4=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/QXUs2zbah2WRJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsrPQx6mS/SScUnfWnOeqWyW3VnQMvEy0kZcjR6pS+/L0kaU2EIx1p3PTcxQYaVYYTTSdFPNU0wGeEB7VoqcEx1kM2unqBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xjc10VWQMZGkhgoyXxSlHBmJphGgPlOUGD62BBPF7K2IDLHCxNigijYEb/HlZdKqVb3zau3uoly/zuMowDGcQAU8uIQ63EIDmkBAwTO8wpvz5Lw4787HvHXFyWeO4A+czx9KBJJe</latexit>

(µi, �
2
i )

<latexit sha1_base64="T7VHIQKI7IMoSiZZd6Jb9AFeRrI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmqoMuiG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRNGlXacb2tldW19Y7O0Vd7e2d3btw8OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45up330kUtFY3OssIT5HQ0EjipE2UmBXah5PA3oGPUWHHD00Anoa2FWn7swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+jqSmmJFJ2UsVSRAeoyHpGyoQJ8rPZ8dP4IlRBjCKpSmh4Uz9PZEjrlTGQ9PJkR6pRW8q/uf1Ux1d+TkVSaqJwPNFUcqgjuE0CTigkmDNMkMQltTcCvEISYS1yatsQnAXX14mnUbdPa837i6qzesijhI4AsegBlxwCZrgFrRAG2CQgWfwCt6sJ+vFerc+5q0rVjFTAX9gff4AM2eT1Q==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

f✓(·)
<latexit sha1_base64="om3sw0AlPVCyudHNMTC5TwnLbVc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSBT0WvXisYD+gCWGz2bRLN9mwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYVSKThHaI4EL2A6woZwntAANO+6mkOA447QXjm5nfe6BSMZHcwySlXoyHCYsYwaAl36xGfu7CiAKe1l0SCjjzzZrdsOewVolTkBoq0PbNLzcUJItpAoRjpQaOnYKXYwmMcDqtuJmiKSZjPKQDTRMcU+Xl89On1qlWQisSUlcC1lz9PZHjWKlJHOjOGMNILXsz8T9vkEF05eUsSTOgCVksijJugbBmOVghk5QAn2iCiWT6VouMsMQEdFoVHYKz/PIq6TYbznmjeXdRa10XcZTRMTpBdeSgS9RCt6iNOoigR/SMXtGb8WS8GO/Gx6K1ZBQzR+gPjM8fEyOT3w==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

ELBO

� Use the reparameterization gradient.

� First write zi down as a transformation,

ε ∼N (0,1)
t(ε, yi,ν) = ε + gν(yi).

� This transformation involves variational parameters ν and datapoint yi.



The variational autoencoder

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

(�i, �
2
i )

<latexit sha1_base64="oUaKXWRy0fel2KdVZyxuNSt+xLs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJFXRZdOOygn1AE8NkOmmHzkzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fB64rcfiFQ0Fnd6lBCfo76gEcVIGymwDypeMqABPYVeH3GO7msBPQnsslN1poCLxM1JGeRoBPaX14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfT68fw2Cg9GMXSlNBwqv6eyBBXasRD08mRHqh5byL+53VTHV36GRVJqonAs0VRyqCO4SQK2KOSYM1GhiAsqbkV4gGSCGsTWMmE4M6/vEhatap7Vq3dnpfrV3kcRXAIjkAFuOAC1MENaIAmwOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8wfZwJQw</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

g⌫(·)
<latexit sha1_base64="BlSxBDy6eC0RctJqftFzt6XwFd4=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/QXUs2zbah2WRJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsrPQx6mS/SScUnfWnOeqWyW3VnQMvEy0kZcjR6pS+/L0kaU2EIx1p3PTcxQYaVYYTTSdFPNU0wGeEB7VoqcEx1kM2unqBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xjc10VWQMZGkhgoyXxSlHBmJphGgPlOUGD62BBPF7K2IDLHCxNigijYEb/HlZdKqVb3zau3uoly/zuMowDGcQAU8uIQ63EIDmkBAwTO8wpvz5Lw4787HvHXFyWeO4A+czx9KBJJe</latexit>

(µi, �
2
i )

<latexit sha1_base64="T7VHIQKI7IMoSiZZd6Jb9AFeRrI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmqoMuiG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRNGlXacb2tldW19Y7O0Vd7e2d3btw8OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45up330kUtFY3OssIT5HQ0EjipE2UmBXah5PA3oGPUWHHD00Anoa2FWn7swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+jqSmmJFJ2UsVSRAeoyHpGyoQJ8rPZ8dP4IlRBjCKpSmh4Uz9PZEjrlTGQ9PJkR6pRW8q/uf1Ux1d+TkVSaqJwPNFUcqgjuE0CTigkmDNMkMQltTcCvEISYS1yatsQnAXX14mnUbdPa837i6qzesijhI4AsegBlxwCZrgFrRAG2CQgWfwCt6sJ+vFerc+5q0rVjFTAX9gff4AM2eT1Q==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

f✓(·)
<latexit sha1_base64="om3sw0AlPVCyudHNMTC5TwnLbVc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSBT0WvXisYD+gCWGz2bRLN9mwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYVSKThHaI4EL2A6woZwntAANO+6mkOA447QXjm5nfe6BSMZHcwySlXoyHCYsYwaAl36xGfu7CiAKe1l0SCjjzzZrdsOewVolTkBoq0PbNLzcUJItpAoRjpQaOnYKXYwmMcDqtuJmiKSZjPKQDTRMcU+Xl89On1qlWQisSUlcC1lz9PZHjWKlJHOjOGMNILXsz8T9vkEF05eUsSTOgCVksijJugbBmOVghk5QAn2iCiWT6VouMsMQEdFoVHYKz/PIq6TYbznmjeXdRa10XcZTRMTpBdeSgS9RCt6iNOoigR/SMXtGb8WS8GO/Gx6K1ZBQzR+gPjM8fEyOT3w==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

ELBO

� With the amortized family, the reparameterization gradient is

∇νL =
n
∑

i=1

Es(ε)

�

∇zi
(log p(zi) + log p(yi | zi,θ )− log q(zi ; yi,ν))∇ν t(ε,ν, yi)

�

.

� We can calculate this gradient with Monte Carlo.

� The gradients involved—of the log likelihood, log variational factor, and
transformation—involve standard NN calculations (i.e., backprop) of
either the model’s NN (θ) or the variational NN (ν).



Fitting the model

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

(�i, �
2
i )

<latexit sha1_base64="oUaKXWRy0fel2KdVZyxuNSt+xLs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJFXRZdOOygn1AE8NkOmmHzkzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fB64rcfiFQ0Fnd6lBCfo76gEcVIGymwDypeMqABPYVeH3GO7msBPQnsslN1poCLxM1JGeRoBPaX14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfT68fw2Cg9GMXSlNBwqv6eyBBXasRD08mRHqh5byL+53VTHV36GRVJqonAs0VRyqCO4SQK2KOSYM1GhiAsqbkV4gGSCGsTWMmE4M6/vEhatap7Vq3dnpfrV3kcRXAIjkAFuOAC1MENaIAmwOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8wfZwJQw</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

g⌫(·)
<latexit sha1_base64="BlSxBDy6eC0RctJqftFzt6XwFd4=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/QXUs2zbah2WRJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsrPQx6mS/SScUnfWnOeqWyW3VnQMvEy0kZcjR6pS+/L0kaU2EIx1p3PTcxQYaVYYTTSdFPNU0wGeEB7VoqcEx1kM2unqBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xjc10VWQMZGkhgoyXxSlHBmJphGgPlOUGD62BBPF7K2IDLHCxNigijYEb/HlZdKqVb3zau3uoly/zuMowDGcQAU8uIQ63EIDmkBAwTO8wpvz5Lw4787HvHXFyWeO4A+czx9KBJJe</latexit>

(µi, �
2
i )

<latexit sha1_base64="T7VHIQKI7IMoSiZZd6Jb9AFeRrI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmqoMuiG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRNGlXacb2tldW19Y7O0Vd7e2d3btw8OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45up330kUtFY3OssIT5HQ0EjipE2UmBXah5PA3oGPUWHHD00Anoa2FWn7swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+jqSmmJFJ2UsVSRAeoyHpGyoQJ8rPZ8dP4IlRBjCKpSmh4Uz9PZEjrlTGQ9PJkR6pRW8q/uf1Ux1d+TkVSaqJwPNFUcqgjuE0CTigkmDNMkMQltTcCvEISYS1yatsQnAXX14mnUbdPa837i6qzesijhI4AsegBlxwCZrgFrRAG2CQgWfwCt6sJ+vFerc+5q0rVjFTAX9gff4AM2eT1Q==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

f✓(·)
<latexit sha1_base64="om3sw0AlPVCyudHNMTC5TwnLbVc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSBT0WvXisYD+gCWGz2bRLN9mwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYVSKThHaI4EL2A6woZwntAANO+6mkOA447QXjm5nfe6BSMZHcwySlXoyHCYsYwaAl36xGfu7CiAKe1l0SCjjzzZrdsOewVolTkBoq0PbNLzcUJItpAoRjpQaOnYKXYwmMcDqtuJmiKSZjPKQDTRMcU+Xl89On1qlWQisSUlcC1lz9PZHjWKlJHOjOGMNILXsz8T9vkEF05eUsSTOgCVksijJugbBmOVghk5QAn2iCiWT6VouMsMQEdFoVHYKz/PIq6TYbznmjeXdRa10XcZTRMTpBdeSgS9RCt6iNOoigR/SMXtGb8WS8GO/Gx6K1ZBQzR+gPjM8fEyOT3w==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

ELBO

� The ELBO is a bound on the log likelihood log p(x;θ ).

