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Abstract

Parametric Bayesian modeling offers a powerful and flexible toolbox for machine learning.
Yet the model, however detailed, may still be wrong, and this can make inferences untrustworthy.
In this paper we introduce a new class of semiparametric corrections for parametric Bayesian
models, when the target of inference is a functional of the true data distribution. Our
starting point is a fully Bayesian modeling approach, which explicitly accounts for the
possibility that the parametric model is wrong. Asymptotic analysis shows that this
approach is both robust to model misspecification and data efficient, achieving fast convergence
when the parametric model is close to true. However, the fully Bayesian approach is
limited in its practical usefulness by the challenges of conducting inference and computing
a Bayes factor for a nonparametric model. We therefore propose a novel model correction
based on generalized Bayes, which entirely avoids the need to compute a nonparametric
Bayes factor, but preserves the robustness and efficiency of the fully Bayesian approach.
We demonstrate our method by estimating causal effects of gene expression from single
cell RNA sequencing data. Overall, we offer a new efficient approach to robust Bayesian
inference with parametric models.
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1 Introduction

Parametric Bayesian modeling offers a flexible toolbox for incorporating scientific knowledge
and hypotheses into probabilistic machine learning. Doing so has many benefits, such as
increased data efficiency and interpretability. Yet it can also present risks, as the model
remains only an approximation of reality. How can we ensure inferences are trustworthy
even when the model might be wrong?

In this paper, we study this problem in the context of functional inference. While
standard posterior inference focuses on the distribution of model parameters, functional
inference concerns the estimation and uncertainty quantification of functionals of the population
distribution. It can leverage flexible machine learning models, which learn complex population
distributions. Developing accurate, calibrated and robust inference of functional estimands
is fundamental to research areas such as causal inference (van der Laan and Rose, 2011; Hill,
2011; Castillo and Rousseau, 2015). However, developing Bayesian methods for functional
inference remains an active challenge (Lyddon et al., 2018; Ray and van der Vaart, 2020).

In this article, we study the problem of reliable and efficient functional inference based
on a parametric Bayesian model, even when the parametric model might be wrong. We
are specifically concerned with the possibility that the model likelihood is misspecified.

Concretely, assume the data is i.i.d. from some true underlying distribution, x1:n
iid∼ p0. A

parametric Bayesian model of the data is specified by a prior over an unknown parameter
π(θ), together with a likelihood pθ,

θ ∼ π(θ),

x1:n
iid∼ pθ.

(1)

The problem is that the model may not be able to describe p0. The induced prior over the
distribution of the data, π(pθ), only has support on a subset of all possible distributions,
Mpm = {pθ : θ ∈ Θ} ⊂ P. If the likelihood is misspecified, such that p0 /∈ Mpm, inferences
drawn from the posterior may be unreliable, as no amount of data can overwhelm such an
overconfident prior.

A fully Bayesian solution is to adjust the model to account for this possibility. From
the perspective of de Finetti’s theorem, Bayesian inference can be viewed as inference of
the data distribution through a prior on probability measures. Following this perspective,
rather than insist the true data distribution matches the likelihood distribution exactly,
we allow for distributional perturbations, so the data is generated from an alternative

distribution, x1:n
iid∼ p̃, instead of x1:n

iid∼ pθ. We place a prior on p̃ that is centered
at pθ but has sufficient support that p̃ can be any distribution in P. The resulting
nonparametrically perturbed parametric (NPP) Bayesian model encodes the belief that the
likelihood is “probably roughly true.”

This basic idea of combining a parametric model and a nonparametric component has
a long history in Bayesian statistics. It can, however, be challenging to implement in large-
scale machine learning settings, as it requires posterior inference over a nonparametric
model. In this paper, we aim to develop a practical alternative.
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First, we elucidate the key theoretical advantages of NPP models. We show that, with
an appropriate choice of prior, NPP models can achieve robustness without sacrificing
asymptotic efficiency. We then develop a generalized Bayes approach that imitates the
NPP posterior, retaining its nice statistical properties but with more tractable computation.
This generalized NPP (gNPP) posterior does not require any change to how the parametric
model’s posterior is computed, instead only needing access to samples from the predictive
distribution. This efficiency is supported by asymptotic results. We demonstrate the
method in simulations and with an application to gene expression in cancer.

1.1 Related Work

Robustness and efficiency are core questions in functional estimation. Perhaps the most
well-established route to achieving these properties is to employ semiparametric corrections,
such as influence functions, doubly robust estimators, and Neyman orthogonality (Kennedy,
2024). We show how to achieve similar properties via a very different methodological
strategy, which extends beyond the context of causal inference. Specifically, consider
a doubly robust estimator that uses a parametric outcome model and a nonparametric
propensity model. When the outcome model is well-specified, the estimator is efficient: it
converges to the estimand, the treatment effect, at a parametric rate. When the outcome
model is misspecified, the estimator is robust: it still converges to the true effect, albeit at a
slower rate (Bang and Robins, 2005; Antonelli et al., 2020). We show that NPP models offer
the same guarantees, but are more general: they are not specific to causal functionals, and
they do not require a propensity model or another influence function-based correction. We
engineer gNPP posteriors to inherit these properties at reduced computational cost. Note,
though, that NPP and gNPP modeling is not in conflict with influence function-based
methods, and in Section 4 we explain how the two methods can be combined.

Our work sits in the broader context of robust Bayesian learning. We estimate functionals
of the true data distribution p0, following previous work on robust Bayesian modeling such
as Lyddon et al. (2019); Pompe (2021); Dellaporta et al. (2022). Recent work has focused on
achieving robust and efficient functional estimation by adapting semiparametric corrections
to the Bayesian context (Antonelli et al., 2020; Walker, 2024; Yiu et al., 2025). Inspired by
this progress, we aim for similar guarantees via alternative and more general methods.

Other robust Bayes approaches consider a different problem, in which the target of
inference may not be identified as a functional of p0 (de Finetti, 1961; Wang et al., 2017;
Wang and Blei, 2018; Miller and Dunson, 2018; Bhatia et al., 2024). For example, p0 may
be corrupted by a population of outliers. The classical ϵ-contamination model posits p0 is
distorted to (1− ϵ)p0+ ϵq (Huber and Ronchetti, 2009). Our use of robust concerns reliable
inference in the face of possible model misspecification, rather than data contamination.

Our work builds on the long literature on nonparametric perturbations of parametric
Bayesian models. In this paper, we are interested in perturbation techniques for generic
parametric models pθ, so we focus on reviewing these methods.

Antoniak (1974) consider nonparametric perturbations with a Dirichlet process, in the
form of mixture of Dirichlet processes. Berger and Guglielmi (2001) consider nonparametric
perturbations with a Polya tree, but in practice their method is limited to low-dimensional
Euclidean data. Lyddon et al. (2018) consider perturbations using a Dirichlet process. We
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prove their approach sacrifices data efficiency, and propose an alternative that does not.
Miller (2019) consider perturbations based on Dirichlet process mixture models, but they
do not provide theoretical analysis. Another prominent class of examples of combining a
parametric component with a nonparametric model is semiparametric Bayesian regression
that involves a finite-dimensional regression parameter alongside a nonparametric function.
The area has a large body of work, see e.g. Blight and Ott (1975); O’Hagan (1978); Kottas
and Gelfand (2001); Berry et al. (2002); Kowal and Wu (2024) and the references therein.

Another approach that is used to perturb a parametric model is to create a mixture of
different copies of the model, e.g. replacing a Gaussian with a Dirichlet process mixture of
Gaussians (Lo, 1984; Escobar and West, 1995). One could consider similarly replacing a
parametric model with a Dirichlet process mixture of that model. But this approach grows
rapidly in theoretical and computational difficulty as the complexity of the parametric model
grows.

Our posterior approximation builds on generalized Bayesian posteriors, which replace
the model likelihood with an alternative loss (Jiang and Tanner, 2008; Zhang, 2006; Bissiri
et al., 2016; Jewson et al., 2018; Shao et al., 2018; Miller, 2021; Knoblauch et al., 2022).
Following Weinstein and Miller (2023), we construct a generalized Bayes factor between a
parametric and nonparametric model by using a statistical divergence. Unlike in Weinstein
and Miller (2023), we only need samples from the parametric model’s posterior to estimate
this generalized Bayes factor.

2 Nonparametric Perturbations of Bayesian Models

2.1 Target of inference

Suppose we observe i.i.d. data x1:n
iid∼ p0. Our target estimand is the output of a functional

applied to the data generating distribution, ψ(p0), where ψ : P → Rs. Here are some
examples:

• Summary statistics. The target of inference could be the mean, in which case the
functional is ψ(p0) =

∫
x p0(x)dx. Likewise we could infer the variance, etc.

• Loss minimizers. The target of inference could be the minimizer of a loss or utility,
ψ(p0) = argminα

∫
ℓ(x ; α)p0(x)dx. The loss can even be specified in terms of the

parametric model pθ, e.g. if ℓ(x ; α) = − log pα(x) then the target of inference
corresponds to the maximum likelihood estimate (MLE) from infinite data. This
is equivalent to the KL minimizer, ψ(p0) = argminθ kl (p0∥pθ).

• Causal effects. The target of inference could be a functional of p0 describing the
effect of an intervention (Kennedy, 2024). For example, consider data x = (a, y, w)
consisting of a treatment a ∈ {0, 1}, outcome y, and confounder w. The average
treatment effect is,

ψ(p0) = Ep0 [Y ; do(a = 1)]− Ep0 [Y ; do(a = 0)]

=

∫ ∫
y [p0(y | a = 1, w)− p0(y | a = 0, w)]dy p0(w)dw.
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The inference challenge is that if the parametric model is misspecified, the posterior
will always put zero mass on the true data distribution, and so we cannot learn the true
functional, ψ(p0).

2.2 Nonparametric Perturbations of Parametric Models

We will study nonparametric perturbations of parametric Bayesian models that use a specific
type of prior. In particular, we consider NPP models that mix the parametric Bayesian
model with a perturbed distribution,

θ ∼ π(θ), b ∼ Bernoulli(η),{
p = pθ if b = 1

p ∼ πpert(p | pθ) if b = 0
,

x1:n
iid∼ p.

(2)

In this model, the entire dataset x1:n is either drawn from the parametric model (b = 0) or
from an alternative (b = 1). There are many ways to perturb. For example, πpert(p | pθ)
could be a Dirichlet process mixture model (Miller, 2019),

Σ ∼ g(Σ),

∞∑
k=1

wkδµk ∼ dp(pθ, α), p =

∞∑
k=1

wkNormal(µk,Σ). (3)

Other possibilities are Polya trees (Berger and Guglielmi, 2001) and Gaussian process
density models (Adams et al., 2009). We assume the perturbation model is nonparametric,
placing its support on any distribution over x, including pθ. We do not assume that the
perturbation depends on pθ explicitly, i.e. πpert(p | pθ) can be replaced by a generic
nonparametric model πpert(p).

We want to use an NPP model instead of a conventional nonparametric model because
parametric models are efficient for small data. We can think of an NPP model as a
nonparametric model with a special spike-and-slab prior on the data distribution, that
is centered at the parametric model. The prior has a “spike” component that puts its
mass just on the parametric model (b = 1), and a “slab” component extending over all
distributions (b = 0). This prior is nonparametric but regularizes inferences towards the
parametric model. This choice of an adaptive prior enables data-efficient learning, as we
describe next.

2.3 NPP Bayesian Posterior

We now examine some of the advantages of NPP models for functional inference. We
can perform functional inference with an NPP model by computing the posterior over the
target functional, Π(ψ(p) | x1:n). The NPP posterior is a mixture between a parametric
and nonparametric posterior,

Π (ψ (p) | x1:n) = ηnΠpm (ψ (pθ) | x1:n) + (1− ηn)Πpert (ψ (p) | x1:n) , (4)

where Πpm (ψ (pθ) | x1:n) is the posterior from the parametric model, Πpert (ψ (p) | x1:n) is
the posterior from the nonparametric perturbation model, and ηn := Π (b = 1 | x1:n). This
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decomposition fully separates the parametric and nonparametric components. The weight
ηn adaptively trades off between the parametric and nonparametric posterior, based on the
data.

NPP models provide a robust and efficient way of learning about ψ(p0). To make these
notions precise, we compare NPP models to two alternatives: (a) the original parametric

model, given by θ ∼ π(θ), x1:n
iid∼ pθ, and (b) a nonparametric model with a generic prior,

p ∼ πnp(p), x1:n
iid∼ p, where πnp(p) has support over all distributions on X . We use Πpm(· |

x1:n) to denote the parametric model posterior, Πnp(· | x1:n) to denote the nonparametric
model posterior, and Π(· | x1:n) to denote the NPP model posterior. We will show that the
parametric model is efficient but not robust, while the nonparametric model is robust but
not efficient. Formal statements and proofs of the following results are in Section 4.

Misspecified case. We want inferences about ψ(p0) to be robust to model misspecification,
such that they always converge to the truth with enough data. The NPP model is robust:
Theorem 3 shows that Π (ψ (p) | x1:n) → δψ(p0) even when p0 /∈ Mpm. To see why, recall
from Eq. (4) that the NPP posterior is a mixture of a parametric and nonparametric
posterior. The parametric posterior will not converge to the truth, Πpm(ψ(pθ) | x1:n) ̸→
δψ(p0), but the nonparametric component will, Πpert(ψ(p) | x1:n) → δψ(p0). The overall
NPP posterior converges to the truth because the mixing weight ηn asymptotically places
all weight on the nonparametric component: if p0 /∈ Mpm then ηn → 0 a.s. as n → ∞
(Proposition 2).

To understand the behavior of the mixing weight, we can write ηn/(1− ηn) in terms of
a Bayes factor that compares the marginal likelihood of the data under the parametric and
nonparametric models, weighted by the prior odds η/(1− η),

ηn
1− ηn

=
Πpm(x1:n)η

Πpert(x1:n)(1− η)
=: bfn, (5)

where

Πpm(x1:n) =

∫ n∏
i=1

pθ(xi)π(θ)dθ,

and

Πpert(x1:n) =

∫ ∫ n∏
i=1

p(xi)πpert(p|pθ)π(θ)dpdθ.

When the parametric model is misspecified, the Bayes factor prefers the more expressive
nonparametric model, since it can match the data distribution, while the parametric model
cannot. Hence, bfn → 0, so the mixing weight ηn → 0 a.s. as n→ ∞ (Proposition 2).

In summary, the NPP model is robust: Π(ψ(p) | x1:n) → δψ(p0) even when when p0 /∈
Mpm. In this way, the NPP model behaves like a generic nonparametric model, for which
we also expect Πnp(ψ(p) | x1:n) → δψ(p0). A parametric model, by contrast, is not robust:
in general, Πpm(ψ(pθ) | x1:n) ̸→ δψ(p0) when p0 /∈ Mpm.