� Fit the model by following its gradient with respect to θ ,

∇θ L =
n
∑

i=1

Es(ε) [∇θ log p(yi | zi,θ )] .

� Here again

zi = t(ε, yi,ν).



So what is a VAE?

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

(�i, �
2
i )

<latexit sha1_base64="oUaKXWRy0fel2KdVZyxuNSt+xLs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJFXRZdOOygn1AE8NkOmmHzkzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fB64rcfiFQ0Fnd6lBCfo76gEcVIGymwDypeMqABPYVeH3GO7msBPQnsslN1poCLxM1JGeRoBPaX14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfT68fw2Cg9GMXSlNBwqv6eyBBXasRD08mRHqh5byL+53VTHV36GRVJqonAs0VRyqCO4SQK2KOSYM1GhiAsqbkV4gGSCGsTWMmE4M6/vEhatap7Vq3dnpfrV3kcRXAIjkAFuOAC1MENaIAmwOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8wfZwJQw</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

g⌫(·)
<latexit sha1_base64="BlSxBDy6eC0RctJqftFzt6XwFd4=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/QXUs2zbah2WRJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsrPQx6mS/SScUnfWnOeqWyW3VnQMvEy0kZcjR6pS+/L0kaU2EIx1p3PTcxQYaVYYTTSdFPNU0wGeEB7VoqcEx1kM2unqBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xjc10VWQMZGkhgoyXxSlHBmJphGgPlOUGD62BBPF7K2IDLHCxNigijYEb/HlZdKqVb3zau3uoly/zuMowDGcQAU8uIQ63EIDmkBAwTO8wpvz5Lw4787HvHXFyWeO4A+czx9KBJJe</latexit>

(µi, �
2
i )

<latexit sha1_base64="T7VHIQKI7IMoSiZZd6Jb9AFeRrI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmqoMuiG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCRNGlXacb2tldW19Y7O0Vd7e2d3btw8OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45up330kUtFY3OssIT5HQ0EjipE2UmBXah5PA3oGPUWHHD00Anoa2FWn7swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+jqSmmJFJ2UsVSRAeoyHpGyoQJ8rPZ8dP4IlRBjCKpSmh4Uz9PZEjrlTGQ9PJkR6pRW8q/uf1Ux1d+TkVSaqJwPNFUcqgjuE0CTigkmDNMkMQltTcCvEISYS1yatsQnAXX14mnUbdPa837i6qzesijhI4AsegBlxwCZrgFrRAG2CQgWfwCt6sJ+vFerc+5q0rVjFTAX9gff4AM2eT1Q==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

zi
<latexit sha1_base64="XLMa3M1DjmGQiiRseYS5Q9u0zlw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk6o3e</latexit>

f✓(·)
<latexit sha1_base64="om3sw0AlPVCyudHNMTC5TwnLbVc=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSBT0WvXisYD+gCWGz2bRLN9mwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgpQzBbb9bZTW1jc2t8rblZ3dvf0Ds3rYVSKThHaI4EL2A6woZwntAANO+6mkOA447QXjm5nfe6BSMZHcwySlXoyHCYsYwaAl36xGfu7CiAKe1l0SCjjzzZrdsOewVolTkBoq0PbNLzcUJItpAoRjpQaOnYKXYwmMcDqtuJmiKSZjPKQDTRMcU+Xl89On1qlWQisSUlcC1lz9PZHjWKlJHOjOGMNILXsz8T9vkEF05eUsSTOgCVksijJugbBmOVghk5QAn2iCiWT6VouMsMQEdFoVHYKz/PIq6TYbznmjeXdRa10XcZTRMTpBdeSgS9RCt6iNOoigR/SMXtGb8WS8GO/Gx6K1ZBQzR+gPjM8fEyOT3w==</latexit>

yi
<latexit sha1_base64="Kr9zKiAScfd9h9AHI+C+F2nCG10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBjZI3d</latexit>

ELBO

� Simultaneously optimize the variational family ν and model θ .

� A VAE

– samples εi for each datapoint and calculates zi.
– uses these samples to calculate noisy gradients with respect to ν and θ .
– follows those gradients in a stochastic optimization

� (VAEs are implemented as a stochastic computational graph of the MC
approximation of the ELBO; backprop takes care of the rest.)



The variational autoencoder

Input: data x.

Initialize ν randomly; set ρt appropriately.

while not converged do

for each datapoint i do
Draw the noise variable and calculate the latent variable

εi ∼N (0, 1); zi = t(εi, xi,ν)

end

Calculate the noisy gradients

g̃ν =
∑n

i=1∇zi
(log p(zi) + log p(xi | zi,θt)− log q(zi; xi,νt))∇νt(εi, xi,νt)

g̃θ =
∑n

i=1∇θ log p(xi | zi,θt)

Update the variational parameters and model parameters

νt+1 = νt +ρtg̃ν
θt+1 = θt +ρtg̃θ

end
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Let’s derive BBVI!



Why do we need black box variational inference?

� Here is a recipe for variational inference

– Posit a model
– Choose a variational family
– Take an integral (i.e., calculate the ELBO)
– Take derivatives
– Optimize

� What can go wrong?



A simple failure

� Take the simplest machine learning model, Bayesian logistic regression.

� Data are pairs (xi, yi)

– xi is a covariate
– yi ∈ {0, 1} is a binary label
– z are the regression coefficients

� Conditional on covariates, Bayesian LR posits a generative process of labels

z∼ N(0,1)
yi |xi, z∼ Bernoulli(σ(zxi)),

where σ(·) is the logistic function, mapping reals to (0,1).



The problem with nonconjugate models

� Consider just one data point (x, y). Set y = 1, so the datapoint is (x, 1).

� The goal is to approximate the posterior coefficient p(z |x, y).

� The variational family q(z;ν) is a normal; ν= (µ,σ2). The ELBO is

L (µ,σ2) = Eq[log p(z) + log p(y |x, z)− log q(z)]



The problem with nonconjugate models

� Try to calculate the ELBO:

L (µ,σ2) = Eq[log p(z)− log q(z) + log p(y |x, z)]

= −
1
2
(µ2 +σ2) +

1
2

logσ2 +Eq[log p(y |x, z)] + C

= −
1
2
(µ2 +σ2) +

1
2

logσ2 +Eq[yxz− log(1+ exp(xz))]

= −
1
2
(µ2 +σ2) +

1
2

logσ2 + yxµ−Eq[log(1+ exp(xz))]

� We are stuck—we cannot analytically take the expectation.

� Q: Why not take gradients of MC estimates of the ELBO?

A: It’s complicated to take gradients when the samples depend on the
variable you are optimizing, here the variational parameters
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Options?

� Derive a model-specific bound
[Jordan and Jaakola 1996; Braun and McAuliffe 2008; others]

� Use other approximations (that require model-specific analysis)
[Wang and Blei 2013; Knowles and Minka 2011]

� But neither satisfies the black box criteria.



Let’s derive BBVI

� Define the instantaneous ELBO

g(z,ν) = log p(x,z)− log q(z ; ν).

The ELBO is its expectation

L = Eq [g(z,ν)] =

∫

q(z ; ν)g(z,ν)dz

� We want to calculate ∇νL as an expectation.
(Then we can use Monte Carlo and stochastic gradients.)

� Fact:

∇ν q(z;ν) = q(z;ν)∇ν log q(z;ν).

You can confirm it in your mind.
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Derive the score gradient

� With this fact,

∇νL = ∇ν

∫

q(z;ν)g(z,ν)dz

=

∫

∇ν q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

=

∫

q(z;ν)∇ν log q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

= Eq(z;ν)[∇ν log q(z;ν)g(z,ν) +∇ν g(z,ν)]

� We have written the gradient as an expectation.



Derive the score gradient

� With this fact,

∇νL = ∇ν

∫

q(z;ν)g(z,ν)dz

=

∫

∇ν q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

=

∫

q(z;ν)∇ν log q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

= Eq(z;ν)[∇ν log q(z;ν)g(z,ν) +∇ν g(z,ν)]

� We have written the gradient as an expectation.



Derive the score gradient

� With this fact,

∇νL = ∇ν

∫

q(z;ν)g(z,ν)dz

=

∫

∇ν q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

=

∫

q(z;ν)∇ν log q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

= Eq(z;ν)[∇ν log q(z;ν)g(z,ν) +∇ν g(z,ν)]

� We have written the gradient as an expectation.



Derive the score gradient

� With this fact,

∇νL = ∇ν

∫

q(z;ν)g(z,ν)dz

=

∫

∇ν q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

=

∫

q(z;ν)∇ν log q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

= Eq(z;ν)[∇ν log q(z;ν)g(z,ν) +∇ν g(z,ν)]

� We have written the gradient as an expectation.



Derive the score gradient

� With this fact,

∇νL = ∇ν

∫

q(z;ν)g(z,ν)dz

=

∫

∇ν q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

=

∫

q(z;ν)∇ν log q(z;ν)g(z,ν) + q(z;ν)∇ν g(z,ν)dz

= Eq(z;ν)[∇ν log q(z;ν)g(z,ν) +∇ν g(z,ν)]

� We have written the gradient as an expectation.



� The second term vanishes,

Eq[∇ν g(z,ν)] = −Eq[∇ν log q(z;ν)] = 0.

� What’s left is the score gradient,

∇νL = Eq(z;ν)[∇ν log q(z;ν)(log p(x,z)− log q(z;ν))].

� Aside: Why is the expectation of the score function equal to zero?

Eq[∇ν log q(z;ν)] =

∫

q(z;ν)∇ν log q(z;ν)dz

=

∫

∇ν q(z;ν)dz

=∇ν

∫

q(z;ν)dz=∇ν 1= 0.
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Derive the reparameterization gradient

� Assume log p(x,z) and log q(z) are differentiable with respect to z.

� Also assume that we can express the variational distribution with a
transformation, where

ε∼ s(ε)
z= t(ε,ν)
→ z∼ q(z;ν)

� Rewrite the ELBO using z= t(ε,ν),

L = Es(ε)[g(t(ε,ν),ν)].



� Now take the gradient of the ELBO with respect to ν.

� The gradient easily goes into the expectation. Then use the chain rule,

∇νL = Es(ε)[∇z(log p(z,x)− log q(z;ν))∇ν t(ε,ν)−∇ν log q(z;ν))].

Here we expanded the instantaneous ELBO and used chain rule for
functions of two variables,

df(x(t), y(t))
dt

=
df
dx

dx
dt
+

df
dy

dy
dt

.

� The second term vanishes as above, −E[∇ν log q(z,ν)] = 0.

The first terms provide the reparameterization gradient,

∇νL = Es(ε)[∇z(log p(z,x)− log q(z;ν))∇ν t(ε,ν)].
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A Tour of Variational Inference (with one picture)



PROBABILISTIC MACHINE LEARNING

� ML methods that connect domain knowledge to data.

� Provides a computational methodology for analyzing data

� Goal: A methodology that is expressive, scalable, easy to develop



The probabilistic pipeline

Make assumptions Discover patterns
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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� Posterior inference is the key algorithmic problem.

� Answers the question: What does this model say about this data?

� VI provides scalable and general approaches to posterior inference



Stochastic optimization makes VI better

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� Stochastic VI scales up VI to massive data.

� Black box VI generalizes VI to a wide class of models.



What we learned about

� The basics of variational inference (VI)

– Mean-field variational inference
– Coordinate ascent optimization for VI

� Stochastic variational inference for massive data

� Black box variational inference

– Score gradients
– Reparameterization gradients
– Amortized variational families, the variational autoencoder

� Models, along the way

– Latent Dirichlet allocation and topic models
– Deep exponential families
– Embedding models of consumer behavior
– Deep generative models



The class of models

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� Conditionally conjugate [Gharamani and Beal 2001; Hoffman+ 2013]

� Not ↑, but can differentiate the log likelihood [Kucukelbir+ 2015]

� Not ↑, but can calculate the log likelihood [Ranganath+ 2014]

� Not ↑, but can sample from the model [Ranganath+ 2017]



The family of variational approximations

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� Structured variational inference [Saul and Jordan 1996; Hoffman and Blei 2015]

� Variational models [Lawrence 2001; Ranganath+ 2015; Tran+ 2015]

� Amortized inference [Kingma and Welling 2014; Rezende+ 2014]

� Sequential Monte Carlo [Naesseth+ 2018; Maddison+ 2017; Le+ 2017]



The distance function

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� Expectation propagation [Minka 2001]

� Belief propagation [Yedidia 2001]

� Operator variational inference [Ranganath+ 2016]

� χ-variational inference [Dieng+ 2017]



The algorithm

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

� SVI and structured SVI [Hoffman+ 2013; Hoffman and Blei 2015]

� Proximity VI [Altosaar+ 2018]

� SGD as VI [Mandt+ 2017]

� Adaptive rates, averaged and biased gradients, etc. [Many papers]



Some open problems in VI

� Theory
MCMC has been widely analyzed and studied; VI is less explored.

� Optimization
Can we find better local optima? Can we accelerate convergence?

� Alternative divergences
KL is chosen for convenience; can we use other divergences?

� Better approximations
VI underestimates posterior variance. Can we do better?
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[Peterson and Anderson 1987] (a) (b)

Si iµ

Sj jµ

Figure 22: (a) A node Si in a sigmoid belief network machine with its Markov blanket. (b)
The mean field equations yield a deterministic relationship, represented in the figure with
the dotted lines, between the variational parameters µi and µj for nodes j in the Markov
blanket of node i.

a tractable lower bound on the log likelihood and the variational parameter ξi can be
optimized along with the other variational parameters.

Saul and Jordan (1998) show that in the limiting case of networks in which each hidden
node has a large number of parents, so that a central limit theorem can be invoked, the
parameter ξi has a probabilistic interpretation as the approximate expectation of σ(zi),
where σ(·) is again the logistic function.

For fixed values of the parameters ξi, by differentiating the KL divergence with respect
to the variational parameters µi, we obtain the following consistency equations:

µi = σ

⎛
⎝∑

j

θijµj + θi0 +
∑

j

θji(µj − ξj) +
∑

j

Kji

⎞
⎠ (67)

where Kji is the derivative of − ln
〈
e−ξjzj + e(1−ξj)zj

〉
with respect to µi. As Saul, et al.

show, this term depends on node i, its child j, and the other parents (the “co-parents”) of
node j. Given that the first term is a sum over contributions from the parents of node i,
and the second term is a sum over contributions from the children of node i, we see that the
consistency equation for a given node again involves contributions from the Markov blanket
of the node (see Fig. 22). Thus, as in the case of the Boltzmann machine, we find that the
variational parameters are linked via their Markov blankets and the consistency equation
(Eq. (67)) can be interpreted as a local message-passing algorithm.

Saul, Jaakkola, and Jordan (1996) and Saul and Jordan (1998) also show how to update
the variational parameters ξi. The two papers utilize these parameters in slightly different
ways and obtain different update equations. (Yet another related variational approximation
for the sigmoid belief network, including both upper and lower bounds, is presented in
Jaakkola and Jordan, 1996).

Finally, we can compute the gradient with respect to the parameters θij for fixed vari-
ational parameters µ and ξ. The result obtained by Saul and Jordan (1998) takes the
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[Jordan et al. 1999]

Figure 2: The final weights of the network. Each
large block represents one hidden unit. The small
black or white rectangles represent negative or
positive weights with the area of a rectangle rep
resenting the magnitude of the weight. The bot-
tom 12 rows in each block represent the incoming
weights of the hidden unit. The central weight at
the top of each block is the weight from the hidden
unit to the linear output unit. The weight at the
top-right of a block is the bias of the hidden unit.

‘~
-2 2

Figure 3: The final probability distribution that
is used for coding the weights. This distribution
is implemented by adapting the means, variances
and mixing proportions of five gauasians.

is clear that the weights form three fairly sharp clus-
ters. Figure 3 shows that the mixture of 5 Gaussians
has adapted to implement the appropriate coding-prior
for this weight distribution.

The performance of the network can be measured by
comparing the squared error it achievea on the test data
with the error that would be achieved by simply guess-
ing the mean of the correct answera for the test data:

Relative Error =
~c(dc - y.)’
~c(dc - ~)2

(27)

We ran the optimization five times using different ran-
domly chosen valuea for the initial means of the noisy
weights. For the network that achieved the lowest value
of the overall cost function, the relative error was 0.286.
This compares with a relative error of 0.967 for the same
network when we used noise-free weights and did not
penalize their information content. The best relative
error obtained using simple weight-decay with four non-
linear hidden units was .317. This required a carefully
chosen penalty coefficient for the squared weights that
corresponds to uf/a~ in equation 4. To set this weight-
decay coefficient appropriately it was necessary to try
many different values on a portion of the training set
and to use the remainder of the training set to decide
which coefficient gave the best generalization. Once the
beat coefficient had been determined the whole of the
training set was used with this coefficient. A lower er-
ror of 0.291 can be achieved using weight-decay if we
gradually increase the weight-decay coefficient and pick
the value that gives optimal performance on the test
data. But this is cheating. Linear regression gave a
huge relative error of 35.6 (gross overfitting) but this
fell to 0.291 when we penalized the sum of the squarea
of the regression coefficients by an amount that was ch~
sen to optimize performance on the test data. This is
almost identical to the performance with 4 hidden units
and optimal weight-decay probably because, with small
weights, the hidden units operate in their central linear
range, so the whole network is effectively linear.