Well-specified case. We next consider the case where the parametric model is well-
specified, p0 ∈ Mpm. In this case, the NPP model converges to the truth at an efficient rate:
the posterior Π(ψ(p) | x1:n) contracts at a rate 1/

√
n around ψ(p0) when p0 ∈ Mpm. To
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see this, return to the decomposition in Eq. (4). Both the parametric posterior Πpm(ψ(pθ) |
x1:n) and the nonparametric posterior Πpert(ψ(p) | x1:n) will converge to the truth, but
the parametric posterior will converge faster, at a rate 1/

√
n, while the nonparametric

component will in general converge more slowly. The NPP posterior inherits the rate of
the parametric posterior because the mixing weight asymptotically places all weight on the
parametric component: if p0 ∈ Mpm then ηn → 1 a.s. as n→ ∞ (Proposition 2).

To see why ηn → 1 intuitively, consider again the Bayes factor, Eq. (5). Both the
parametric and the nonparametric model describe the data distribution, but the parametric
model uses fewer parameters than the nonparametric model: a finite number, rather than
infinite. Moreover, the parametric model is nested inside the nonparametric model, since
it corresponds to sampling p = pθ from πpert(p | pθ). By Bayesian Occam’s razor, the
Bayes factor prefers the simpler parametric model, i.e. bfn → ∞ (Dawid, 2011; Hong and
Preston, 2012; MacKay, 2003, Chap. 28). Hence ηn → 1.

In summary, when the parametric model is correctly specified, p0 ∈ Mpm, the NPP
posterior Π(ψ(p) | x1:n) converges to the truth ψ(p0) at an efficient parametric rate of 1/

√
n.

So here, the NPP posterior behaves like a parametric Bayes posterior, for which we also
expect a convergence rate of 1/

√
n by the Bernstein-von Mises theorem. In a nonparametric

model, however, the convergence rate is generally slower, e.g. Πnp(ψ(p) | x1:n) may converge
at a rate of 1/ 3

√
n or worse (Ghosal et al., 2000).

Finite samples. A possible concern is that in practice there is always some amount of
misspecification, and so we cannot ever expect a parametric rate. However, the Bartlett-
Lindley effect says the Bayes factor will place more weight on the simpler model up until
there is enough data to determine that model is wrong (Miller and Dunson, 2018). So,
heuristically, we expect the NPP posterior to converge towards the truth as quickly as the
parametric posterior, up until the parametric model stops providing a good description of
the data.

2.4 NPP Generalized Bayesian Posterior

We have seen that NPP models offer both robustness and efficiency, but this comes at
a computational cost. Computing the NPP posterior (Eq. (4)) requires computing not
only the parametric model posterior, but also (a) the mixing weight ηn, and (b) the
nonparametric posterior, Πpert (ψ (p) | x1:n). In this section we propose a new inference
approach that replaces each term with alternatives that are efficient to compute and practical
to implement, but also preserve robustness and efficiency. The aim of this generalized NPP
(gNPP) approach is not to directly approximate the NPP, but rather to mimic its statistical
behavior while easing computation.

Mixing weight. The mixing weight ηn depends on the Bayes factor bfn (Eq. (5)), which
compares the marginal likelihood of the parametric model to the marginal likelihood of a
nonparametric alternative. Computing marginal likelihoods is often challenging, especially
for nonparametric models. We propose to replace the Bayes factor with a generalized Bayes
factor, which uses divergences instead of marginal likelihoods to evaluate the parametric
model (Shao et al., 2018; Weinstein and Miller, 2023). Our approach is motivated by the
observation that, asymptotically, the standard Bayes factor will converge to the posterior
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expected KL divergence, 1
n log bfn → −E[kl (p0∥pθ) | x1:n] a.s., under regularity conditions

(Dawid, 2011; Shao et al., 2018; Miller, 2021; Weinstein and Miller, 2023). We consider
alternative divergences, easing computation while matching the behavior of the Bayes factor.

Let d(p, p0) denote a divergence between probability distributions, which satisfies d(p,p0) =
0 when p = p0 and d(p,p0) > 0 when p ̸= p0. Let dn(p, p0) denote an estimate of
d(p, p0) based on data x1:n i.i.d. from p0. Concretely, the divergences we consider are the
Wasserstein distance, the maximum mean discrepancy and the kernelized Stein discrepancy,
though other choices are also possible (Gretton et al., 2012; Liu et al., 2016). We use the
divergence to construct a generalized Bayes factor (gBF),

gbfn := Ξ

(
E[dn(pθ, p0)]

E[dn(pθ, p0) | x1:n]
(n+ 1)−r

)
η

1− η
. (6)

Here, E[dn(pθ, p0) | x1:n] is the expected value of the divergence under the posterior Πpm(θ |
x1:n), as appears in asymptotic Bayes factor. E[dn(pθ, p0)] is the expected divergence under
the prior π(θ), which ensures the gBF reverts to the prior when there is no data. The rate
r > 0 is a hyperparameter, and the function Ξ(x) = exp(1 − 1/x)x is monotonic and
satisfies Ξ(x) → 0 as x → 0 and Ξ(x) → ∞ as x → ∞. Although Eq. (6) does not
contain the standard Bayes factor as a special case, it is related: like the standard marginal
likelihood, it is a posterior average over an estimate of the model-data mismatch. Now, as
an alternative to the NPP posterior, we propose to consider a generalized posterior that
uses η̂n = 1/(1 + gbf−1

n ) in place of ηn.

The aim of this generalized Bayes method is not to directly estimate the mixing weight
ηn, but rather to match its statistical behavior. When the parametric model is misspecified,
η̂n → 0, just like ηn. The reason is that d(pθ, p0) > 0 for all θ when p0 /∈ Mpm,
so E[dn(pθ, p0) | x1:n] will converge to a positive value. On the other hand, when the
parametric model is well-specified, η̂n → 1, just like ηn. The reason is that the posterior
will concentrate at p0, so E[dn(pθ, p0) | x1:n] → 0. So long as the rate hyperparameter r is
chosen small enough that E[dn(pθ, p0) | x1:n](n + 1)r → 0 also, we will have η̂n → 1. So,
the generalized Bayes factor is asymptotically consistent in detecting misspecification.

In addition to achieving the same asymptotic limits as the original Bayes factor, the
generalized Bayes factor also approaches those limits at a similar rate, thanks to the choice
of function Ξ(x) (Section A). Before we observe data (i.e. for n = 0), both the Bayes factor
and the generalized Bayes factor coincide with the prior odds ratio, gbf0 = bf0 = η/(1−η).
In the generalized Bayes factor, this is thanks to the inclusion of the prior divergence,
E[dn(pθ, p0)].

However, the key advantage of the generalized Bayes factor is computation: it requires
only the ability to draw samples from the prior and posterior of the parametric model,
to approximate E[dn(pθ, p0)] and E[dn(pθ, p0) | x1:n]. The marginal likelihood of the
parametric model does not appear. The nonparametric model does not appear at all.

As a result, an important difference with the standard Bayes factor is that the standard
approach compares the parametric model’s fit to the nonparametric model’s fit. The
generalized Bayes factor instead focuses on just checking the parametric model’s fit, and
does not directly trade off against an alternative. In other words, the gNPP treats the
alternative as a backup in case the parametric model goes wrong.
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Indeed, the generalized Bayes factor can also be understood as a form of predictive
check on the parametric model (Gelman et al., 1996; Moran et al., 2024; Li and Huggins,
2024). Specifically, the term E[dn(pθ, p0) | x1:n] compares the posterior over the parametric
model’s predictive distribution, Πpm(pθ | x1:n), to data, using dn as measure of model-data
discrepancy.

Choice of divergence and rate. We consider several types of divergence, which prioritize
different kinds of mismatch between the model and data. All of the following divergences
can be approximated by Monte Carlo methods.

• Wasserstein distance. TheWasserstein measures the difference between two distributions
as the cost of transforming one into the other by transporting probability mass. The
p-Wasserstein distance is typically defined as

wp
p(p, q) := inf

π∈Π(p,q)
Eπ[∥X − Y ∥p2], (7)

where Π(p, q) represents the set of all couplings between p and q, i.e. the set of all
joint distributions with p and q as marginals, and ∥ · ∥2 denotes the Euclidean metric
on Rκ. We can estimate the distance between the model and the data usingm samples
drawn from the model. We draw the same number of samples as data points, m = n,
by default. Computing the Wasserstein distance between two empirical distributions
reduces to solving a linear program, which can be done in O(n3) time using interior-
point methods (Pele and Werman, 2009). In practice, the Euclidean cost with p ∈
{1, 2} is most commonly used. The case W1 admits the convenient Kantorovich–
Rubinstein dual formulation in terms of 1-Lipschitz test functions, while W2 enjoys
favorable geometric properties (Villani, 2009). In high dimensions, however, the
empirical p-Wasserstein distances suffer from the curse of dimensionality, with a slow
convergence rate of O(n−1/κ) even for compactly supported measures. In contrast,
alternatives such as the slicedWasserstein distance and smoothedWasserstein distance
can achieve dimension-free O(n−1/2) rates under the same conditions (Chewi et al.,
2025). For large-scale problems, entropically-regularized optimal transport (Cuturi,
2013; Peyré and Cuturi, 2019) offers scalable approximations that can be computed
with iteration complexity that does not depend on κ (Carlier, 2022), and the associated
Sinkhorn divergence (Genevay et al., 2018, 2019) comes with improved statistical
convergence rates, o(n−1/2) for sub-Gaussian measures and O(n−1) for compactly
supported measures (del Barrio et al., 2023).

• Maximum mean discrepancy (MMD). The maximum mean discrepancy focuses
on the worst case difference in expected value that two distributions assign to the
same function in a reproducing kernel Hilbert space (RKHS). It is given by

mmd2(p, q) := sup
∥f∥Hk

≤1
|Ep[f(X)]− Eq[f(X)]|2 (8)

= EX,X′∼p

[
k(X,X ′)

]
− 2EX∼p,Y∼q [k(X,Y )] + EY,Y ′∼q

[
k(Y, Y ′)

]
. (9)

where Hk is an RKHS and ∥f∥Hk
is the norm of a function in that RKHS. To estimate

the MMD between the model and the data, we draw samples from the model. We
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again default to the same number of samples as data points, m = n. The MMD
requires O(n2) time to compute; a linear-time approximation also exists (Gretton
et al., 2012).

• Kernelized Stein discrepancy (KSD). The kernelized Stein discrepancy focuses
on differences in the (Stein) score function between two distributions, i.e. differences
in the gradient of their log densities. It is given by

ksd2(p, q) = EX,X′∼p

[
∆q,p(X)Tk(X,X ′)∆q,p(X

′)
]
, (10)

where ∆q,p(x) := ∇x log p(x) − ∇x log q(x). To estimate the KSD between the data
and the model, we evaluate the empirical average of ∆q,p(x)

Tk(x, x′)∆q,p(x
′) over

every pair of data points (x, x′). For n data points, this requires O(n2) time to
compute (Liu et al., 2016), and there also exists a near-linear time approximation
(Huggins and Mackey, 2018).

Both MMD and KSD rely on a kernel, which allows the user to control which aspects of
a distribution to prioritize, but it also introduces the need for hyperparameter selection.
Kernel hyperparameters are absent for the Wasserstein distance; however, one must instead
choose the transportation cost.

Although the MMD and the KSD are sensitive to a rescaling of the kernel, the generalized
Bayes factor is scale-invariant, since in Eq. (6) we normalize the posterior expected discrepancy
by the prior expected discrepancy.

Remark 1 (Choice of rate). For the MMD and KSD we have a consistent generalized
Bayes factor so long as we choose a rate 0 < r < 1/2, i.e. slower than the parametric rate
(Theorem 5). Choosing a rate just below 1/2 enables rapid convergence in the misspecified
case, while still preserving consistency in the well-specified case. For Wasserstein, we need
to choose a slower rate when the dimension κ of the data space is greater than four, namely
r ∈ (0, 2/(κ ∨ 4)) for X ⊆ Rκ (Theorem 16 in Section D.3.1).

Nonparametric posterior. Next we consider replacing the nonparametric term Πpert (ψ (p) | x1:n)
in the NPP posterior. This term can be challenging to compute. The robustness and
efficiency of the NPP model rely on the nonparametric perturbation πpert(p | pθ) having
support over all distributions on X , so posterior computation requires integration over a
very large space. On the other hand, since the mixing weight η̂n does not depend on the
nonparametric perturbation, the nonparametric component no longer needs to serve as a
fully flexible density estimator; rather, it only needs to estimate the target consistently.

We propose to replace the nonparametric perturbation with a semiparametric model
that can consistently estimate ψ(p0). That is, we consider a model p ∼ π̂pert(p), x1:n ∼ p
such that Π̂pert(ψ(p) | x1:n) → δψ(p0). We replace the term Πpert (ψ (p) | x1:n) in the NPP

posterior with Π̂pert(ψ(p) | x1:n).
To see how this approach can simplify computation, consider data consisting of a

treatment and a response, xi = (yi, ai), and a target functional that is the expected response
to a given treatment, ψ(p) = E[Y | a⋆] =

∫
y p(y | a⋆)dy. An NPP model would require us

to place a prior over all distributions on A×Y. However, to estimate the target functional
consistently, it is enough to use a semiparametric model yi ∼ Normal(f(ai), 1), f ∼ πf (f),

10
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and place a nonparametric prior on functions f : A → Y. For example, πf could be
a Gaussian process prior or a Bayesian additive regression tree (Rasmussen and Williams,
2006; Chipman et al., 2010). These semiparametric models cannot describe all distributions
over A× Y, e.g. they cannot describe a distribution where the conditional p(y | a⋆) is not
Gaussian, but they can still estimate any conditional expectation E[Y | a⋆]. Moreover,
the posterior is convenient to calculate, as we can rely on existing software for Gaussian
processes and Bayesian additive regression trees. Finally, compared to a fully nonparametric
model, semiparametric models often require less data to produce accurate inference of the
target estimand.

Summary. In summary, our generalized Bayes NPP posterior is

Π̂ (ψ (p) | x1:n) := η̂nΠpm (ψ (pθ) | x1:n) + (1− η̂n)Π̂pert (ψ (p) | x1:n) , (11)

where η̂n comes from the generalized Bayes factor and Π̂pert comes from a semiparametric
model. We refer to this generalized posteriors as the generalized NPP (gNPP) posterior.
In Section 4 we prove formally that the gNPP posterior preserves the robustness and
efficiency of the NPP posterior: for any p0, Π̂ (ψ (p) | x1:n) → δψ(p0), and for p0 ∈ Mpm,

Π̂ (ψ (p) | x1:n) converges at a rate 1/
√
n.