11

[Hinton and van Camp 1993]

� Variational inference (VI) adapts ideas from statistical physics to
probabilistic inference. Arguably, it began in the late eighties with Peterson
and Anderson (1987), who fit a neural network with mean-field methods.

� This idea was picked up by Jordan’s lab in the early 1990s—Tommi
Jaakkola, Lawrence Saul, Zoubin Ghahramani—who generalized it to
many probabilistic models. (A review paper is Jordan+ 1999.)

� Hinton and Van Camp (1993) also developed mean-field methods for
neural networks. Neal and Hinton (1993) connected VI to EM, which
lead to VI for mixtures of experts (Waterhouse+ 1996), HMMs (MacKay,
1997), and more neural networks (Barber and Bishop, 1998).



Today
(a) Learned Frey Face manifold (b) Learned MNIST manifold

Figure 4: Visualisations of learned data manifold for generative models with two-dimensional latent
space, learned with AEVB. Since the prior of the latent space is Gaussian, linearly spaced coor-
dinates on the unit square were transformed through the inverse CDF of the Gaussian to produce
values of the latent variables z. For each of these values z, we plotted the corresponding generative
p✓(x|z) with the learned parameters ✓.

(a) 2-D latent space (b) 5-D latent space (c) 10-D latent space (d) 20-D latent space

Figure 5: Random samples from learned generative models of MNIST for different dimensionalities
of latent space.

B Solution of �DKL(q�(z)||p✓(z)), Gaussian case

The variational lower bound (the objective to be maximized) contains a KL term that can often be
integrated analytically. Here we give the solution when both the prior p✓(z) = N (0, I) and the
posterior approximation q�(z|x(i)) are Gaussian. Let J be the dimensionality of z. Let µ and �
denote the variational mean and s.d. evaluated at datapoint i, and let µj and �j simply denote the
j-th element of these vectors. Then:

Z
q✓(z) log p(z) dz =

Z
N (z; µ,�2) log N (z;0, I) dz

= �J

2
log(2⇡)� 1

2

JX

j=1

(µ2
j + �2

j )

10

Stochastic Back-propagation in DLGMs

(a) NORB (b) CIFAR (c) Frey

Figure 4. a) Performance on the NORB dataset. Left: Samples from the training data. Right: sampled pixel means from
the model. b) Performance on CIFAR10 patches. Left: Samples from the training data. Right: Sampled pixel means
from the model. c) Frey faces data. Left: data samples. Right: model samples.

Figure 5. Imputation results on MNIST digits. The first
column shows the true data. Column 2 shows pixel loca-
tions set as missing in grey. The remaining columns show
imputations and denoising of the images for 15 iterations,
starting left to right. Top: 60% missingness. Middle: 80%
missingness. Bottom: 5x5 patch missing.

matics and experimental design. We show the ability
of the model to impute missing data using the MNIST
data set in figure 5. We test the imputation ability
under two di↵erent missingness types (Little & Rubin,
1987): Missing-at-random (MAR), where we consider
60% and 80% of the pixels to be missing randomly, and
Not Missing-at-random (NMAR), where we consider a
square region of the image to be missing. The model
produces very good completions in both test cases.
There is uncertainty in the identity of the image. This
is expected and reflected in the errors in these comple-
tions as the resampling procedure is run, and further
demonstrates the ability of the model to capture the
diversity of the underlying data. We do not integrate
over the missing values in our imputation procedure,
but use a procedure that simulates a Markov chain
that we show converges to the true marginal distribu-
tion. The procedure to sample from the missing pixels
given the observed pixels is explained in appendix E.

Figure 6. Two dimensional embedding of the MNIST data
set. Each colour corresponds to one of the digit classes.

6.5. Data Visualisation

Latent variable models such as DLGMs are often used
for visualisation of high-dimensional data sets. We
project the MNIST data set to a 2-dimensional latent
space and use this 2-D embedding as a visualisation of
the data. A 2-dimensional embedding of the MNIST
data set is shown in figure 6. The classes separate
into di↵erent regions indicating that such a tool can
be useful in gaining insight into the structure of high-
dimensional data sets.

7. Discussion

Our algorithm generalises to a large class of models
with continuous latent variables, which include Gaus-
sian, non-negative or sparsity-promoting latent vari-
ables. For models with discrete latent variables (e.g.,
sigmoid belief networks), policy-gradient approaches
that improve upon the REINFORCE approach remain
the most general, but intelligent design is needed to
control the gradient-variance in high dimensional set-
tings.

These models are typically used with a large number

[Kingma and Welling 2013] [Rezende et al. 2014]

xn

✓

˛ D 1:5; � D 1

N

data {
i n t N; // number o f ob s e rva t i on s
i n t x [N ] ; // d i s c r e t e - valued obs e rva t i on s

}
parameters {

// l a t e n t va r i ab l e , must be p o s i t i v e
r ea l < lower=0> theta ;

}
model {

// non - conjugate p r i o r f o r l a t e n t v a r i a b l e
theta ~ we ibu l l ( 1 . 5 , 1) ;

// l i k e l i h o o d
f o r (n in 1 :N)

x [ n ] ~ po i s son ( theta ) ;
}

Figure 2: Specifying a simple nonconjugate probability model in Stan.

analysis posits a prior density p.✓/ on the latent variables. Combining the likelihood with the prior
gives the joint density p.X;✓/ D p.X j ✓/ p.✓/.
We focus on approximate inference for di�erentiable probability models. These models have contin-
uous latent variables ✓ . They also have a gradient of the log-joint with respect to the latent variables
r✓ logp.X;✓/. The gradient is valid within the support of the prior supp.p.✓// D ˚

✓ j ✓ 2
RK and p.✓/ > 0

 ✓ RK , where K is the dimension of the latent variable space. This support set
is important: it determines the support of the posterior density and plays a key role later in the paper.
We make no assumptions about conjugacy, either full or conditional.2

For example, consider a model that contains a Poisson likelihood with unknown rate, p.x j ✓/. The
observed variable x is discrete; the latent rate ✓ is continuous and positive. Place a Weibull prior
on ✓ , defined over the positive real numbers. The resulting joint density describes a nonconjugate
di�erentiable probability model. (See Figure 2.) Its partial derivative @=@✓ p.x; ✓/ is valid within the
support of the Weibull distribution, supp.p.✓// D RC ⇢ R. Because this model is nonconjugate, the
posterior is not a Weibull distribution. This presents a challenge for classical variational inference.
In Section 2.3, we will see how ���� handles this model.

Many machine learning models are di�erentiable. For example: linear and logistic regression, matrix
factorization with continuous or discrete measurements, linear dynamical systems, and Gaussian pro-
cesses. Mixture models, hidden Markov models, and topic models have discrete random variables.
Marginalizing out these discrete variables renders these models di�erentiable. (We show an example
in Section 3.3.) However, marginalization is not tractable for all models, such as the Ising model,
sigmoid belief networks, and (untruncated) Bayesian nonparametric models.

2.2 Variational Inference

Bayesian inference requires the posterior density p.✓ j X/, which describes how the latent variables
vary when conditioned on a set of observations X. Many posterior densities are intractable because
their normalization constants lack closed forms. Thus, we seek to approximate the posterior.

Consider an approximating density q.✓ I �/ parameterized by �. We make no assumptions about its
shape or support. We want to find the parameters of q.✓ I �/ to best match the posterior according to
some loss function. Variational inference (��) minimizes the Kullback-Leibler (��) divergence from
the approximation to the posterior [2],

�⇤ D arg min
�

KL.q.✓ I �/ k p.✓ j X//: (1)

Typically the �� divergence also lacks a closed form. Instead we maximize the evidence lower bound
(����), a proxy to the �� divergence,

L.�/ D Eq.✓/
⇥

logp.X;✓/
⇤ � Eq.✓/

⇥
log q.✓ I �/

⇤
:

The first term is an expectation of the joint density under the approximation, and the second is the
entropy of the variational density. Maximizing the ���� minimizes the �� divergence [1, 16].

2The posterior of a fully conjugate model is in the same family as the prior; a conditionally conjugate model
has this property within the complete conditionals of the model [3].

3

[Kucukelbir et al. 2015]

� There is now a flurry of new work on variational inference, making it
scalable, easier to derive, faster, and more accurate.

� VI touches many areas: probabilistic programming, reinforcement
learning, neural networks, convex optimization, and Bayesian statistics.