The key to the gNPP is replacing the Bayes factor between parametric and nonparametric
models with a generalized Bayes factor based on a divergence. In doing so, we avoid the
need to compute the marginal likelihood of the parametric model or of the nonparametric
perturbation. We also reduce the requirements and constraints on the perturbation model
we can use: it no longer needs to be fully nonparametric, and the parametric model does
not need to be nested inside it. Instead, we can use a more computationally tractable
semiparametric model, as it consistently estimates the target.

3 Synthetic Data Illustration

We illustrate the behavior of NPP models and the gNPP approximation in a synthetic data
setting. We follow the basic setup of Lyddon et al. (2018). Consider a Gaussian parametric
model,

θ ∼ N (0, 1), x1:n
iid∼ N (θ, 1). (12)

We study inference in the well-specified setting where the true distribution p0 of x1:n is
N (0, 1), and in the misspecified setting, where p0 is a skew normal with the same mean and
variance but skew parameter 10. Details on the simulations and models are in Section B,
and code for these experiments is at https://github.com/bohanwu2000/npp.

3.1 Polya Tree NPP

We first study an NPP model that perturbs the parametric model with a Polya tree. The
advantage of Polya trees is that they admit closed form marginal likelihoods, making an
accurate approximation of the Bayes factor in the NPP posterior possible. This provides a

11
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Figure 1: Synthetic data (generalized) Bayes factors. The log Bayes factor and log
generalized Bayes factor comparing the parametric model to a nonparametric
alternative, where positive values indicate the parametric model is favored. (a)
NPP model with a Polya Tree. (b,c,d) gNPP models with the MMD, KSD and
Wasserstein.
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Figure 2: Synthetic data results. (a,b) KL divergence between the true data density
and the posterior predictive of each model. (c,d) Absolute difference between the
posterior mean estimate of the median and the true median, for each model, using
the MMD gNPP. (e,f) Calibration of the MMD gNPP. We plot how often, across
independent simulations, the posterior credible interval covers the true median.
The nominal coverage is 90% (dashed).
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careful check of our theoretical results. The Polya tree NPP model is,

θ ∼ N (0, 1) b ∼ Bernoulli(η = 0.1),{
p = N (θ, 1) if b = 1

p ∼ PolyaTree(N (θ, 1), h) h ∼ Exponential(1) if b = 0
,

x1:n
iid∼ p.

(13)

Here, we parameterize the Polya tree as in Berger and Guglielmi (2001); it is a distribution
over distributions, with mean N (θ, 1) and scale parameter h. We draw the scale parameter
h from an exponential prior. We compute Πpert(x1:n) using the procedure in Berger and
Guglielmi (2001).

We first examine convergence of the posterior distribution to the truth, measuring the
KL divergence between the true distribution and the posterior predictive of the NPP model,
averaged over 100 independent datasets. We compare to the performance of a parametric
model (Eq. (13) given b = 1) and to the performance of a nonparametric model (Eq. (13)
given b = 0).

Figure 1a shows that the NPP prefers the parametric model when the latter is well-
specified, while it prefers the nonparametric model in the misspecified case. With small
amounts of data (n = 5), the Bayes factor prefers the parametric model even if it is
misspecified, and even though the prior η = 0.1 prefers the nonparametric model. This
is an example of the Bartlett-Lindley effect: the parametric model is preferred even when it
is misspecified since it provides a better approximation given the amount of available data.

The NPP model is efficient: in the well-specified case, it matches the faster convergence
of the parametric model (Figure 2a). The NPP model is also robust: in the misspecified
case, it converges to the true distribution, even though the parametric model does not
(Figure 2b). Note that at very small amounts of data (n = 5), the parametric model
provides better estimates than the nonparametric model despite its misspecification, as it
offers a useful approximation of the underlying distribution. The NPP inherits some of
these benefits, outperforming the nonparametric model at n = 5.

3.2 Generalized Bayes Approximation to the NPP

We next study the generalized Bayes approximation to the posterior (gNPP). To design
our approximation, we must first choose a functional of interest. Following Lyddon et al.
(2018), we focus on the median, ψ(p) = argminα Ep[|X − α|]. Note this is a nonlinear
functional of p. The parametric model assumes the mean and median of the distribution
are both θ, but in the misspecified case, when the true data distribution p0 is skew normal,
the median is about −0.2. For the nonparametric component, we use a Bayesian bootstrap,
a Dirichlet process with concentration 0 (Rubin, 1981). This offers consistent estimation
of the target functional, and it is straightforward to draw samples from the posterior. For
the generalized Bayes factor, we consider the 2-Wasserstein divergence, the MMD with an
inverse multiquadric (IMQ) kernel, and the KSD with the same kernel; the IMQ, k(x, x′) =
(c2 + ∥x − x′∥2)−1/2, is a characteristic kernel that is well-suited for KSD-based inference
(Gorham and Mackey, 2017). We compare the gNPP to two baselines: (a) the parametric
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model alone, and (b) the Bayesian bootstrap, a nonparametric model that places no prior
weight on the parametric family.

We quantify the performance of models’ point estimates in terms of the absolute difference
between the posterior mean of the median and the true median, |E[ψ(p) | x1:n]−ψ(p0)|. The
behavior of the gNPP follows that of the NPP. In the well-specified case, the gNPP matches
the fast convergence of the parametric model (Figures 2c and 7). In the misspecified case,
it converges to the true median (Figures 2d and 7). At small n we see a Bartlett-Lindley
effect in the MMD and KSD generalized Bayes factors, as they prefer the misspecified but
simple parametric model at n = 5, despite the prior η = 0.1 (Figures 1b and 1c). This
explains their performance improvement over the nonparametric model at low n. Note the
effect is not theoretically guaranteed to always occur, and in this case is absent from the
Wasserstein gNPP (Figure 1d).

We also examined uncertainty quantification. We checked whether posterior credible
sets are calibrated and achieve frequentist coverage. We computed how often, across
independent simulations, the true median fell in the posterior 95% credible interval; with
correct calibration, it should fall in the interval 95% of time. In the well-specified case, the
gNPP is well calibrated, as is the parametric and nonparametric model (Figures 2e and 8).
In the misspecified case, the parametric model is miscalibrated, but the gNPP inherits the
good calibration of the nonparametric model (Figures 2f and 8).

A key hyperparameter in the gNPP is the rate r. We set r = 0.49 for the MMD and
KSD versions, based on the intuition that r should be as large as possible to enable efficient
convergence in the misspecified case, while still below 1/2, the parametric rate, to preserve
convergence in the well-specified case (Remark 1). While this default worked well for the
MMD and KSD versions, in the Wasserstein version it led to a gBF that failed to favor
the parametric model in the well specified case even with n = 500 datapoints, and even
though the gBF slowly trended towards larger value (Figure 9). Instead, setting r = 0.1
led to improved performance by effectively discriminating between the well-specified and
misspecified cases at lower values of n. So although r = 0.49 may be a reasonable default,
problem-specific tuning can improve performance.

4 Theory

We establish the frequentist properties of NPP models and the gNPP approximation. In
particular, we prove they are (a) robust, in the sense that the posterior converges to the
true data distribution, and (b) efficient, in the sense that the posterior converges at a
parametric rate when the underlying parametric model is well-specified. We assume a
population distribution p0 over X that produces i.i.d. observations x1:n. In this section we
assume, for simplicity of exposition, that X is an open subset of Rκ, where the Lebesgue
densities are well-defined. But note that this is not a requirement for implementing the
NPP or the gNPP, with the Wasserstein or MMD, in practice. Finally, we assume a unique
parameter θ0 in an open set Θ ⊆ Rd that minimizes the KL divergence to the population
distribution, DKL (p0 ∥ pθ). Detailed statements and proofs of each result are in Section D.
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4.1 NPP models

Model selection consistency. We first analyze the mixing weight ηn in the NPP.
Proposition 2 establishes general conditions for its model selection consistency: ηn asymptotically
selects the parametric model when that model is correct, and the nonparametric model
otherwise. The assumptions (Assumptions 5 to 7 in Section C.2) follow the standard
“prior mass and testing” framework for establishing posterior contraction rates in Bayesian
nonparametrics (Ghosal and Van der Vaart, 2001). Informally, the entropy condition
(Assumption 5) characterizes the complexity of local Hellinger neighborhoods in the parametric
and nonparametric model classes and thereby defines the corresponding contraction rates.
We further need the NPP prior to put sufficient mass in a reverse KL ball around p0
(Assumption 6), and, when the parametric model is well-specified, the nonparametric prior
should put much less mass around the truth than the parametric model (Assumption 7).
The result then follows directly from Ghosal et al. (2008, Corollary 3.1).

Proposition 2 (ηn is consistent for model selection). Assume the marginal density ppm(x1:n) :=∫
Θ pθ(x1:n)dΠpm(θ) is well-defined. Under Assumptions 5 to 7 given in Section C.2,

1. ηn → 1 a.s. [P∞
0 ], if p0 ∈ Mpm.

2. ηn → 0 a.s. [P∞
0 ], if p0 /∈ Mpm.

We check if the assumptions of Proposition 2 are satisfied for non-parametric perturbations
based on a Dirichlet process and on a Dirichlet process mixture model.

Example 1 (Dirichlet process perturbations are not consistent). Consider an NPP model
(Eq. (2)) with a Dirichlet process perturbation p ∼ dp(pθ, α). For this choice of perturbation,
the mixing weight fails to satisfy model selection consistency. The technical assumption
that fails is Assumption 6 which requires the DP prior to put sufficient mass around {p :
DKL (p0 ∥ p) < ϵ2} for small ϵ. But, since the DP prior is only supported on discrete
measures, it puts zero mass on this reverse KL ball for any non-discrete p0. The full result
is provided in Proposition 12 in Section D.1 with a proof.

One implication of this result is that the robust Bayes approach studied by Lyddon et al.
(2018), in which a parametric model is perturbed by a Dirichlet process, is robust but not
necessarily efficient.

Example 2 (Dirichlet process normal mixture perturbations are consistent). Consider
a nonparametric perturbation based on a Dirichlet process normal mixture, as described
in Eqs. (2) and (3). Unlike the Dirichlet process, this perturbation describes continuous
densities over X . When p0 is smooth, Proposition 14 implies that the Dirichlet process
normal mixtures satisfy the assumptions of Proposition 2, implying ηn is model selection
consistent.

Robustness and Efficiency. We now establish robustness and efficiency for the NPP
posterior. Recall the target of inference is defined via a functional ψ : P(X ) 7→ Rs, s < ∞.
To establish efficiency, we prove a Bernstein-von Mises (BvM) theorem: when p0 ∈ Mpm,
the posterior over the functional ψ(p) is asymptotically normal, with a standard deviation
proportional to 1/

√
n. This result is closely related to semiparametric BvM theorems in
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the literature, which characterize the asymptotic normality of low-dimensional functionals
in nonparametric Bayesian models (Bickel and Kleijn, 2012; Rivoirard et al., 2012; Castillo
and Rousseau, 2015). To establish robustness, we show that even when p0 /∈ Mpm, the
posterior concentrates at ψ(p0).

The NPP inherits its asymptotic normality from the underlying parametric model. The
standard Bernstein-von Mises theorem says the parametric posterior Πpm(dθ | x1:n) is
asymptotically normal, so under smoothness conditions, the posterior over ψ(pθ) will be
asymptotically normal as well.

Assumption 1 (The parametric model is asymptotically normal). There exists θ0 ∈ Θ and
a positive definite matrix Vθ0 such that n→ ∞,

(a)
√
n(θ̂MLE − θ0)

w−→ N
(
0, V −1

θ0

)
, where

w−→ denotes weak convergence and θ̂MLE is the

maximum likelihood estimate of θ, and

(b) dTV

(√
n
(
θ − θ̂MLE

)
,N
(
0, V −1

θ0

))
P0→ 0 for θ ∼ Πpm (· | x1:n), with convergence in

first and second moments in [P0]-probability.

Conditions (a) and (b) assume the parametric MLE and posterior are asymptotically
normal at the

√
n-rate. Condition (b) is the Bernstein-von Mises theorem for regular

parametric models, and guarantees the frequentist coverage of posterior credible regions
will asymptotically match its nominal level. The convergence in first two moments follows,
for example, from convergence of the posterior to a normal distribution in the Wasserstein
metric. To streamline the presentation, we write χ̇θ := ∇χθ and χ̈θ := ∇2χθ for a function
χθ of θ.

Assumption 2 (The target functional is smooth). The function χθ := ψ(pθ) − ψ(pθ̂MLE
)

is twice differentiable, where χ̇⊤
θ0
V −1
θ0
χ̇θ0 is positive definite, χ̈θ is continuous at θ0 and

∥χ̈θ0∥2 <∞ in [P0]-probability.

We now establish our main result. To describe convergence of the NPP posterior to
a normal distribution, we use the bounded Lipschitz distance dBL, which metrizes the
topology of weak convergence (Theorem 10 and Theorem 11).

Theorem 3 (NPP models are efficient and robust). Let Proposition 2 and Assumptions 1

and 2 hold. Let Π
(
ψ̃n(p) | x1:n

)
denote the pushforward measure of the NPP posterior

through ψ̃n(p) :=
√
n(ψ(p)− ψ(pθ̂MLE

)). If p0 ∈ Mpm, then

dBL

(
Π
(
ψ̃n(p) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
P0→ 0 (Efficiency). (14)

Further assume the nonparametric perturbation Πpert(ψ(p) | x1:n) is consistent at ψ(p0).
Then if p0 /∈ Mpm,

dBL
(
Π(ψ(p) | x1:n) , δψ(p0)

) P0→ 0 (Robustness). (15)

Hence the NPP posterior Π(ψ(p) | x1:n) is also consistent at ψ(p0).
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When the parametric model is correctly specified, Theorem 3 tells us that the NPP posterior
of the target estimand achieves the

√
n-rate and the optimal variance in the asymptotic

minimax sense (Van der Vaart, 2000). When the parametric model is misspecified, the
NPP posterior is still robust as it converges to the true ψ(p0). Sufficient conditions for the
consistency of Πpert (ψ(p) | x1:n) are (a) consistency of the nonparametric posterior for all
pθ, e.g. Dirichlet process normal mixture models, and (b) continuity of the functional ψ
with respect to the weak topology.

The efficiency guarantee could be extended to the misspecified setting if the nonparametric
posterior Πpert(ψ(p) | x1:n) achieves semiparametric efficiency for the target functional ψ.
This could follow from a semiparametric Bernstein–von Mises theorem for the posterior of
ψ(p) around a sequence of asymptotically efficient regular estimators ψ̂n in the sense of the
convolution theorem (Van der Vaart, 2000, Theorem 25.20). Specifically, we require that,
after centering at ψ̂n and scaling by

√
n, the conditional distribution of ψ(p) under Πpert(· |

x1:n) is asymptotically Gaussian with variance equal to the semiparametric efficiency bound.
Given such a result, the efficiency statement for NPP would then follow by combining: (i) the
semiparametric BvM for Πpert(ψ(p) | x1:n), and (ii) consistency of the (generalized) Bayes
factor, which ensures that the posterior concentrates on the appropriate limiting model. An
example of an efficient nonparametric posterior is the one-step corrected posterior of Yiu
et al. (2025), which achieves semiparametric efficiency under its stated assumptions.