Probabilistic programming and autodifferentiation VI



Probabilistic programming

Make assumptions Discover patterns

DATA

Predict & Explore

KNOWLEDGE &
QUESTION

R A. 7Aty 

This content downloaded from 128.59.38.144 on Thu, 12 Nov 2015 01:49:31 UTC
All use subject to JSTOR Terms and Conditions

LWK YRI ACB ASW CDX CHB CHS JPT KHV CEU FIN GBR IBS TSI MXL PUR CLM PEL GIH

pops
1
2
3
4
5
6
7

K=7

LWK YRI ACB ASW CDX CHB CHS JPT KHV CEU FIN GBR IBS TSI MXL PUR CLM PEL GIH

pops
1
2
3
4
5
6
7
8

K=8

LWK YRI ACB ASW CDX CHB CHS JPT KHV CEU FIN GBR IBS TSI MXL PUR CLM PEL GIH
pops

1
2
3
4
5
6
7
8
9

K=9

Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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� Generative models are programs.
Probabilistic programming takes this idea seriously.

� Languages for expressing models as programs
Engines to compile models/programs to an inference executable.

� We can do this with BBVI.
Key ideas: autodifferentiation and stochastic optimization.



Example: Taxi rides in Portugal



Example: Taxi rides in Portugal

� Data: 1.7M taxi rides in Porto, Portugal

� Multimodal probabilistic PCA with automatic relevance determination

σ ∼ log-normal(0, 1)

αj ∼ inv-gamma(1,1) j= 1 . . . k

wx,j ∼N (0,σ ·αj)

wy,j ∼N (0,σ ·αj)

zi ∼N (0, I) i= 1 . . .n

xi ∼N (w>x zi,σ)

yi ∼N (w>y zi,σ)

� The generative process looks like a program.



Supervised pPCA with ARD (Stan)

data {
in t<lower=0> N; // number of data po in t s in da ta se t
in t<lower=0> D; // dimension
in t<lower=0> M; // maximum dimension of l a t e n t space to c i n s i d e r

vec to r [D] x [N] ;
vec to r [N] y ;

}

parameters {
matrix [M,N] z ; // l a t e n t v a r i a b l e
matr ix [D,M] w_x ; // weights parameters
vec to r [M] w_y ; // var iance parameter
rea l<lower=0> sigma ;
vector<lower=0>[M] alpha ; // hyper−parameters on weights

}

model {
// p r i o r s
to_vec to r ( z ) ~ normal (0 ,1) ;
f o r (d in 1:D)

w_x[d] ~ normal (0 , sigma ∗ alpha ) ;
w_y ~ normal (0 , sigma ∗ alpha ) ;

sigma ~ lognormal (0 ,1) ;
alpha ~ inv_gamma (1 ,1) ;

// l i k e l i h o o d
fo r (n in 1:N) {

x [n] ~ normal (w_x ∗ co l ( z , n ) , sigma ) ;
y [n] ~ normal (w_y ’ ∗ co l ( z , n ) , sigma ) ;

}
}











Exploring Taxi Trajectories

� Write down a supervised pPCA model (∼minutes).

� Use VI to fit the model in Stan (∼hours).

� Estimate latent representation zi of each taxi ride (∼minutes).

� Write down a mixture model (∼minutes).

� Use VI to cluster the latent representations (∼minutes).

What would take weeks→ a single day.



Automatic differentiation variational inference
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Figure 3: Transformations for ����. The purple line is the posterior. The green line is the approxi-
mation. (a) The latent variable space is RC. (a!b) T transforms the latent variable space to R. (b)
The variational approximation is a Gaussian. (b!c) S�;! absorbs the parameters of the Gaussian.
(c) We maximize the ���� in the standardized space, with a fixed standard Gaussian approximation.

The vector � D .�1; � � � ; �K ; �1; � � � ; �K/ contains the mean and standard deviation of each Gaus-
sian factor. This defines our variational approximation in the real coordinate space. (Figure 3b.)

The transformation T maps the support of the latent variables to the real coordinate space; its inverse
T �1 maps back to the support of the latent variables. This implicitly defines the variational approx-
imation in the original latent variable space as q.T .✓/ I �/

ˇ̌
det JT .✓/

ˇ̌
: The transformation ensures

that the support of this approximation is always bounded by that of the true posterior in the original
latent variable space (Figure 3a). Thus we can freely optimize the ���� in the real coordinate space
(Figure 3b) without worrying about the support matching constraint.

The ���� in the real coordinate space is

L.�; � / D Eq.⇣/


logp

�
X; T �1.⇣/

�C log
ˇ̌
det JT�1.⇣/

ˇ̌�C K

2
.1C log.2⇡//C

KX
kD1

log �k ;

where we plug in the analytic form of the Gaussian entropy. (The derivation is in Appendix A.)

We choose a diagonal Gaussian for e�ciency. This choice may call to mind the Laplace approxima-
tion technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approxima-
tion is not equivalent to the Laplace approximation [18]. The Laplace approximation relies on max-
imizing the probability density; it fails with densities that have discontinuities on its boundary. The
Gaussian approximation considers probability mass; it does not su�er this degeneracy. Furthermore,
our approach is distinct in another way: because of the transformation, the posterior approximation
in the original latent variable space (Figure 3a) is non-Gaussian.

2.5 Automatic Di�erentiation for Stochastic Optimization

We now maximize the ���� in real coordinate space,

�⇤; � ⇤ D arg max
�;�

L.�; � / such that � � 0: (3)

We use gradient ascent to reach a local maximum of the ����. Unfortunately, we cannot apply auto-
matic di�erentiation to the ���� in this form. This is because the expectation defines an intractable
integral that depends on � and � ; we cannot directly represent it as a computer program. More-
over, the standard deviations in � must remain positive. Thus, we employ one final transformation:
elliptical standardization5 [19], shown in Figures 3b and 3c.

First re-parameterize the Gaussian distribution with the log of the standard deviation, ! D log.� /,
applied element-wise. The support of ! is now the real coordinate space and � is always positive.
Then define the standardization ⌘ D S�;!.⇣/ D diag

�
exp .!/�1

�
.⇣ � �/. The standardization

5Also known as a “co-ordinate transformation” [7], an “invertible transformation” [10], and the “re-
parameterization trick” [6].

5

1. Transform the model.

� Transform from p(z,x) to p(ζ,x), where ζ ∈ Rd.

� The mapping is in the joint,

p(ζ,x) = p
�

x, s(ζ)
� �

�det Js(ζ)
�

�.
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The vector � D .�1; � � � ; �K ; �1; � � � ; �K/ contains the mean and standard deviation of each Gaus-
sian factor. This defines our variational approximation in the real coordinate space. (Figure 3b.)

The transformation T maps the support of the latent variables to the real coordinate space; its inverse
T �1 maps back to the support of the latent variables. This implicitly defines the variational approx-
imation in the original latent variable space as q.T .✓/ I �/

ˇ̌
det JT .✓/

ˇ̌
: The transformation ensures

that the support of this approximation is always bounded by that of the true posterior in the original
latent variable space (Figure 3a). Thus we can freely optimize the ���� in the real coordinate space
(Figure 3b) without worrying about the support matching constraint.

The ���� in the real coordinate space is

L.�; � / D Eq.⇣/


logp

�
X; T �1.⇣/

�C log
ˇ̌
det JT�1.⇣/

ˇ̌�C K

2
.1C log.2⇡//C

KX
kD1

log �k ;

where we plug in the analytic form of the Gaussian entropy. (The derivation is in Appendix A.)

We choose a diagonal Gaussian for e�ciency. This choice may call to mind the Laplace approxima-
tion technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approxima-
tion is not equivalent to the Laplace approximation [18]. The Laplace approximation relies on max-
imizing the probability density; it fails with densities that have discontinuities on its boundary. The
Gaussian approximation considers probability mass; it does not su�er this degeneracy. Furthermore,
our approach is distinct in another way: because of the transformation, the posterior approximation
in the original latent variable space (Figure 3a) is non-Gaussian.

2.5 Automatic Di�erentiation for Stochastic Optimization

We now maximize the ���� in real coordinate space,

�⇤; � ⇤ D arg max
�;�

L.�; � / such that � � 0: (3)

We use gradient ascent to reach a local maximum of the ����. Unfortunately, we cannot apply auto-
matic di�erentiation to the ���� in this form. This is because the expectation defines an intractable
integral that depends on � and � ; we cannot directly represent it as a computer program. More-
over, the standard deviations in � must remain positive. Thus, we employ one final transformation:
elliptical standardization5 [19], shown in Figures 3b and 3c.

First re-parameterize the Gaussian distribution with the log of the standard deviation, ! D log.� /,
applied element-wise. The support of ! is now the real coordinate space and � is always positive.
Then define the standardization ⌘ D S�;!.⇣/ D diag

�
exp .!/�1

�
.⇣ � �/. The standardization

5Also known as a “co-ordinate transformation” [7], an “invertible transformation” [10], and the “re-
parameterization trick” [6].