4.2 gNPP approximation

We establish the efficiency and robustness of the gNPP approximation, proving an analogue
of Theorem 3 for our generalized Bayes inference approach (Theorem 6). To do so, we first
show that the generalized Bayes factor satisfies model selection consistency (Theorem 4).
Our results apply to a broad class of divergences, but we verify the conditions and provide
explicit contraction rates for the Wasserstein, MMD and KSD (Theorems 16, 21 and 26 in
Section D.3). The contraction rates justify our guidance for setting the rate hyperparameter r.

Model selection consistency. We first analyze the model selection consistency of the
mixing weight η̂n in the gNPP. Recall η̂n := 1/(1 + gbf−1

n ), where gbfn depends on a
posterior expected empirical divergence Epm [dm,n(pθ, p0) | x1:n] (Eq. (6)). We are interested
in the asymptotic behavior of this posterior divergence, showing it correctly detects model
misspecification.

To begin, we study general divergences d that are semimetrics or depend on one, in the
sense that d(p, q) = ρk(p, q) for k ∈ N and ρ a semimetric. The Wasserstein and MMD fit
this form; the KSD is asymmetric and hence does not, so we later extend our arguments.
We also assume in the general theory that the estimated divergence dm,n(p, q) takes the
form of a plug-in estimator dm,n(p, q) = d (pm, qn), where pm is the m-sample empirical
distribution of p, and qn is the n-sample empirical distribution of q. The empirical p-
Wasserstein distance is directly given by this plug-in estimator, while the plug-in form of
the MMD is its V-statistic (Gretton et al., 2012). We later extend our arguments to the
MMD U-statistic, which matches the plug-in form with a vanishing error, O(n−1 +m−1)
(Gretton et al., 2012; Serfling, 2009).

We make regularity assumptions on the divergence.

18



Nonparametric Perturbations with Generalized Bayes

Assumption 3 (The divergence is well-behaved). Assume d(p, q) = ρk(p, q) where k ∈ N
and ρ is a semimetric, and that

(a) ρ is continuous in the weak topology and supθ∈Θ ρ(pθ, p0) <∞.

(b) There exists an Mnn
−1/2 neighborhood of θ0 where Mn → ∞ such that the mapping

θ 7→ ρ(pθ, pθ0) is twice differentiable and
∥∥∇2

θρ(pθ, pθ0)
∥∥
2
is uniformly bounded.

Assumption 3(a) requires the divergence to be uniformly bounded. For example, with the
Wasserstein distance, the condition is satisfied if X is compact. For MMD, the condition
is satisfied if the kernel is uniformly bounded. Assumption 3(b) requires local Lipschitz
smoothness of the function θ 7→ ρ(pθ, pθ0) within an asymptotically vanishing ball around
θ0, where the radius is at least n−α/2, with α < 1. This condition is typically satisfied for
commonly used discrepancies under standard smoothness assumptions on the parametric
family, such as those used to establish central limit theorems for minimum ρ-discrepancy
estimators (e.g. Barp et al., 2019). The precise meaning of a “smooth parametric model”
depends on the choice of ρ. For example, if ρ is the MMD induced by a translation-invariant
kernel k, a natural notion of smoothness is to parametrize Pθ as a pushforward Pθ = Tθ,#U
for a reference measure U . In this setting, by following the same argument of Briol et al.
(2019, Theorem 2.), it suffices for Assumption 3(b) to hold if (a) k has bounded mixed
derivatives up to order 2; (b) there exists a neighborhood On of θ0 of radius Mnn

−1/2 such
that Tθ is twice continuously differentiable in θ for all θ ∈ On; and (c) the derivatives of Tθ
satisfy suitable integrability/dominance conditions, e.g.,

∫
supθ∈On

∥∇i
θTθ(u)∥2 dU(u) <∞

for i ∈ {1, 2}. Similar conditions appear for the KSD in (Barp et al., 2019, Theorem 4 and
5) and for the Wasserstein in (Bernton et al., 2019, Theorem 2.3.).

We also assume that the empirical divergence converges to the true divergence, at least
when the model likelihood is in a neighborhood of the truth.

Assumption 4 (The empirical divergence converges). There exists a sequence rm,n → 0
such that

(a) For any sequence θn → θ0, as m,n → ∞ with m/(m + n) → c ∈ (0, 1), we have
E [dm,n (pθn , p0)] = d (pθ0 , p0)+O(rm,n). The expectation is over m samples from pθn
and n samples from p0.

(b) There exists a function V(θ) that is finite at θ0 and continuous at θ0 such that for all
(m,n) large enough, Var (dm,n (pθ, p0)) ≤ r2m,nV(θ), where Var denotes the variance.

Assumption 4 requires an asymptotic bound on the expectation of dm,n (pθ, p0) and a finite-
sample variance bound around θ0, both converging at a rate rm,n. These assumptions are
local, applying only to a neighborhood of θ0. They are also weaker than assuming uniform
convergence of the mean or the variance of dm,n (pθ, p0) in a neighborhood around θ0.

When we specialize Assumption 4 to specific divergences, we can verify the assumption
more closely. For example, for the MMD, the plug-in V-statistic matches the U-statistic
up to an ignorable error, and for the U-statistic, Assumption 4(a) is satisfied, since the
statistic is unbiased, and Assumption 4(b) follows from the variance formula of two-sample
U-statistics and kernel regularity conditions.
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We now study the posterior expected value of the empirical divergence, under the
parametric model. To make the analysis more tractable theoretically, we assume the
samples used to approximate p0 in dm,n(pθ, p0) are independent of those used to compute
the posterior. This can be achieved by splitting data and cross-fitting (Chernozhukov et al.,
2018). However, we expect the model selection consistency of η̂n (Theorem 5) to remain
valid even without sample splitting, and in the empirical studies we do not apply it.

Theorem 4 (The posterior expected empirical divergence converges at a rate rm,n ∨ n−1).
Let Assumptions 1, 3 and 4 be satisfied. As m,n → ∞ with n/(n + m) → c ∈ (0, 1),
Epm [dm,n(pθ, p0) | x1:n] converges in [P∞

0 ]-probability to d(pθ0 , p0) at the rate of rm,n ∨
n−1 := max(rm,n, n

−1):

Epm [dm,n(pθ, p0) | x1:n] = d(pθ0 , p0) +OP0(rm,n ∨ n−1). (16)

So the posterior empirical divergence converges to the true minimal divergence between the
model class Mpm and p0, at a rate that is the slower of (a) rm,n, the convergence rate of
dm,n, and (b) n−1.

Theorem 4 applies to general divergences. For the Wasserstein, MMD, and KSD in
particular, we derive the following contraction rates (detailed theorems and conditions are
in Section D.3).

1. p-Wasserstein Distance. The empirical Wasserstein divergence Epm [wp
p(pmθ , p

n
0 ) | x1:n]

converges to wp
p (pθ0 , p0) at a rate of OP0

(
n−2/(κ∨4) +m−2/(κ∨4)), where κ is the

dimension of X (Section D.3.1).

2. MMD. The empirical MMD Epm

[
mmd2

U (pmθ , p
n
0 ) | x1:n

]
, based on the U-statistic for

the MMD, converges tommd2 (pθ0 , p0) at a rate ofOP0

(
n−1/2 +m−1/2

)
(Section D.3.2).

3. KSD. The empirical KSD Epm

[
ksd2

U (p
n
0 , pθ) | x1:n

]
, based on the U-statistic for the

KSD, converges to ksd2(p0, pθ0) at a rate of OP0(n
−1/2) (Section D.3.3).

For simplicity, in our implementation, we setm = n for the two-sample empirical divergences
(Wasserstein and MMD), so the rate rm,n simplifies to rn := rn,n. In this case, for the
Wasserstein, we can take rn = n−2/(κ∨4), and for the MMD and KSD, we can take rn =
n−1/2.

We have shown that the posterior expected empirical divergence converges to the true
divergence at a known rate, rn. We can now set the rate hyperparameter r in the generalized
Bayes factor to be slower than this known rate, i.e. r ∈

(
0, 2

κ∨4
)
for the Wasserstein and

r ∈ (0, 1/2) for MMD and KSD. Then, the generalized Bayes factor is model selection
consistent.

Theorem 5 (η̂n is consistent for model selection). Let Epm [dn(pθ, p0)] be bounded in [P∞
0 ]-

probability, η > 0 and assume Epm [dn(pθ, p0) | x1:n] = d(pθ0 , p0) + rn, where d(·, ·) is a
statistical divergence. Choose r > 0 such that rn(n+ 1)r = o(1). Then, as n→ ∞:

1. η̂n → 1 a.s. [P∞
0 ], if p0 ∈ Mpm.

2. η̂n → 0 a.s. [P∞
0 ], if p0 /∈ Mpm.
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Note Epm [dn(pθ, p0)] is bounded in probability when, for example, dn(pθ, p0) is uniformly
bounded or satisfies a uniform law of large numbers. Remark 25 in Section D.3.2 verifies
the conditions of Theorem 5 for the model used in the synthetic study of Section 3, with
the generalized Bayes factor constructed with the MMD distance.

Robustness and Efficiency. The gNPP approximation uses the generalized Bayes factor
to adaptively trade off between parametric and nonparametric models. We have shown the
generalized Bayes factor is model selection consistent. As a result, the gNPP approximation
converges efficiently when the parametric model is well-specified, but still converges to the
truth when it is misspecified.

Theorem 6 (gNPP approximations are efficient and robust). Let Assumptions 1 to 4 hold
for m = n and rn := rn,n. Assume also that Epm [dn(pθ, p0)] is bounded in [P0]-probability.

Let r < 1 be a positive constant such that rn(n + 1)r = o(1). Let Π̂
(
ψ̃n(p) | x1:n

)
denote

the pushforward measure of ψ̃n(p) :=
√
n(ψ(p) − ψ(pθ̂MLE

)) onto the gNPP posterior. If
p0 ∈ Mpm, then

dBL

(
Π̂
(
ψ̃n(p) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
P0→ 0 (Efficiency). (17)

Furthermore, assume that the nonparametric posterior Π̂pert(ψ(p) | x1:n) is consistent at
ψ(p0). Then if p0 /∈ Mpm,

dBL

(
Π̂ (ψ(p) | x1:n) , δψ(p0)

)
P0→ 0 (Robustness), (18)

hence the gNPP posterior Π(ψ(p) | x1:n) is also consistent at ψ(p0).

We can replace Assumptions 3 and 4 with assumptions specific to the Wasserstein, MMD
and KSD, as detailed in Section D.3.

5 Application: Estimating the Effects of Gene Expression

A cell’s behavior depends crucially on its genes’ expression levels, or the number of RNA
transcripts of each gene in the cell. An important question in cell biology is how the
expression level of one gene affects another. Answering such questions can help scientists
understand cells’ behavior, and may help develop drugs which modify gene expression levels
or activity.

We develop a robust method to estimate the causal effect of one gene’s expression level
on another’s. To do so, we leverage observational data about the expression level of genes
in individual cells, measured with single cell RNA sequencing (scRNAseq) (Kolodziejczyk
et al., 2015). We focus on analyzing primary patient data, which is often hard to obtain
and hence limited in scale. Bayesian parametric models offer data-efficient inference, but
robustness is crucial given the importance of the estimates to human health.

We specify the causal effect as a functional of the data distribution. We start from a
parametric Bayesian model that incorporates prior information from an auxiliary dataset,
a single cell atlas. We robustify this parametric model by creating a gNPP approximation
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Figure 3: Causal model. To analyze the effects of gene expression, we assume this causal
graphical model. (a) The initial model where all variables are observed. (b) The
model after intervening on the treatment variable A. The goal is to estimate the
effect of the treatment gene on the outcome gene, as highlighted in blue.

to the NPP posterior, with a BART-based nonparametric perturbation and an MMD-based
generalized Bayes factor.

We apply the gNPP model to conduct an exploratory analysis of data from an ovarian
cancer patient. We estimate the causal effects of genes that are potential therapeutic targets.
Our results reveal that interventions on some genes may have unexpected effects in this
patient.

Additional details are in Section E. Code and data can be found at https://github.
com/bohanwu2000/npp.

5.1 Setup

Estimand. We are interested in the effect of the expression level of a treatment gene on
the expression level of an outcome gene. The challenge for causal inference is that there may
be confounders, factors which affect the expression of both the treatment and the outcome
genes. An important source of confounding is transcription factors, proteins which directly
modify the expression level of many other genes. To correct for this confounding, we adjust
for the expression level of the transcription factor genes in each cell.

Formally, we consider the causal graph in Figure 3, where a is the treatment gene
expression level, y is the outcome gene expression level, and w is a vector of expression
levels for confounding genes, i.e. transcription factors. We are interested in the effect of
an intervention which sets the expression level of a to a⋆. From Figure 3, the distribution
of the outcome after the intervention is given by the backdoor adjustment, p(y | do(a⋆)) =∫
p(y | a⋆, w)p(w)dw (Pearl, 2009).

We compare the average outcome when the treatment gene is highly expressed versus
when it is unexpressed. To define “highly expressed” we take the 98th quantile of the
empirical distribution of treatment expression, denoted q98(a). Our target functional ψ(p)
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is the average treatment effect,

ψ(p) = ATE (p) := Ep [Y ; do(a⋆ = q98(a))]− Ep [Y ; do(a⋆ = 0)]

=

∫ ∫
y p(y | q98(a), w)p(w)dydw −

∫ ∫
y p(y | 0, w)p(w)dydw,

(19)

where p(a, y, w) is the joint distribution over treatment, outcome and confounders.

Parametric model We first introduce a parametric Bayesian model to estimate the
causal effect ψ(p0). This parametric model incorporates information from a single cell atlas
dataset, a large collection of scRNAseq data from donors without cancer.

Rather than using the full vector of confounding gene expression w, the model uses a low-
dimensional representation z(w) derived from the atlas. Specifically, we set z(·) to be the
projection of w onto the first ten principal components of the atlas. Such low-dimensional
representations of gene expression – whether derived from principal component analysis or
other approaches – have been found to provide an effective summary of cell type and cell
state (Lopez et al., 2018). By using representations learned from a large atlas, biologists aim
to better estimate the cell type and state underlying the noisy expression levels in a small
dataset (Hao et al., 2021). We apply this idea to obtain a low-dimensional representation
of confounding.