5

2. Redefine the variational problem.

� The variational family is mean-field Gaussian

q(ζ ; ν) =
∏K

k=1ϕ (ζk ; νk) ,

� The ELBO is

L = Eq(ζ)

�

log p
�

x, s(ζ)
�

+ log
�

�det Js(ζ)
�

�

�

+H(q)
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The vector � D .�1; � � � ; �K ; �1; � � � ; �K/ contains the mean and standard deviation of each Gaus-
sian factor. This defines our variational approximation in the real coordinate space. (Figure 3b.)

The transformation T maps the support of the latent variables to the real coordinate space; its inverse
T �1 maps back to the support of the latent variables. This implicitly defines the variational approx-
imation in the original latent variable space as q.T .✓/ I �/

ˇ̌
det JT .✓/

ˇ̌
: The transformation ensures

that the support of this approximation is always bounded by that of the true posterior in the original
latent variable space (Figure 3a). Thus we can freely optimize the ���� in the real coordinate space
(Figure 3b) without worrying about the support matching constraint.

The ���� in the real coordinate space is

L.�; � / D Eq.⇣/


logp

�
X; T �1.⇣/

�C log
ˇ̌
det JT�1.⇣/

ˇ̌�C K

2
.1C log.2⇡//C

KX
kD1

log �k ;

where we plug in the analytic form of the Gaussian entropy. (The derivation is in Appendix A.)

We choose a diagonal Gaussian for e�ciency. This choice may call to mind the Laplace approxima-
tion technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approxima-
tion is not equivalent to the Laplace approximation [18]. The Laplace approximation relies on max-
imizing the probability density; it fails with densities that have discontinuities on its boundary. The
Gaussian approximation considers probability mass; it does not su�er this degeneracy. Furthermore,
our approach is distinct in another way: because of the transformation, the posterior approximation
in the original latent variable space (Figure 3a) is non-Gaussian.

2.5 Automatic Di�erentiation for Stochastic Optimization

We now maximize the ���� in real coordinate space,

�⇤; � ⇤ D arg max
�;�

L.�; � / such that � � 0: (3)

We use gradient ascent to reach a local maximum of the ����. Unfortunately, we cannot apply auto-
matic di�erentiation to the ���� in this form. This is because the expectation defines an intractable
integral that depends on � and � ; we cannot directly represent it as a computer program. More-
over, the standard deviations in � must remain positive. Thus, we employ one final transformation:
elliptical standardization5 [19], shown in Figures 3b and 3c.

First re-parameterize the Gaussian distribution with the log of the standard deviation, ! D log.� /,
applied element-wise. The support of ! is now the real coordinate space and � is always positive.
Then define the standardization ⌘ D S�;!.⇣/ D diag

�
exp .!/�1

�
.⇣ � �/. The standardization

5Also known as a “co-ordinate transformation” [7], an “invertible transformation” [10], and the “re-
parameterization trick” [6].

5

3. Use the reparameterization gradient

� Transform ζ using a standard normal ε∼N (0, I) to a general normal.

� This is a second transformation of the original latent variable.

� Autodifferentiation handles the reparameterization gradient.
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Figure 3: Transformations for ����. The purple line is the posterior. The green line is the approxi-
mation. (a) The latent variable space is RC. (a!b) T transforms the latent variable space to R. (b)
The variational approximation is a Gaussian. (b!c) S�;! absorbs the parameters of the Gaussian.
(c) We maximize the ���� in the standardized space, with a fixed standard Gaussian approximation.

The vector � D .�1; � � � ; �K ; �1; � � � ; �K/ contains the mean and standard deviation of each Gaus-
sian factor. This defines our variational approximation in the real coordinate space. (Figure 3b.)

The transformation T maps the support of the latent variables to the real coordinate space; its inverse
T �1 maps back to the support of the latent variables. This implicitly defines the variational approx-
imation in the original latent variable space as q.T .✓/ I �/

ˇ̌
det JT .✓/

ˇ̌
: The transformation ensures

that the support of this approximation is always bounded by that of the true posterior in the original
latent variable space (Figure 3a). Thus we can freely optimize the ���� in the real coordinate space
(Figure 3b) without worrying about the support matching constraint.

The ���� in the real coordinate space is

L.�; � / D Eq.⇣/


logp

�
X; T �1.⇣/

�C log
ˇ̌
det JT�1.⇣/

ˇ̌�C K

2
.1C log.2⇡//C

KX
kD1

log �k ;

where we plug in the analytic form of the Gaussian entropy. (The derivation is in Appendix A.)

We choose a diagonal Gaussian for e�ciency. This choice may call to mind the Laplace approxima-
tion technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approxima-
tion is not equivalent to the Laplace approximation [18]. The Laplace approximation relies on max-
imizing the probability density; it fails with densities that have discontinuities on its boundary. The
Gaussian approximation considers probability mass; it does not su�er this degeneracy. Furthermore,
our approach is distinct in another way: because of the transformation, the posterior approximation
in the original latent variable space (Figure 3a) is non-Gaussian.

2.5 Automatic Di�erentiation for Stochastic Optimization

We now maximize the ���� in real coordinate space,

�⇤; � ⇤ D arg max
�;�

L.�; � / such that � � 0: (3)

We use gradient ascent to reach a local maximum of the ����. Unfortunately, we cannot apply auto-
matic di�erentiation to the ���� in this form. This is because the expectation defines an intractable
integral that depends on � and � ; we cannot directly represent it as a computer program. More-
over, the standard deviations in � must remain positive. Thus, we employ one final transformation:
elliptical standardization5 [19], shown in Figures 3b and 3c.

First re-parameterize the Gaussian distribution with the log of the standard deviation, ! D log.� /,
applied element-wise. The support of ! is now the real coordinate space and � is always positive.
Then define the standardization ⌘ D S�;!.⇣/ D diag

�
exp .!/�1

�
.⇣ � �/. The standardization

5Also known as a “co-ordinate transformation” [7], an “invertible transformation” [10], and the “re-
parameterization trick” [6].

5

Implementation

� Stan automates going from log p(x,z) to

log p(x, s(ζ)) + log
�

�det Js(ζ)
�

�

∇ζ(log p(x, s(ζ)) + log
�

�det Js(ζ)
�

�)

� Use reparameterization BBVI (with the Gaussian transformation)

� Can incorporate SVI and other innovations
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(b) Hierarchical Logistic Regression

Figure 4: Hierarchical generalized linear models. Comparison of ���� to ����: held-out predic-
tive likelihood as a function of wall time.

3 Empirical Study

We now study ���� across a variety of models. We compare its speed and accuracy to two Markov
chain Monte Carlo (����) sampling algorithms: Hamiltonian Monte Carlo (���) [22] and the no-
U-turn sampler (����)6 [5]. We assess ���� convergence by tracking the ����. To place ���� and
���� on a common scale, we report predictive likelihood on held-out data as a function of time. We
approximate the posterior predictive likelihood using a �� estimate. For ����, we plug in posterior
samples. For ����, we draw samples from the posterior approximation during the optimization. We
initialize ���� with a draw from a standard Gaussian.

We explore two hierarchical regression models, two matrix factorization models, and a mixture
model. All of these models have nonconjugate prior structures. We conclude by analyzing a dataset
of 250 000 images, where we report results across a range of minibatch sizes B .

3.1 A Comparison to Sampling: Hierarchical Regression Models

We begin with two nonconjugate regression models: linear regression with automatic relevance de-
termination (���) [16] and hierarchical logistic regression [23].

Linear Regression with ���. This is a sparse linear regression model with a hierarchical prior
structure. (Details in Appendix F.) We simulate a dataset with 250 regressors such that half of the
regressors have no predictive power. We use 10 000 training samples and hold out 1000 for testing.

Logistic Regression with Spatial Hierarchical Prior. This is a hierarchical logistic regression
model from political science. The prior captures dependencies, such as states and regions, in a
polling dataset from the United States 1988 presidential election [23]. (Details in Appendix G.)
We train using 10 000 data points and withhold 1536 for evaluation. The regressors contain age,
education, state, and region indicators. The dimension of the regression problem is 145.

Results. Figure 4 plots average log predictive accuracy as a function of time. For these simple
models, all methods reach the same predictive accuracy. We study ���� with two settings ofM , the
number of �� samples used to estimate gradients. A single sample per iteration is su�cient; it is
also the fastest. (We set M D 1 from here on.)

3.2 Exploring Nonconjugacy: Matrix Factorization Models

We continue by exploring two nonconjugate non-negative matrix factorization models: a constrained
Gamma Poisson model [24] and a Dirichlet Exponential model. Here, we show how easy it is to
explore new models using ����. In both models, we use the Frey Face dataset, which contains 1956
frames (28 ⇥ 20 pixels) of facial expressions extracted from a video sequence.

Constrained Gamma Poisson. This is a Gamma Poisson factorization model with an ordering
constraint: each row of the Gamma matrix goes from small to large values. (Details in Appendix H.)

6���� is an adaptive extension of ���. It is the default sampler in Stan.
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Figure 5: Non-negative matrix factorization of the Frey Faces dataset. Comparison of ���� to
����: held-out predictive likelihood as a function of wall time.

Dirichlet Exponential. This is a nonconjugate Dirichlet Exponential factorization model with a
Poisson likelihood. (Details in Appendix I.)

Results. Figure 5 shows average log predictive accuracy as well as ten factors recovered from both
models. ���� provides an order of magnitude speed improvement over ���� (Figure 5a). ����
struggles with the Dirichlet Exponential model (Figure 5b). In both cases, ��� does not produce
any useful samples within a budget of one hour; we omit ��� from the plots.

3.3 Scaling to Large Datasets: Gaussian Mixture Model

We conclude with the Gaussian mixture model (���) example we highlighted earlier. This is a
nonconjugate ��� applied to color image histograms. We place a Dirichlet prior on the mixture
proportions, a Gaussian prior on the component means, and a lognormal prior on the standard devi-
ations. (Details in Appendix J.) We explore the image���� dataset, which has 250 000 images [25].
We withhold 10 000 images for evaluation.

In Figure 1a we randomly select 1000 images and train a model with 10 mixture components. ����
struggles to find an adequate solution and ��� fails altogether. This is likely due to label switching,
which can a�ect ���-based techniques in mixture models [4].

Figure 1b shows ���� results on the full dataset. Here we use ���� with stochastic subsampling
of minibatches from the dataset [3]. We increase the number of mixture components to 30. With a
minibatch size of 500 or larger, ���� reaches high predictive accuracy. Smaller minibatch sizes lead
to suboptimal solutions, an e�ect also observed in [3]. ���� converges in about two hours.

4 Conclusion

We develop automatic di�erentiation variational inference (����) in Stan. ���� leverages automatic
transformations, an implicit non-Gaussian variational approximation, and automatic di�erentiation.
This is a valuable tool. We can explore many models and analyze large datasets with ease. We
emphasize that ���� is currently available as part of Stan; it is ready for anyone to use.

Acknowledgments
We thank Dustin Tran, Bruno Jacobs, and the reviewers for their comments. This work is supported
by NSF IIS-0745520, IIS-1247664, IIS-1009542, SES-1424962, ONR N00014-11-1-0651, DARPA
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.

28

VI is part of several probabilistic programming systems:

� Edward: edwardlib.org

� PyMC3: github.com/pymc-devs/pymc3

� Stan: mcstan.org

� Others: Anglican, Pyro, ...



Hierarchical variational models [Ranganath+ 2016; Tran+ 2016]
Hierarchical Variational Models

marginalizes out the mean-field parameters,

qHVM(z;✓) =

Z
q(�;✓)

Y

i

q(zi |�i) d�. (2)

This expanded family can capture both posterior depen-
dencies between the latent variables and more complex
marginal distributions, thus better inferring the posterior.
(We note that during inference the variational “posterior”
q(� | z,✓) will also play a role; it is the conditional distri-
bution of the variational parameters given a realization of
the hidden variables.)

Fitting an HVM involves optimizing the variational hyper-
parameters ✓, and our algorithms for solving this problem
maintain the computational efficiency of BBVI. Note the
prior is a choice. As one example, we use mixture mod-
els as a prior of the mean-field parameters. As another, we
use normalizing flows (Rezende and Mohamed, 2015), ex-
panding their scope to a broad class of non-differentiable
models.

2. Hierarchical Variational Models
Recall, p(z |x) is the posterior. Variational inference
frames posterior inference as optimization: posit a fam-
ily of distributions q(z;�), parameterized by �, and min-
imize the KL divergence to the posterior distribution (Jor-
dan et al., 1999; Wainwright and Jordan, 2008).

Classically, variational inference uses the mean-field fam-
ily. In the mean-field family, each latent variable is as-
sumed independent and governed by its own variational pa-
rameter (Eq. 1). This leads to a computationally efficient
optimization problem that can be solved (up to a local opti-
mum) with coordinate descent (Bishop, 2006; Ghahramani
and Beal, 2001) or gradient-based methods (Hoffman et al.,
2013; Ranganath et al., 2014).

Though effective, the mean-field factorization compro-
mises the expressiveness of the variational family: it aban-
dons any dependence structure in the posterior, and it can-
not in general capture all marginal information. One of
the challenges of variational inference is to construct richer
approximating families—thus yielding high fidelity poste-
rior approximations—and while still being computation-
ally tractable. We develop a framework for such fami-
lies.

2.1. Hierarchical variational models

Our central idea is to draw an analogy between probability
models of data and variational distributions of latent vari-
ables. A probability model outlines a family of distribu-
tions over data, and how large that family is depends on the
model’s complexity. One common approach to expanding
the complexity, especially in Bayesian statistics, is to ex-

z1 z2 z3

�1 �2 �3

n

(a) MEAN-FIELD MODEL

z1 z2 z3

�1 �2 �3

✓

n

(b) HIERARCHICAL MODEL

Figure 1. Graphical model representation. (a) In mean-field mod-
els, the latent variables are strictly independent. (b) In hierarchi-
cal variational models, the latent variables are governed by a prior
distribution on their parameters, which induces arbitrarily com-
plex structure.

pand a model hierarchically, i.e., by placing a prior on the
parameters of the likelihood. Expanding a model hierarchi-
cally has distinct advantages: it induces new dependencies
between the data, either through shrinkage or an explicitly
correlated prior (Efron, 2012), and it enables us to reuse
algorithms for the simpler model within algorithms for the
richer model (Gelman and Hill, 2007).

We use the same idea to expand the complexity of the
mean-field variational family and to construct hierarchical
variational models (HVMs). First, we view the mean-field
family of Eq. 1 as a simple model of the latent variables.
Next, we expand it hierarchically. We introduce a “varia-
tional prior” q(�;✓) with “variational hyperparameters” ✓
and place it on the mean-field model (a type of “variational
likelihood”). Marginalizing out the prior gives qHVM(z;✓),
the hierarchical family of distributions over the latent vari-
ables in Eq. 2. This family enjoys the advantages of hier-
archical modeling in the context of variational inference:
it induces dependence among the latent variables and al-
lows us to reuse simpler computation when fitting the more
complex family.

Figure 1 illustrates the difference between the mean-field
family and an HVM. Mean-field inference fits the varia-
tional parameters {�1, . . . ,�d} so that the factorized dis-
tribution is close to the exact posterior; this tries to match
the posterior marginal for each variable. Using the same
principle, HVM inference fits the variational hyperparame-
ters so qHVM(z;✓) is close to the exact posterior. This goes
beyond matching marginals because of the shrinkage ef-
fects among the variables.

Figure 2 is a simple example. The variational family posits
each zi as a scalar from an exponential family. The varia-
tional parameters �i are the corresponding natural parame-
ters, which are unconstrained. Now place a Gaussian prior

� Throughout this talk we assumed the mean-field family

� A hierarchical variational model: is

q(z) =

∫

�

∏

i

q(zi |νi)

�

q(ν;λ)dν,

� This induces dependence between zi, e.g.,

– A mixture over the set of mean-field parameters
– An amortized distribution of the mean-field parameters



Hierarchical variational models

Hierarchical Variational Models

Black box methods Computation Storage Dependency Class of models

BBVI (Ranganath et al., 2014) O(d) O(d) 7 discrete/continuous
DSVI (Titsias and Lázaro-Gredilla, 2014) O(d2) O(d2) 3 continuous-diff.
COPULA VI (Tran et al., 2015) O(d2) O(d2) 3 discrete/continuous
MIXTURE (Jaakkola and Jordan, 1998) O(Kd) O(Kd) 3 discrete/continuous
NF (Rezende and Mohamed, 2015) O(Kd) O(Kd) 3 continuous-diff.
HVM w/ NF prior O(Kd) O(Kd) 3 discrete/continuous

Table 1. A summary of black box inference methods, which can support either continuous-differentiable distributions or both discrete
and continuous. d is the number of latent variables; for MIXTURE, K is the number of mixture components; for NF procedures, K is the
number of transformations.

by making both the parameters of the variational model and
recursive posterior approximation functions of their condi-
tioning sets.

4. Empirical Study
We introduced a new class of variational families and de-
veloped efficient black box algorithms for their computa-
tion. We consider a simulated study on a two-dimensional
discrete posterior; we also evaluate our proposed varia-
tional models on deep exponential families (Ranganath
et al., 2015), a class of deep generative models which
achieve state-of-the-art results on text analysis. In total,
we train 2 variational models for the simulated study and
12 models over two datasets.3

4.1. Correlated Discrete Latent Variables

Consider a model whose posterior distribution is a pair of
discrete latent variables defined on the countable support
{0, 1, 2, . . . , } ⇥ {0, 1, 2, . . . , }; Figure 3 depicts its prob-
ability mass in each dimension. The latent variables are
correlated and form a complex multimodal structure. A
mean-field Poisson approximation has difficulty capturing
this distribution; it focuses entirely on the center mass. This
contrasts hierarchical variational models, where we place a
mixture prior on the Poisson distributions’ rate parameters
(reparameterized to share the same support). This HVM fits
the various modes of the correlated Poisson latent variable
model and exhibits a “smoother” surface due to its multi-
modality.