Our parametric Bayesian model depends linearly on the treatment and on the low-
dimensional representation of the confounders,

pθ(y | a,w) = N (c+ τa+ γ⊤z(w), σ2), (20)

where θ := [c, τ, γ] and N (µ, σ2) denotes a normal distribution with mean µ and variance
σ2. The parameter c is an intercept, τ is the coefficient on the treatment and γ is a
vector of coefficients on the confounder representation. We use an improper prior π(θ) ∝ 1
and specify σ ∼ HalfNormal(0, 1). To compute the empirical divergence of the prior, we
approximate the improper prior by a uniform distribution over the hypercube with slice
[−100, 100]. We place a Dirichlet process prior on p(a,w) with concentration approaching
zero, such that the posterior over the ATE is obtained by the Bayesian bootstrap.

We expect the parametric model to learn efficiently even from limited numbers of cells,
since the cell representation z(w) is low-dimensional and hence so is the model. However, the
parametric model may be misspecified, for instance if the ovarian cancer patient has a cells in
a pathological state that is not present in the healthy atlas. In this case, the representation
z(w) may project out important variation in w, ignoring a source of confounding and leading
to unreliable inferences.

gNPP model We introduce a gNPP model for robust inference. For the nonparametric
model, we use a Bayesian additive regression tree (BART) with a fixed propensity score
correction, an established method for nonparametric Bayesian causal inference (Hill, 2011;
Hahn et al., 2020). Since single cell RNA expression data is highly non-normal, we adjust
the BART model with a Yeo-Johnson transformation (Yeo and Johnson, 2000). We place a
Dirichlet process prior on p(a,w) with concentration zero, such that the posterior over the
ATE is obtained by a Bayesian bootstrap. The model does not incorporate prior information
from the atlas. For the generalized Bayes factor, we use the MMD with rate r = 0.49.

23



Wu et al.

Data and preprocessing We study an scRNAseq dataset consisting of 544 T cells from a
patient with ovarian cancer (Vázquez-Garćıa et al., 2022). The atlas contains 261,611 T cells
collected across 17 sites/tissues from 12 organ donors without cancer (Domı́nguez Conde
et al., 2022). We log transform and standardize the expression data following standard
practice in the field (Heumos et al., 2023). As potential confounders, we adjust for 157
transcription factors with highly variable expression. To find highly variable genes, we use
the method of Stuart et al. (2019) as implemented in scanpy (Wolf et al., 2018). Briefly,
the read counts are z-score normalized (using a regularized standard deviation), then genes
are ranked by their empirical variance.

5.2 Results

A route to treating cancer is to intervene on a patient’s immune system, such that it can
better attack the cancer. One potential strategy is to modify regulatory T cells, which
suppress immune attack, to be more like cytotoxic T cells, which conduct immune attack.
FOXP3 is a transcription factor that makes T cells regulatory, so it may be a good drug
target for achieving this goal (Revenko et al., 2022). Will decreasing the expression of
FOXP3 make this ovarian cancer patient’s T cells more cytotoxic? To address this question,
we estimate the causal effect of FOXP3 on the expression of key genes that T cells use to
clear tumors. We also consider interventions on another gene in Section E.2.
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Figure 4: Effect of FOXP3 on GZMH. a. Posterior probability of the ATE being
positive under the parametric, nonparametric, and gNPP models. n denotes
the size of the (subsampled) dataset. Values are the estimated median from 10
independent data subsamples and model samples. b. Generalized mixing weights,
η̂n. The estimated confidence interval (CI) is across independent data subsamples
and model samples.
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GZMH We first consider the effect of FOXP3 on granzyme H and K (GZMH and GZMK),
proteases which digests tumor proteins. For granzyme H (GZMH), under the parametric
model, the posterior probability that the ATE is positive is low, 0.12 (Figure 4a). This
suggests the ATE is likely negative, so an intervention that decreases FOXP3 expression
will increase GZMH expression. In other words, the parametric model infers that intervening
on FOXP3 will make these T cells more capable of attacking tumors. However, there are
reasons to question this conclusion. The parametric model’s R2 is low, at 0.12, suggesting it
explains only a small portion of the variance in the data. Moreover, its residual histogram
and QQ plot suggest strong deviations from normality (Figure 11). So the parametric model
may be poorly specified.

The gNPP draws inferences that are robust to misspecification. We find a small generalized
mixing weights of 0.18, placing most of the posterior weight on the nonparametric model
(Figure 4b). However, the posterior probability of a positive ATE under the gNPP model
remains nearly unchanged, at 0.12. So, the conclusion that decreasing FOXP3 expression
will increase GZMH expression is robust to possible model misspecification.
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Figure 5: Effect of FOXP3 on GZMK. a. Posterior probability of the ATE being
positive under the parametric, nonparametric, and gNPP models. n denotes
the size of the (subsampled) dataset. b. Generalized mixing weights, η̂n. CI:
confidence interval across independent data subsamples and model samples.

GZMK We next consider the effect of FOXP3 on granzyme K (GZMK). The posterior
probability that the ATE is positive, under the parametric model, is 0.43 (Figure 5a). The
fact that this value is close to 0.5 suggests there is substantial uncertainty in the effect of
FOXP3 on GZMK, and there may be no effect at all. The gNPP, however, revises this
estimate downward to 0.33, providing more confidence that decreasing FOXP3 expression
will increase GZMK expression. In this case, the gNPP still places considerable weight on
the parametric model, with a generalized Bayes factor of 0.69 (Figure 5b).
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We subsampled the data down to smaller numbers of cells and reran the analysis,
averaging over ten independent subsamples. We found that with smaller amounts of data
the gNPP model relies even more heavily on the parametric model, producing nearly the
same posterior probability of a positive ATE (Figure 5a). The gNPP’s estimates only begin
to diverge from the parametric model at around n = 200 cells.
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Figure 6: Effect of FOXP3 on NKG7. a. Posterior probability of the ATE being positive
under the parametric, nonparametric, and gNPP models. n denotes the size of
the (subsampled) dataset. b. Generalized mixing weights, η̂n. CI: confidence
interval across independent data subsamples and model samples.

NKG7 We next consider the effect of FOXP3 on the granule protein NKG7, another
key component of T cells’ attack. The parametric model suggests that decreasing FOXP3
expression will actually decrease NKG7, with the posterior probability of a positive ATE
of 0.99 (Figure 6a). Biologically this is unexpected, since regulatory T cells do not express
much NKG7 in general (Szabo et al., 2019). Correspondingly, the gNPP increases our
uncertainty in the finding, revising the posterior probability down to 0.77 (Figure 6a). Here,
the gNPP has strong confidence that the parametric model is wrong, with a generalized
mixing weight of 0.1.

The gNPP adaptively smooths between the parametric and nonparametric posteriors,
so its posterior probability of a positive ATE is quite stable here even if we sub-sample the
data to below 100 datapoints (Figure 6a). The nonparametric model, by contrast, produces
more variable estimates: at n = 100, it produces a posterior probability of 0.35, compared
to the full dataset value of 0.76.

6 Discussion

We showed how adding a nonparametric perturbation to a parametric Bayesian model can
robustify the model, guarding against misspecification without sacrificing data efficiency.
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We then developed a generalized Bayes posterior that achieves these same properties, but
enjoys more scalable computation and implementation. The basic technique is: (a) use a
backup nonparametric or semiparametric model that is consistent for the target of inference
and (b) mix the parametric posterior with the nonparametric posterior based on how
well the parametric model describes the data. Overall, gNPP models offer a practical
approach to combining scientific domain knowledge with flexible machine learning models,
by regularizing inferences from a nonparametric model towards a parametric model.

The proposed gNPP posteriors have several important assumptions and limitations,
which future work may overcome. First, they assume the data is independent and identically
distributed (i.i.d.). In practice, data may be correlated, and the distribution may shift across
time or space. An important future direction is to extend the generalized Bayes factor to
handle non-i.i.d. data. Second, gNPP posteriors have several tuning parameters, including
the rate r, the divergence D, and the divergence’s hyperparameters, such as the choice of
kernel for the MMD and the transportation cost for the Wasserstein. We have offered some
basic guidance for choosing these parameters, but future work could go further to advance
additional sensitivity analyses and develop techniques to tune parameters automatically
and adaptively in response to data or the target estimand (Schrab et al., 2023). Third, our
theoretical analysis of the gNPP has focused on its asymptotic behavior. Future theoretical
and empirical work could investigate the non-asymptotic regime in depth, perhaps leading
to improved designs for the generalized Bayes factor.
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Appendix A. Scaling of the Generalized Bayes Factor

In Section 2, we define the generalized Bayes factor using the transformation Ξ. Here, we
show that the transformed variable aligns with the typical scaling behavior of the Bayes
factor (Hong and Preston, 2005; Dawid, 2011). First note,

− log gbfn =
E [dn (pθ, p0) | x1:n]

E [dn (pθ, p0)]
(n+ 1)r − 1 + log

(
E [dn (pθ, p0) | x1:n]

E [dn (pθ, p0)]
(n+ 1)r

)
.

Suppose the assumptions of Theorem 6 hold. Then the empirical divergence satisfies

E [dn (pθ, p0) | x1:n] = d(pθ0 , p0) + rn,

for some rate rn → 0 such that rn(n + 1)r = o(1). In practice, for the divergences we
study, rn = n−r̃, and we choose 0 < r < r̃. This yields the following scaling behavior: if
p0 ∈ Mpm, then log gbfn = O((r̃ − r) log n); if p0 /∈ Mpm, then − log gbfn = O(nr).

This aligns with the standard Bayes factor, comparing a high-dimensional model to
a nested low-dimensional model, where, if p0 is in the low-dimensional model class, then
log bfn = O(log n); otherwise − log bfn = O(n) (Hong and Preston, 2005; Dawid, 2011).

The scaling behavior of the generalized Bayes factor also reveals the tradeoffs involved
in setting the hyperparameter r. Choosing smaller values of r leads to faster convergence
in the well-specified case, but slower convergence in the misspecified case.

Appendix B. Details on Synthetic Experiments

In the NPP, we estimate the KL divergence between p0 and the posterior predictive using
Monte Carlo, with 1000 heldout samples from the true distribution. We use m = n to
estimate the divergence in the gNPP, for the MMD version and Wasserstein version. We
use the IMQ kernel k(x, y) = (c2 + ∥x − y∥22)−0.5 with the bandwidth c set to the median
distance between datapoints (Gorham and Mackey, 2017).

As an additional comparison, we also examined the behavior of a modified version of
the gNPP that uses a point estimate of the optimal model, I(η̂n > 0.5), in place of the
standard mixing weight η̂n. We find similar behavior (Figure 10).
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Figure 7: Point estimation error of the gNPP. Absolute difference between the
posterior mean of the median and the true median, using the Wasserstein (a,b)
and KSD (c, d) divergences, in the well-specified (a,c) and mis-specified cases
(b,d).

Appendix C. Background

We review key background for our theoretical results.

C.1 Distances and Divergences

This section collect some definitions and results about statistical divergences.

Definition 7 (KL divergence). The Kullback-Leibler (KL) divergence between two probability
distributions p and q is defined as

DKL (p ∥ q) =

∫
log

(
p(t)

q(t)

)
p(t)dt.
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Figure 8: Calibration of the gNPP. We calculate how often the credible interval of the
gNPP posterior includes the true median.

Definition 8 (Hellinger distance). The Hellinger distance between two probability distributions
p and q is defined as

dH(p, q) =

√
1

2

∫ (√
p(x)−

√
q(x)

)2
dx.

Definition 9 (Total variation distance). The total variation distance between two probability
distributions p and q is defined as

dTV (p, q) =
1

2

∫
|p(x)− q(x)|dx.

Definition 10 (Bounded Lipschitz distance). For a real-valued function f : Rd 7→ R, the
bounded Lipschitz norm is defined as

∥f∥BL = ∥f∥∞ + ∥f∥L, (21)

where ∥f∥∞ = supx |f(x)| and ∥f∥L = supx̸=y
|f(x)−f(y)|
∥x−y∥2 .
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Figure 9: Dependence of the generalized Bayes factor on the rate r. We plot the log
generalized Bayes factor with the Wasserstein distance, under different choices of
rate hyperparameter r (colors), in the well-specified case (solid) and misspecified
case (dashed). Values above zero indicate the parametric model is favored.
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Figure 10: Point estimation error of the gNPP with a binarized mixing weight.
Same as Figures 2c and 2d, but using a binarized mixing weight in the gNPP.

For two distributions p, q on Rd, the bounded Lipschitz metric is defined as

dBL(p, q) = sup
∥f∥BL≤1

∣∣∣∣∫ f(x)(p(x)− q(x))dx

∣∣∣∣ . (22)
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Theorem 11. (Van der Vaart and Wellner, 2023, Theorem 1.12.4) For a sequence of
distributions pn and a distribution p0 on Rd, the following are equivalent:

(a) pn converges weakly to p0.

(b) dBL(pn, p0) → 0.

C.2 Bayesian Nonparametrics

In this section we provide background on the frequentist analysis of Bayesian nonparametric
models.

Notation. Let X ⊆ Rd. We denote the Hellinger distance, KL divergence, and L2 norm
between two densities p, q ∈ P(X ) as dH(p, q), DKL (p ∥ q), and ∥p − q∥2, respectively, as
reviewed in Section C.1. We also consider a generic metric d on the space of probability
densities, such as the Hellinger distance, L1 distance, or L2 distance for uniformly bounded
densities.

The ϵ-covering numbers and ϵ-packing numbers of a metric space (P, ρ) denoted by
N(ϵ,P, ρ) and D (ϵ,P, ρ) are defined as the minimal number of balls of radius ϵ needed to
cover P, and the maximal number of ϵ-separated points, respectively.

For any ϵ > 0, we define the neighborhood of p0 as follows:

B0(p0, ϵ,P) =
{
p ∈ P : dH (p0, p) < ϵ2

}
,

Bk(p0, ϵ,P) =
{
p ∈ P : DKL (p0 ∥ p) < ϵ2,Ep0

[
|log(p0/p)−DKL (p0 ∥ p)|k

]
< ϵk

}
, for k > 0.

(23)
The B0 neighborhood defines an ϵ-open ball around p0 under the Hellinger distance. The
Bk neighborhoods (for k > 0) consider the KL divergence and higher-order moments of the
log-likelihood ratio. These definitions help us reasons about the posterior contraction rates.
We keep the metric d purposefully vague, but a common choice is the Hellinger divergence.

We define the nonparametric prior Πnp (p) and Mnp as the support of Πnp.
When we say the parametric model is regular, we mean that the model is finite-

dimensional and satisfies sufficient conditions for the Bernstein-von Mises theorem. Sufficient
conditions can be found in Ch10 of Van der Vaart (2000), Ch 8 of Ghosal and Van der Vaart
(2017) or Section 2 of Miller (2021).

Prior mass and entropy assumptions. Let ϵn,pm, ϵn,np be two sequences of positive
numbers tending to zero, such that ϵn,pm < ϵn,np.