4.2. Deep Exponential Families

Deep exponential families (DEFs) (Ranganath et al., 2015)
build a set of probability models from exponential fami-
lies (Brown, 1986), whose latent structure mimic the archi-
tectures used in deep neural networks.

3 An implementation of HVMs is available in Edward (Tran
et al., 2016a), a Python library for probabilistic modeling.

Figure 3. (a) The true posterior, which has correlated latent vari-
ables with countably infinite discrete support. (b) Mean-field
Poisson approximation. (c) Hierarchical variational model with
a mixture of Gaussians prior. Using this prior, the HVM exhibits
high fidelity to the posterior as it capture multimodality on dis-
crete surfaces.

Model. Exponential families are parameterized by a set
of natural parameters. We denote a draw from an un-
specified exponential family with natural parameter ⌘ as
EXPFAM(⌘). The natural parameter in deep exponential
families are constructed from an inner product of the pre-
vious layer with weights, passed through a link function
g(·).
Let L be the total number of layers, z` be a vector of latent
variables for layer ` (with z`,k as an element), and W`,k be
shared weights across observations. DEFs use weights with
priors, W`,k ⇠ EXPFAMW (⇠), and a prior at the top layer,
zL,k ⇠ EXPFAML(⌘). The generative process cascades:
for each element k in layer ` = L � 1, . . . , 1,

z`,k ⇠ EXPFAM`(g`(W
>
`,kz`+1))

x ⇠ Poisson(W0z1).

We model count data with a Poisson likelihood on x. We
focus on DEFs with discrete latent variables.

The canonical example of a discrete DEF is the sigmoid
belief network (SBN) (Neal, 1990). The SBN is a Bernoulli
DEF, with z`,k 2 {0, 1}. The other family of models we
consider is the Poisson DEF, with

p(z`,k | zl+1,Wl,k) ⇠ Poisson(log(1 + exp(z>l+1Wl,k))),

for each element k in the layer `. In the SBN, each observa-
tion either turns a feature on or off. In a Poisson DEF, each

� Takes q(z) beyond the mean field

� Provides high fidelity approximations to the posterior

� Can handle discrete variables (because of the score gradient)
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Hierarchical Variational Models

Model HVM Mean-Field

Poisson 100 3386 3387
100-30 3396 3896
100-30-15 3346 3962

Bernoulli 100 3060 3084
100-30 3394 3339
100-30-15 3420 3575

Table 2. New York Times. Held-out perplexity (lower is better).
Hierarchical variational models outperform mean-field in five
models. Mean-field (Ranganath et al., 2015) fails at multi-level
Poissons; HVMs make it possible to study multi-level Poissons.

Model HVM Mean-Field

Poisson 100 3327 3392
100-30 2977 3320
100-30-15 3007 3332

Bernoulli 100 3165 3166
100-30 3135 3195
100-30-15 3050 3185

Table 3. Science. Held-out perplexity (lower is better). HVM out-
performs mean-field on all six models. Hierarchical variational
models identify that multi-level Poisson models are best, while
mean-field does not.

observation counts each feature a positive integer number
of times. This means Poisson DEFs are a multi-feature gen-
eralization of SBNs.

Variational Models. We consider the variational approx-
imation that adds dependence to the z0s. We parameterize
each variational prior q(�zi

) with a normalizing flow of
length 2, and use the inverse flow of length 10 for r(�zi

).
We use planar transformations (Rezende and Mohamed,
2015). In a pilot study, we found little improvement with
longer flow lengths. We compare to the mean-field approx-
imation from Ranganath et al. (2015) which achieves state
of the art results on text.

Data and Evaluation. We consider two text corpora of
news and scientific articles— The New York Times (NYT)
and Science. Both have 11K documents. NYT consists of
8K terms and Science consists of 5.9K terms. We train six
models for each data set.

We examine held out perplexity following the same criteria
as Ranganath et al. (2015). This is a document complete
evaluation metric (Wallach et al., 2009) where the words
are tested independently. As our evaluation uses data not
included in posterior inference, it is possible for the mean-
field family to outperform HVMs.

Results. HVMs achieve better performance over six mod-
els and two datasets, with a mean improvement in perplex-
ity of 180 points. (Mean-field works better on only the
two layer Bernoulli model on NYT.) From a data model-
ing viewpoint, we find that for The New York Times there
is little advantage to multi-layer models, while on Science
multi-layer models outperform their single layer counter-
parts. Overall, hierarchical variational models are less sen-
sitive to inference in multi-layer models, as evidenced by
the generally lower performance of mean-field with multi-
ple layers. HVMs make it feasible to work with multi-level
Poisson models. This is particularly important on Science,
where hierarchical variational models identifies that multi-
level Poisson models are best.

5. Discussion
We present hierarchical variational models, a rich class of
posterior approximations constructed by placing priors on
existing variational families. These priors encapsulate dif-
ferent modeling assumptions of the posterior and we ex-
plore several choices. We develop a black box algorithm
can fit any HVM. There are several avenues for future work:
studying alternative entropy bounds; analyzing HVMs in the
empirical Bayes framework; and using other data modeling
tools to build new variational models.

Acknowledgements. This work is supported by NSF IIS-
0745520, IIS-1247664, IIS-1009542, ONR N00014-11-
1-0651, DARPA FA8750-14-2-0009, N66001-15-C-4032,
Facebook, Adobe, Amazon, NVIDIA, the Porter Ogden Ja-
cobus Fellowship, the Seibel Foundation, and John Tem-
pleton Foundations.

� Takes q(z) beyond the mean field

� Provides high fidelity approximations to the posterior

� Can handle discrete variables (because of the score gradient)
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Figure 4: Hierarchical Generalized Linear Models.

we report predictive accuracy on held-out data as a function of time. We approximate the Bayesian
posterior predictive using �� integration. For the ���� techniques, we plug in posterior samples
into the likelihood. For ����, we do the same by drawing a sample from the posterior approximation
at fixed intervals during the optimization. We initialize ���� with a draw from a standard Gaussian.

We explore two hierarchical regression models, two matrix factorization models, and a mixture
model. All of these models have nonconjugate prior structures. We conclude by analyzing a dataset
of 250 000 images, where we report results across a range of minibatch sizes B .

3.1 A Comparison to Sampling: Hierarchical Regression Models

Consider two nonconjugate regression models: linear regression with automatic relevance determi-
nation (���) [16] and hiearchical logistic regression [23].

Linear Regression with ���. This is a sparse linear regression model with a hierarchical prior
structure. (Details in Appendix F.) We simulate a dataset with 250 regressors such that half of the
regressors have no predictive power. We use 10 000 training samples and hold out 1000 samples for
testing.

Logistic Regression with Spatial Hierarchical Prior. This is a hierarchical logistic regression
model from political science. The prior captures depedencies, such as states and regions, in a polling
dataset from the United States 1988 presidential election. The model is nonconjugate and would
require some form of approximation to derive a �� algorithm. (Details in Appendix G.)

We train using 10 000 samples and withold 1536 for evaluation. The regressors contain age, educa-
tion, and state and region indicators. The dimension of the regression problem is 145.

Results. Figure 4 plots average log predictive accuracy as a function of time. For these simple
models, all methods reach the same predictive accuracy. We study ���� with two settings ofM , the
number of �� samples used to estimate gradients. A single sample per iteration is su�cient; it also
is the fastest. (We set M D 1 from here on.)

3.2 Exploring nonconjugate Models: Non-negative Matrix Factorization

We continue by exploring two nonconjugate non-negative matrix factorization models: a constrained
Gamma Poisson model [24] and a Dirichlet Exponential model. Here, we show how easy it is to
explore new models using ����. In both models, we use the Frey Face dataset, which contains 1956
frames (28 ⇥ 20 pixels) of facial expressions extracted from a video sequence.

Constrained Gamma Poisson. This is a Gamma Poisson factorization model with an ordering
constraint: each row of the Gamma matrix goes from small to large values. (Details in Appendix H.)

Dirichlet Exponential. This is a nonconjugate Dirichlet Exponential factorization model with a
Poisson likelihood. (Details in Appendix I.)
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� MCMC enjoys theoretical guarantees.

� But they usually get to the same place. [Kucukelbir+ 2016]

� We need more theory about variational inference.



Should I be skeptical about variational inference?
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� Variational inference underestimates the variance of the posterior.

� Relaxing the mean-field assumption can help.

� Here: A Poisson GLM [Giordano+ 2015]