Assumption 5 (Model Entropy). There exists constant Cpm, Cnp such that

sup
ϵ≥ϵn,pm

logN
( ϵ
3
, B0 (p0, 2ϵ,Mpm) , dH

)
≤ Cpmnϵ

2
n,pm, and

sup
ϵ≥ϵn,np

logN
( ϵ
3
, B0 (p0, 2ϵ,Mn,np) , dH

)
≤ Cnpnϵ

2
n,np.

(24)

where Mn,np ⊆ Mnp is a submodel that satisfies

Πnp (Mnp\Mn,np) /Πpm (B2 (p0, ϵn,pm,Mpm)) ≤ exp
(
−2nϵ2n,np

)
. (25)
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Assumption 6 (Prior Mass). For the KL neighborhood in Eq. (23), the priors satisfy

Πpm (B2 (p0, ϵn,pm,Mpm)) ≥ exp
(
−nϵ2n,pm

)
, if p0 ∈ Mpm,

Πnp (B2 (p0, ϵn,np,Mnp)) ≥ exp
(
−nϵ2n,np

)
, if p0 /∈ Mpm.

(26)

Assumptions 5 and 6 establish the standard prior mass and entropy conditions necessary
for posterior contraction rates (Ghosal et al., 2000). Assumption 5 defines the parametric
and nonparametric rates. The second part of Assumption 6 relaxes the entropy condition to
a submodel supported on most of the prior mass, in view of (Ghosal and Van der Vaart, 2017,
Remark 10.4). Assumption 6 requires the parametric prior to put sufficient mass around the
truth when the parametric model is correctly specified. Similarly, the nonparametric prior
is required to put sufficient mass around the truth when the parametric model is incorrectly
specified.

It is useful to think of ϵn,pm, ϵn,np as the posterior contraction rates of the parametric
and nonparametric models, respectively. When the parametric model is regular, a choice
of ϵn,pm is n−1/2d1/2 log n by the Bernstein-von Mises theorem (Van der Vaart, 2000). The
nonparametric contraction rate is slower by at least a logarithmic factor. For example, the
posterior of a Dirichlet process mixture of normal priors contracts a rate of n−1/2(log n)(d+1+1/r0)/2

where d is the dimension and r0 is some measure of smoothness of the true mixing distribution
(Shen et al., 2013).

Assumption 7 (Rate Difference). We assume that for a sufficiently large M > 0,

Πnp (B0(p0,Mϵn,np,Mnp)) = o
(
exp

(
−3nϵ2n,pm

))
. (27)

Assumption 7 establishes an upper bound for the nonparametric prior mass within a
ball of radius Mϵn,np, which matches the prior mass lower bound in Assumption 6. As
we approach the truth at a rate of Mϵn,np, the prior mass decreases at a rate exceeding
exp

(
−3nϵ2n,pm

)
within this neighborhood.

Appendix D. Proof of Section 4

D.1 Proofs of Section 4.1

This section contains two main results: one negative and one positive. In Proposition 12,
we show that for Dirichlet process perturbations, model selection consistency can fail
(Example 1). In contrast, Proposition 14 shows that for Dirichlet process normal mixture
perturbations, model selection consistency holds under mild conditions.

Proposition 12. Example 1 fails to satisfy model selection consistency as in Proposition 2.

Proof [Proof of Proposition 12] Consider the Polya urn construction of the Dirichlet process,

x1 ∼ pθ, xk ∼
1

1 + h
pθ +

h

1 + h
p̂x1:k−1

, for k > 1, (28)
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where p̂x1:k−1
is the empirical distribution of x1:k−1, and h = 1/α (Blackwell and MacQueen,

1973). For distinct x1, · · · , xn, we have

ηn =
η
∫
pθ(x1:n) dΠpm(θ)

(1− η)
∫
p̃(x1:n) dΠpert (p̃)

=
η

1− η

∫
pθ(x1:n) dΠpm(θ)(

1
1+h

)n−1 ∫
pθ(x1:n) dΠpm (θ)

=
η

1− η

(
1

1 + h

)1−n
.

(29)

The resulting ηn does not depend on whether the parametric model is correct, and hence
does not satisfy model selection consistency.

We next establish that for Dirichlet process mixture model perturbations, model selection
consistency holds if p0 is sufficiently smooth (Example 2). Loosely, a distribution is said to
be supersmooth when it is a Gaussian mixture over a thin-tailed mixing distribution, and
β-smooth when the density is thin-tailed and has sufficiently regular derivatives.

Definition 13. A density p0 on Rd is said to be

• supersmooth if there exists (F0,Σ0) such that p0 = F0∗N (0,Σ0) and 1−F0

(
[−z, z]d

)
≲

exp (−c0za1) for every z > 0, with c0 > 0 and a1 ≥ 2;

• β-smooth if the following holds:

1. The mixed partial derivative Dkp0 of order up to k+ ≤ ⌊β⌋ satisfies∣∣∣(Dkp0)(x+ y)−Dkp0 (x)
∣∣∣ ≤ L(x) exp

(
c1∥y∥2

)
∥y∥β−⌊β⌋, k+ = ⌊β⌋, x, y ∈ Rd,

P0

(
L+ |Dkp0|

p0

)(2β+ϵ)/β

<∞,

(30)
for some function L : Rd 7→ [0,∞) and c1, ϵ > 0;

2. For every ∥x∥ > a, p0(x) ≤ c exp (−b∥x∥r), for some a, b, c, r > 0.

Proposition 14. Assume that the true density p0 is either supersmooth or β-smooth.
Suppose there exist positive constants a1, b1, C1 such that with Πpm-probability at least
1− exp(−C1z

a1), the following hold:

1. pθ admits a continuous and strictly positive Lebesgue density on Rd.

2. Pθ
(
[−z, z]d

)
≥ 1− b1 exp(−C1z

a1).

Let λ1(Σ) ≥ · · · ≥ λd(Σ) denote the eigenvalues of Σ. Assume the prior G on the scale
matrix Σ satisfies the following conditions:

1. There exist constants a2, b2, C2 > 0 such that, for all s > 0, G(λd(Σ) ≥ s) ≤ b2 exp(−C2s
a2).

2. There exist constants a3, b3 > 0 such that, for all s > 0, G(λ1(Σ) ≤ s) ≤ b3s
a3.
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3. There exist constants a4, a5, b4, C3, C4 > 0 such that, for all 0 < s1 ≤ · · · ≤ sd and
0 < t < 1,

G

 d⋂
j=1

{sj < λj(Σ) < sj(1 + t)}

 ≥ b4 s
a4
1 ta5 exp

(
−C3s

C4/2
d

)
.

Then Assumptions 5 and 6 hold for the Dirichlet process normal mixture perturbation
(Eqs. (2) and (3)) and

1. ϵn,np = n−1/2(log n)(d−1+1/a1)/2 if p0 = F0 ∗ N
(
0, σ20Id

)
is supersmooth with σ20 > 0;

2. ϵn,np = n−β/(2β+d
⋆)(logn)t0 if p0 is β-smooth, where d⋆ = d ∧ 2 and t0 = (βd⋆ +

βd⋆/r + d⋆ + β)/(2β + d⋆).

When the true density p0 is β-Hölder smooth, Shen et al. (2013) show that Dirichlet
process normal mixtures converge to p0 at the rate ϵn,np = n−β/(2β+d

⋆)(log n)t0 for some
constant t0 > 0. Under the same rate, Proposition 14 explicitly verifies Assumptions 5
and 6. To satisfy Proposition 2, Assumption 7 must also hold; for this it suffices that
ϵn,np lower-bound the parametric posterior contraction rate (Ghosal and Van der Vaart,
2017, Theorem 8.35). In particular, the parametric model will in general contract at the
rate ϵ2n,pm = d log n/n, in which case Assumption 7 is implied by the simplified condition

Πnp (B0(P0,Mϵn,np,Mnp)) = o
(
n−3d

)
. This is reasonable to expect since the decay rate

on the left-hand side of Assumption 7 is typically of order exp
(
−M ′nϵ2n,np

)
. Unfortunately,

Assumption 7 is difficult to verify directly for the Dirichlet process normal mixture, since it
depends on the particular choice of priors on the mixing distribution and the scale matrix.
For example, two Gaussian mixtures can be extremely close in Hellinger distance even when
their mixing measures are far apart (Soloff et al., 2025).
Proof Let Πpert denote the prior on p. We first verify Assumption 6.

Let E be the event

E :=
{
θ : 1− Pθ

(
[−z, z]d

)
≤ b1 exp(−C1z

a1) for all z > 0, pθ(x) > 0 and pθ is continuous for all x ∈ Rd
}
.

(31)
By assumption, Πpm(E) > 0. Conditioning on θ ∈ E, Ghosal and Van der Vaart (2017,
Proposition 9.14) implies that there exist constants A,C > 0 such that

(dp(pθ, α)×G) (B2 (p0, Aϵn,np,Mnp)) ≥ exp
(
−Cnϵ2n,np

)
.

Integrating this lower bound over E yields, for some other constant C ′ > 0,

Πpert(B2(p0, Aϵn,np,Mnp)) ≥ Πpm(E) exp
(
−Cnϵ2n,np

)
≥ exp

(
−C ′nϵ2n,np

)
. (32)

This verifies Assumption 6.
Now we verify Assumption 5 by following the argument in Section 9.4.4 of Ghosal

and Van der Vaart (2017). Conditioning on the event E, we construct a sieve Mn,np

consisting of densities of the form p = F ∗N (0,Σ), where F is a discrete mixing distribution
F =

∑∞
j=1wjδzj and

∞∑
j=N+1

wj < ϵ2, z1, . . . , zN ∈ [−a, a]d, σ2 ≤ λd(Σ) ≤ λ1(Σ) < σ2(1 + ϵ2)n,

42



Nonparametric Perturbations with Generalized Bayes

where

N =
Cnϵ2n,np

log(nϵ2n,np)
, ϵ2 =

CN log n

n
, a = (nϵ2)1/a1 , σ2 = (nϵ2)−1/a2 .

By Ghosal and Van der Vaart (2017, Lemma 9.15) and the definitions of N, σ2, a, we
obtain the entropy bound for the sieve:

logN(ϵn,np/3, Mn,np, dH) ≲ nϵ2n,np. (33)

Moreover, our assumption on Πpm implies Epm

[
1− Pθ

(
[−a, a]d

)]
≲ exp(−C1a

a1). By
part (ii) of Ghosal and Van der Vaart (2017, Lemma 9.15) and the assumptions on the prior
G, we further have

Πpert(Mnp\Mn,np) ≤
(
2e log ϵ

N

)N
+NEpm

[
1− Pθ

(
[−a, a]d

)]
+G

(
λ1(Σ) ≥ σ2(1 + ϵ2)n

)
+G

(
λd(Σ) ≤ σ2

)
≲

(
2e log ϵ

N

)N
+N exp(−C1a

a1) + exp(−C2σ
−2a2) + σ−2a3(1 + ϵ2n,np)

−a3n

≲ exp
(
−C ′′nϵ2n,np

)
.

(34)
for some constant C ′′ > 0. Combining Eq. (33) and Eq. (34) verifies Assumption 5.

Proof [Proof of Theorem 3] First note that the bounded Lipschitz metric is convex in its
first argument. For η ∈ [0, 1] and probability measures P0,P1,Q,

dBL (ηP0 + (1− η)P1,Q)

= sup
∥f∥BL≤1

∣∣∣∣∫ f d(ηP0 + (1− η)P1 −Q)

∣∣∣∣
≤ η sup

∥f∥BL≤1

∣∣∣∣∫ f d(P0 −Q)

∣∣∣∣+ (1− η) sup
∥f∥BL≤1

∣∣∣∣∫ f d(P1 −Q)

∣∣∣∣
= ηdBL (P0,Q) + (1− η)dBL (P1,Q) .

(35)

Assumption 1(b) implies the total variation convergence

dTV

(
Πpm (dθ | x1:n) ,N

(
θ̂MLE, (nVθ0)

−1
))

= OP0(n
−1/2). (36)

If we treat θ 7→
√
nχθ as a pushforward map, then by the triangle inequality,

dBL

(
Πpm

(
ψ̃n(pθ) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
≤ dBL

(
Πpm

(
ψ̃n(pθ) | x1:n

)
, (
√
nχ)#N

(
θ̂MLE, (nVθ0)

−1
))

︸ ︷︷ ︸
An

+ dBL

(
(
√
nχ)#N

(
θ̂MLE, (nVθ0)

−1
)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
︸ ︷︷ ︸

Bn

.

(37)
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Let Π̃n be the law of
√
n(θ− θ̂MLE) where θ ∼ Πpm(· | x1:n). We upper bound An with the

total variation bound in Assumption 1(b).

An ≤ dTV

(
(
√
nχ)#Πpm (· | x1:n) , (

√
nχ)#N

(
θ̂MLE, (nVθ0)

−1
))

≤ dTV

(
Π̃n,N

(
0, V −1

θ0

))
= oP0(1).

(38)

Now we bound Bn. For θ ∼ N
(
θ̂MLE, (nVθ0)

−1
)
, we can reparametrize θ = θ̂MLE +

(nVθ0)
−1/2 Z for Z ∼ N (0, Id). By a Taylor expansion, there exists θ̃n in an OP0(n

−1/2)-
neighbourhood of θ̂MLE such that

χθ = χ(θ̂MLE) + χ̇⊤
θ̂MLE

(nVθ0)
−1/2 Z + n−1∥Vθ0∥2Z⊤χ̈θ̃nZ. (39)

We note that χ(θ̂MLE) = 0. Since θ̂MLE
P0→ θ0, we also have θ̃n

P0→ θ0. Thus,

√
nχθ = χ̇⊤

θ̂MLE
V

−1/2
θ0

Z +OP0(n
−1/2)

w−→ N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

)
. (40)

Finally, we use the equivalence between dBL and weak convergence to obtain Bn = oP0(1).

For p drawn from the NPP model, we have

dBL

(
Π
(
ψ̃n(p) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
≤ ηndBL

(
Πpm

(
ψ̃n(pθ) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
+(1−ηn).

(41)

When p0 ∈ Mpm, ηn → 1 by Proposition 2, and hence

dBL

(
Π
(
ψ̃n(p) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
P0→ 0.

When p0 /∈ Mpm, ηn → 0 by Proposition 2. Then

dBL
(
Π(ψ(p) | x1:n) , δψ(p0)

)
≤ ηndBL

(
Πpm (ψ(pθ) | x1:n) , δψ(p0)

)
+ (1− ηn)dBL

(
Πpert (ψ(p) | x1:n) , δψ(p0)

)
≤ ηn + (1− ηn)dBL

(
Πpert (ψ(p) | x1:n) , δψ(p0)

) P0→ 0.

(42)

D.2 Proofs of Section 4.2

The main goal of this section is to prove Theorem 6, which shows that gNPP approximations
are efficient and robust. This builds directly on Theorem 5 and its proof, which establish
consistency of the generalized Bayes factor η̂n for model selection. Our first auxiliary result
shows that the expected divergence Epm [ρ(pθ, pθ0) | x1:n] vanishes at the rate n−1.

Lemma 15. Let Assumptions 1 and 3 be satisfied. Then Epm [ρ(pθ, pθ0) | x1:n] = OP0(n
−1).
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Proof Let BMnn−1/2(θ0) be the neighbourhood defined in Assumption 3(b). Let En be the

event that θ̂MLE ∈ BMnn−1/2(θ0). By Assumption 1(a), P0(En) → 1 as n → ∞. For the
rest of the proof, we establish the result conditional on En.

Let Sθ := ∇θρ(pθ, pθ0) and Hθ := ∇2
θρ(pθ, pθ0). By Taylor expansion, there exists a

vector θ̃ ∈ B
(
θ0, ∥θ̂MLE − θ0∥2

)
such that

ρ(pθ̂MLE
, pθ0) ≤ S⊤

θ0

(
θ̂MLE − θ0

)
+

1

2

∥∥∥H1/2

θ̃

(
θ̂MLE − θ0

)∥∥∥2
2
. (43)

We note that ∇θρ(pθ, pθ0)|θ=θ0 = 0 since θ0 minimises ρ(pθ, pθ0) on the open set Θ. By the
bounded Hessian assumption (Assumption 3(b)), there exists a constant Cθ0 such that

ρ(pθ̂MLE
, pθ0) ≤ Cθ0

∥∥∥θ̂MLE − θ0

∥∥∥2
2
= OP0(n

−1). (44)

Similarly, there exists θ̃′ ∈ B
(
θ0, ∥θ̂MLE − θ0∥2

)
such that∥∥∥∇θρ(pθ, pθ0)|θ=θ̂MLE

∥∥∥
2
=
∥∥∥Hθ̃′(θ̂MLE − θ0)

∥∥∥
2
≤ Cθ0∥θ̂MLE − θ0∥2. (45)

By Taylor expansion, we have

Epm [ρ(pθ, pθ0) | x1:n] = ρ(pθ̂MLE
, pθ0) +∇θρ(pθ, pθ0)|⊤θ=θ̂MLE

Epm

[
θ − θ̂MLE | x1:n

]
+ Epm

[
1

2
(θ − θ̂MLE)

⊤
{∫ 1

0
(1− t)Hθ̂MLE+t(θ−θ̂MLE)

dt

}
(θ − θ̂MLE) | x1:n

]
.

(46)
Applying the uniform bound on ∥Hθ∥2 in the neighbourhood of θ0 yields

Epm [ρ(pθ, pθ0) | x1:n] = ρ(pθ̂MLE
, pθ0) + ρ̇⊤

θ̂MLE
Epm

[
θ − θ̂MLE | x1:n

]
+OP0

(
Epm

[
∥θ − θ̂MLE∥22 | x1:n

])
.

Given the Bernstein–von Mises theorem for Πpm (· | x1:n) (Assumption 1), we have

Epm

[
∥θ − θ̂MLE∥22 | x1:n

]
= OP0

(
d

n

)
, and

∥∥∥Epm [θ | x1:n]− θ̂MLE

∥∥∥
2
= OP0

(√
d

n

)
.

(47)
Finally, we combine the above inequalities to conclude that

Epm [ρ(pθ, pθ0) | x1:n] = ρ(pθ̂MLE
, pθ0) +OP0

(
d

n

)
= OP0

(
d

n

)
. (48)

Proof [Proof of Theorem 4] By the triangle inequality, we have

Epm [dm,n(pθ, p0) | x1:n]− d (p0, pθ0)

≤ Epm [dm,n(pθ, p0) | x1:n]− Epm [d (pθ, p0) | x1:n]
+ Epm [d (pθ, p0) | x1:n]− d (pθ0 , p0) .

(49)
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If d(·, ·) is a semimetric, then we can directly bound the second term by Lemma 15:

|Epm [d (pθ, p0) | x1:n]− d (pθ0 , p0)| ≤ Epm [d (pθ, pθ0) | x1:n] = OP0

(
n−1

)
. (50)

If d(·, ·)1/k is a semimetric, then we apply the binomial expansion xk−yk = (x−y)
∑k−1

j=0

(
k
j

)
(x−

y)k−1−jyj to obtain

|Epm [d (pθ, p0) | x1:n]− d (pθ0 , p0)|

=

∣∣∣∣∣∣Epm

(ρ (pθ, p0)− ρ (pθ0 , p0))
k−1∑
j=0

(
k

j

)
(ρ (pθ, p0)− ρ (pθ0 , p0))

k−1−j ρ (pθ0 , p0)
j | x1:n

∣∣∣∣∣∣
≤ CEpm [|ρ (pθ, p0)− ρ (pθ0 , p0)| | x1:n]
≤ CEpm [ρ (pθ, pθ0) | x1:n] = OP0

(
n−1

)
,

(51)
where the inequality uses the uniform boundedness of ρ(·, ·).

Let Mn be a sequence such that Mn → ∞ and Mn = o(n1/2). To control the fluctuation
of Epm [dm,n (pθ, p0) | x1:n] around d(pθ, p0), we decompose it into two terms inside and
outside a ball of radius Mnn

−1/2:

Epm [dm,n (pθ, p0)− d(pθ, p0) | x1:n]

= Epm

[
(dm,n (pθ, p0)− d(pθ, p0)) IBc

Mnn−1/2
(θ0) | x1:n

]
︸ ︷︷ ︸

Am,n

+ Epm

[
(dm,n (pθ, p0)− d(pθ, p0)) IB

Mnn−1/2 (θ0) | x1:n
]

︸ ︷︷ ︸
Bm,n

.

(52)

Since we can write dm,n (pθ, p0) = d (pmθ , p
n
0 ), the quantity |dm,n (pθ, p0)− d(pθ, p0)| is

uniformly bounded. Then applying Assumption 1 yields

Am,n ≤ CΠpm

(
∥θ − θ0∥2 > Mnn

−1/2 | x1:n
)

≤ CΠpm

(√
n∥θ − θ̂MLE∥2 > Mn −

√
n∥θ0 − θ̂MLE∥2 | x1:n

)
≤ C

(
Mn −

√
n∥θ0 − θ̂MLE∥2

)−2
Epm

[
n∥θ − θ̂MLE∥22 | x1:n

]
= OP0

(
(Mn +OP0 (1))

−2
)
OP0 (1) = OP0

(
M−2
n

)
,

(53)

for some constant C > 0. The third line uses Chebyshev’s inequality. The last line uses

Assumption 1, which implies that the second moment Epm

[
n∥θ − θ̂MLE∥22 | x1:n

]
converges

in P0-probability to tr(V
−1
θ0

), hence Epm

[
n∥θ − θ̂MLE∥22 | x1:n

]
= OP0 (1). Moreover, asymptotic

normality of the MLE implies that the sequence {
√
n∥θ0 − θ̂MLE∥2}n≥1 is bounded in

probability, so
√
n∥θ0 − θ̂MLE∥2 = OP0(1).

To see that Am,n = OP0(n
−1), suppose to the contrary that there exists a fixed m such

that n|Am,n| is unbounded in P0-probability. Then there exists a subsequence {nk} for
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which nk|Am,nk
| → ∞ in P0-probability. Define

Mn :=

{√
nk (nk|Am,nk

|)−1/4, n = nk,

1, otherwise.

ThenMn = o(
√
n) sinceMn/

√
n = 1/

√
n→ 0 for n ̸= nk andMnk

/
√
nk = (nk|Am,nk

|)−1/4 →

0 for n = nk. But for n = nk, we also have M−2
nk

=

√
|Am,nk

|
√
nk

, where

|Am,nk
|

M−2
nk

=
√
nk|Am,nk

| → ∞,

so |Am,nk
| is not O(M−2

nk
). This contradicts the assumption that Am,n = OP0(M

−2
n ) for

every Mn = o(
√
n).

To bound Bm,n, we take the standard approach of analysing its mean and variance with
respect to the approximating samples. For the mean, we apply Fubini’s theorem:

E [Bm,n] = Epm

[
E [dm,n (pθ, p0)− d(pθ, p0)] IB

Mnn−1/2 (θ0) | x1:n
]

≤ sup
θ∈B

Mnn−1/2 (θ0)
E [dm,n (pθ, p0)− d(pθ, p0)] .

(54)

Take θn ∈ argmaxθ∈B̄
Mnn−1/2 (θ0)

E [dm,n (pθ, p0)− d(pθ, p0)]. As n → ∞, the sequence

θn → θ0 since ∥θn − θ0∥2 ≤Mnn
−1/2. We then apply Assumption 4(a) to conclude that

E [dm,n (pθn , p0)− d(pθn , p0)] = O(rm,n).

Now we control the variance. First, we upper bound the variance using Jensen’s
inequality:

Var (Bm,n) ≤ Epm

[
Var (dm,n (pθ, p0)) IB

Mnn−1/2 (θ0) | x1:n
]
. (55)

By Assumption 4, we refine the upper bound as follows:

Var (Bm,n) ≤ r2m,n sup
θ∈B̄

Mnn−1/2 (θ0)

V(θ). (56)

As n → ∞, supθ∈B̄
Mnn−1/2 (θ0)

V(θ) → V(θ0) by the continuity of V at θ0, and hence

Var (Bm,n) = O(r2m,n). By Chebyshev’s inequality, we conclude that Bm,n = OP0(rm,n).
Putting the bounds together, we have

Epm [dm,n(pθ, p0) | x1:n]− d(pθ0 , p0) = OP0

(
rm,n ∨ n−1

)
. (57)

Proof [Proof of Theorem 5] Recall that we defined the generalized Bayes factor as

gbfn := Ξ

(
E[dn(pθ, p0)]

E[dn(pθ, p0) | x1:n]
(n+ 1)−r

)
η

1− η
. (58)
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The assumptions imply rn(n+1)r = o(1) and Epm [dn(pθ, p0)] = OP0(1), where rn is the rate
at which the expected empirical divergence converges to the true divergence (see Theorem 4
and the subsequent discussion). By the continuous mapping theorem, gbfn scales like

gbfn = Ξ

(
OP0(1)

d(pθ0 , p0)(n+ 1)r + o(1)

)
η

1− η
. (59)

If p0 ∈ Mpm, then d(pθ0 , p0) = 0 and gbfn
P0→ ∞ by the continuous mapping theorem.

Analogously, if p0 /∈ Mpm, then d(pθ0 , p0) > 0 and gbfn
P0→ 0.

We conclude with the desired result by applying the limit of gbfn to η̂n.

Proof [Proof of Theorem 6] By Assumptions 1, 3 and 4, we have Epm [dn(pθ, p0) | x1:n] =
d(pθ0 , p0) + rn.

By the decomposition provided in Eq. (4) and Eq. (6), we have

dBL

(
Π̂
(
ψ̃n(p) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
≤ η̂n dBL

(
Πpm

(
ψ̃n(pθ) | x1:n

)
,N
(
0, χ̇⊤

θ0V
−1
θ0
χ̇θ0

))
︸ ︷︷ ︸

An

+(1−η̂n).

(60)
In the proof of Theorem 3, we showed that the convergenceAn = oP0(1) under Assumptions 1

and 2. When p0 ∈ Mpm, η̂n
P0→ 1 by Theorem 5, and dBL

(
Π̂
(
ψ̃n(p) | x1:n

)
,N
(
0, χ̇⊤

θ0
V −1
θ0
χ̇θ0

))
P0→

0.
When p0 /∈ Mpm, η̂n

P0→ 0 by Theorem 5. Then

dBL

(
Π̂ (ψ(p) | x1:n) , δψ(p0)

)
≤ η̂ndBL

(
Πpm (ψ(pθ) | x1:n) , δψ(p0)

)
+ (1− η̂n)dBL

(
Π̂pert (ψ(p) | x1:n) , δψ(p0)

)
≤ η̂n + (1− η̂n)dBL

(
Π̂pert (ψ(p) | x1:n) , δψ(p0)

)
P0→ 0.

(61)

D.3 Empirical Divergences

In this section, we establish the convergence rates for the empirical divergences based on
Wasserstein, MMD and KSD. We introduce specific conditions for each divergence.

D.3.1 Wasserstein

We establish the convergence rate of Epm [wp
p(p̂mθ , p̂

n
0 ) | x1:n] over a sample space X ⊆ Rκ.

This implies that Theorem 6 holds for the Wasserstein divergence, by replacing Theorem 4
with Theorem 16 in the proof of Theorem 6.

Theorem 16 (Posterior expected Wasserstein convergence rate). Suppose p ≥ 1. Let
Assumptions 1, 3 and 8 be satisfied. Then

Epm

[
wp
p(p̂

m
θ , p̂

n
0 ) | x1:n

]
−wp

p (pθ0 , p0) = OP0

(
n−2/(κ∨4) +m−2/(κ∨4)

)
. (62)
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In Assumption 8, we assume that both the parametric family and the true distribution
have compact support and finite moments up to order 2p.

Assumption 8. The distributions {pθ}θ∈Θ and p0 satisfy

• (Support) The distributions are supported on a compact subset X ⊆ Rκ and have
positive densities in the interior of their respective supports.

• (Moments) The distributions have finite moments up to order 2p. Additionally, the

mapping θ 7→ Epθ

[
∥X∥2p2

]
is continuous at θ0.

Proofs

Lemma 17. Let X1, · · · , Xn
iid∼ p and Y1, · · · , Ym

iid∼ q be two independent samples with

finite moments up to order 2p, specifically Ep

[
∥X∥j2

]
+Eq

[
∥Y ∥j2

]
=:M j

j <∞ for j ∈ [2p].

For any n,m > 0,

Var
(
wp
p (p̂

n, q̂m)
)
≤ 2p−1M2p

2p

(
1

n
+

1

m

)2

, (63)

where p̂n and q̂m are the empirical measures formed by the Xi’s and Yi’s.

Proof [Proof of Lemma 17] By the definition of wp, we have

wp
p (p̂

n, q̂m) = min∑n
i=1 wij=

1
m
,
∑m

j=1 wij=
1
n

n∑
i=1

m∑
j=1

wij∥Xi−Yj∥p2 ≤
∑n

i=1

∑m
j=1 ∥Xi − Yj∥p2
nm

. (64)

Define Zij := ∥Xi − Yj∥p2. Since each pair (Xi, Yj) is independent, the collection {Zij}
is i.i.d. Under the bounded moment condition, the variance satisfies

Var (Zij) ≤ 2pM2p
2p <∞. (65)

Aggregating the variance shows

Var
(
wp
p (p̂

n, q̂m)
)
≤
nm2pM2p

2p

n2m2
=

2pM2p
2p

nm
≤ 2p−1M2p

2p

(
1

n
+

1

m

)2

. (66)

where the last inequality uses (nm)−1/2 ≤ 1
2(n

−1 +m−1).

Lemma 18. If p, q are probability densities on a convex compact set X ⊆ Rκ with nonempty
interior, then for p ≥ 1, we have

sup
p,q∈P(X )

E
[∣∣wp

p (p̂
n, q̂m)−wp

p (p, q)
∣∣] = O

(
n−2/(κ∨4) +m−2/(κ∨4)

)
. (67)

for X1, · · · , Xn
iid∼ p and Y1, · · · , Ym

iid∼ q.

49



Wu et al.

Proof [Proof of Lemma 18] Recall p̂n := 1
n

∑n
i=1 δXi and q̂m := 1

m

∑m
j=1 δYj . We note that

the function x 7→ ∥x∥p2 is convex by an application of Hölder’s inequality. Then, following
Villani (2003, Remark 1.13), there exist Kantorovich potentials ϕn, ψm : X → R such that

wp
p (p̂

n, q̂m) = Ep̂n [ϕn(X)] + Eq̂m [ψm(Y )] . (68)

Let Φ(p, q) be the set of pairs (ϕ, ψ) ∈ L1(p) × L1(q) such that ϕ(x) + ψ(y) ≤ ∥x − y∥p2
for all x, y ∈ X . Since p and q are compactly supported, we have (ϕn, ψm) ∈ Φ(p, q). By
Kantorovich duality, we have

wp
p (p, q) ≥ Ep [ϕn(X)] + Eq [ψm(Y )]

= wp
p (p̂

n, q̂m) +

∫
ϕn(x)(p(x)− p̂n(x)) dx+

∫
ψm(x)(q(x)− q̂m(x)) dx.

(69)

and

wp
p (p̂

n, q̂m) ≤ wp
p (p, q) +

∫
ϕn(x)(p(x)− p̂n(x)) dx+

∫
ψm(x)(q(x)− q̂m(x)) dx. (70)

Define ϕ̃n(x) = ϕn(x) − L
4 ∥x∥

2
2 and ψ̃m(y) = ψm(y) − L

4 ∥y∥
2
2. By Manole and Niles-Weed

(2024, Lemma 5), ϕ̃n and ψ̃m are concave, L-Lipschitz, and uniformly bounded by L.

Let FL,U (K) be the set of L-Lipschitz convex functions over a convex set K ⊆ Rκ,
where ∥f(x)∥∞ ≤ U . By Manole and Niles-Weed (2024, Lemma 5), the functions ϕ̃n and
ψ̃m are concave, L-Lipschitz, and uniformly bounded by L, thus −ϕ̃n/L and −ψ̃m/L belong
to F1,1(X ).

Since X is convex and compact, we define

∆n,m := sup
f∈F1,1(X )

∫
f(x)(p(x)− p̂n(x)) dx+ sup

g∈F1,1(X )

∫
g(x)(q(x)− q̂m(x)) dx. (71)

Using the fact that −ϕ̃n/L and −ψ̃m/L belong to F1,1(X ), we have

wp
p (p̂

n, q̂m)−wp
p (p, q) ≤ L∆n,m +

L

4

∫
∥x∥22

(
(p̂n(x)− p(x)) + (q̂m(x)− q(x))

)
dx. (72)

For the lower bound, there exists a pair of Kantorovich potentials (ϕp, ψq) ∈ Φ(p, q) such
that ∥ϕp∥∞ ∨ ∥ψq∥∞ ≤ 1 and wp

p (p, q) = Ep [ϕp(X)] + Eq [ψq(Y )]. Thus,

wp
p (p̂

n, q̂m)−wp
p (p, q) ≥

∫
ϕp(x)(p(x)− p̂n(x)) dx+

∫
ψq(x)(q(x)− q̂m(x)) dx. (73)

Combining the above displays, we have

E
[∣∣wp

p (p̂
n, q̂m)−wp

p (p, q)
∣∣]

≤ LEp⊗q [∆n,m] +
L

4

∫
∥x∥22

(
(p̂n(x)− p(x)) + (q̂m(x)− q(x))

)
dx

+ Ep

[∣∣∣∣∫ ϕp(x)(p(x)− p̂n(x)) dx

∣∣∣∣]+ E
[∣∣∣∣∫ ψq(x)(q(x)− q̂m(x)) dx

∣∣∣∣] .
(74)
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Since ∥ϕp∥∞ ∨ ∥ψq∥∞ ≤ 1, the functional p 7→ Ep [ϕp(X)] is a bounded linear functional.

By Chebyshev’s inequality, P (|Ep̂n [ϕp(X)]− Ep [ϕp(X)]| ≥ t) ≤ Varp(ϕp(X))
nt2

< 4
nt2

. The
variance bound is uniform over all distributions p on X , thus we have

sup
p

Ep

[∣∣∣∣∫ ϕp(x)(p(x)− p̂n(x)) dx

∣∣∣∣] = O
(
n−1/2

)
. (75)

Similarly, we have

sup
q

Eq

[∣∣∣∣∫ ψq(x)(q(x)− q̂m(x)) dx

∣∣∣∣] = O
(
m−1/2

)
, (76)

and

sup
p,q

∫
∥x∥22

(
(p̂n(x)− p(x)) + (q̂m(x)− q(x))

)
dx = O

(
n−1/2 +m−1/2

)
. (77)

As a result, we have

sup
p,q

Ep⊗q

[∣∣wp
p (p̂

n, q̂m)−wp
p (p, q)

∣∣] = L sup
p,q

Ep⊗q [∆n,m] +O
(
n−1/2 +m−1/2

)
. (78)

To upper bound Ep⊗q [∆n,m], we note that it is a sum of expectation suprema of empirical
processes indexed by convex Lipschitz functions. Thus, we can bound the expectation of
suprema by applying Dudley’s chaining technique in terms of metric entropy of the class
F1,1(X ). One such result is Luxburg and Bousquet (2004, Theorem 16), which states

Ep

[
sup

f∈F(X )

∫
f(x)(p(x)− p̂n(x)) dx

]
≤ 2τ+

4
√
2√
n

∫ supf,f ′∈F ∥f−f ′∥L2(p̂n)

τ/4

√
logN(ϵ,F , L2 (p̂n)) dϵ.

(79)
Since the L2-distance is strictly smaller than the L∞-distance,

N
(
ϵ,F1,1(X ), L2(p̂n)

)
≤ N (ϵ,F1,1(X ), L∞) ≤ N (ϵ,F1,1([−1, 1]κ), L∞) , (80)

where the last inequality uses the compactness of X .
By Guntuboyina and Sen (2012, Theorem 1), there exists ϵ0 > 0 such that when ϵ ≤

ϵ0(B + 2),

logN (ϵ,F1,1([−1, 1]κ), L∞) ≤ C

(
B + 2

ϵ

)κ/2
, (81)

where C is a universal constant.
Take B = 0 ∨ ( 2

ϵ0
− 2). Combining the above three displays, we have

Ep⊗q [∆n,m] ≤ 2τn +
4
√
2√
n

∫ 2

τn/4
C

(
2

ϵ0

)κ/4
ϵ−κ/4 dϵ+ 2τm +

4
√
2√
m

∫ 2

τm/4
C

(
2

ϵ0

)κ/4
ϵ−κ/4 dϵ

= 2τn +
C ′
√
n

(
2

ϵ0

)κ/4 ∣∣∣21−κ/4 − (τn/4)
1−κ/4

∣∣∣+ 2τm +
C ′
√
m

(
2

ϵ0

)κ/4 ∣∣∣21−κ/4 − (τm/4)
1−κ/4

∣∣∣
≤ C ′′ϵ

−κ/4
0

(
n−1/2 +m−1/2

)
+ 2τn + 2τm + ϵ

−κ/4
0

(
τ
1−κ/4
n√
n

+
τ
1−κ/4
m√
m

)
.

(82)
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Choose τn = ϵ0n
−2/κ. Then for constants Cϵ0,κ, C

′
ϵ0,κ,

Ep⊗q [∆n,m] ≤ Cϵ0,κ

(
n−1/2 +m−1/2

)
+ C ′

ϵ0,κ

(
n−2/κ +m−2/κ

)
. (83)

The constants only depend on ϵ0 and κ, so the bound is preserved after we take the
supremum over p and q. Combining the bound on supp,q Ep⊗q [∆n,m] with Eq. (78), we
get

sup
p,q

Ep⊗q

[∣∣wp
p (p̂

n, q̂m)−wp
p (p, q)

∣∣] = O
(
n−1/2 +m−1/2

)
+O

(
n−2/κ +m−2/κ

)
. (84)

The final statement comes from the observation that the O
(
n−1/2 +m−1/2

)
term dominates

when κ < 4 and the O
(
n−2/κ +m−2/κ

)
terms dominate when κ ≥ 4.

Lemma 19. Assume that diam(X ) <∞. Then supp,q∈P(X )w
p
p(p, q) <∞.

Proof [Proof of Lemma 19] Under the definition of wp, we have supp,q∈P(X )w
p
p(p, q) ≤

diam(X )p <∞.

We also establish the convergence rate for the sample approximation to the wp distance
under the degenerate and non-degenerate cases.

Lemma 20. Assume that the distributions pθ and p0 are supported on a compact subset
X ⊆ Rκ and have positive densities in the interior of their supports. Additionally, assume

that the mapping θ 7→ Epθ

[
∥X∥2p2

]
is continuous at θ0. Suppose that limm,n→∞

m
m+n = c ∈

(0, 1). Then, Assumption 4 is satisfied for dm,n(p, q) = wp
p(p̂m, q̂n) and d(p, q) = wp

p(p, q)
with rm,n = n−2/(κ∨4) +m−2/(κ∨4).

Proof [Proof of Lemma 20] By Lemma 18, Assumption 4(a) is satisfied with rm,n =
n−2/(κ∨4) + m−2/(κ∨4). Take V(θ) = 2pEpθ [∥X∥p2] + 2pEp0 [∥Y ∥p2]. From Lemma 17, for
any (m,n), we have

Var
(
wp
p (p̂

n, q̂m)
)
≤
(

1

m
+

1

n

)2

V(θ). (85)

Since X is compact, V(θ0) is finite and V(θ) is continuous at θ0 by assumption. Hence,
Assumption 4(b) is verified with rm,n = m−1 + n−1. Taking rm,n = n−2/(κ∨4) +m−2/(κ∨4)

provides an upper bound for both conditions.

Proof [Proof of Theorem 16] When p ≥ 1, the wp metric is a metric and continuous
under the weak topology. Lemma 19 implies the uniform boundedness in Assumption 3.
Lemma 20 verifies Assumption 4 at the rate rm,n = n−2/(κ∨4) +m−2/(κ∨4). This allows us
to conclude from Theorem 4 that

Epm

[
wp
p(p̂

m
θ , p̂

n
0 ) | x1:n

]
−wp

p (pθ0 , p0) = OP0

(
n−2/(κ∨4) +m−2/(κ∨4)

)
. (86)
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D.3.2 MMD

We establish the convergence rate for Epm

[
mmd2

U (pmθ , p
n
0 ) | x1:n

]
, based on the following

U-statistic approximation to MMD (Gretton et al., 2012):

mmd2
U (pm, qn) :=

∑m
i=1

∑
j ̸=i k(xi, xj)

m(m− 1)
+

∑n
i=1

∑
j ̸=i k(yi, yj)

n(n− 1)
− 2

∑m
i=1

∑n
j=1 k(xi, yj)

mn
,

(87)
with i.i.d samples x1:m drawn from p and y1:n drawn from q. We then use this to prove
Theorem 6 holds for the MMD, by replacing Theorem 4 with Theorem 21 in the proof
of Theorem 6. Note for large-scale applications, MMD is often preferred over Wasserstein
because the computation is quadratic rather than cubic in n, and the choice of kernel offers
additional flexibility and control.

Theorem 21 (Posterior expected MMD convergence rate). Let Assumptions 1, 3, 9 and 10
be satisfied. Then

Epm

[
mmd2

U (pmθ , p
n
0 ) | x1:n

]
−mmd2 (pθ0 , p0) = OP0

(
n−1/2 +m−1/2

)
. (88)

Assumptions 9 and 10 impose standard regularity conditions on the RKHS and the parametric
model (Gretton et al., 2012).

Assumption 9. The RKHS kernel k : X × X 7→ R is a symmetric, positive semi-definite,
characteristic kernel such that supθ∈Θ EX,X′∼pθ

[
k2(X,X ′)

]
<∞ and EY,Y ′∼p0

[
k2(Y, Y ′)

]
<

∞.

We require a characteristic kernel to make the MMD a valid statistical divergence
(Sriperumbudur et al., 2011). The bounded second moments are sometimes referred to as
the Hilbert-Schmidt condition, which is a sufficient assumption for the eigendecomposition
of the kernel operator. Examples of kernels that satisfy Assumption 9 include the Gaussian
kernel k(x, y) = exp

(
−∥x− y∥22/γ2

)
and the Laplace kernel k(x, y) = exp (−∥x− y∥2/γ).

Assumption 10. The mapping θ 7→ EX,X′∼pθ

[
k2(X,X ′)

]
is continuous at θ0.

This assumption requires that the parametric model behaves smoothly around θ0, with
respect to the RKHS geometry. In particular, it requires that the mapping θ 7→

∫
k2(x, x′) pθ(x)pθ(x

′) dx dx′

is continuous at θ0. This holds, for example, for models with densities pθ that depend
continuously on θ, such as pθ = N (θ, 1).

Proofs

Lemma 22 (RKHS-Cauchy-Schwarz). For any x, y ∈ X , k2(x, y) ≤ k(x, x)k(y, y).

Proof Under the RKHS formalism,

k2(x, y) = ⟨k(x, ·), k(y, ·)⟩2 ≤ ⟨k(x, ·), k(x, ·)⟩2⟨k(y, ·), k(y, ·)⟩2 = k(x, x)k(y, y). (89)

The following lemma establishes the convergence rate of the empirical MMD, applying the
results of Gretton et al. (2012).
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Lemma 23. Let Assumptions 9 and 10 be satisfied. Then Assumption 4 is satisfied for
dm,n(p, q) = mmd2

U (p
m, qn) and d(p, q) = mmd2(p, q) with rm,n = m−1/2 + n−1/2.

Proof [Proof of Lemma 23] Since dm,n(p, q) is an unbiased estimate of d(p, q), Assumption 4(a)
is satisfied for any positive sequence rm,n → 0. For Assumption 4(b), we need to bound the
variance of the empirical MMD. First, by Eq. (87), we have

Var
(
mmd2

U (p
m, qn)

)
≤ 2Var

Xi
iid∼p

(∑m
i=1

∑
j ̸=i k(Xi, Xj)

m(m− 1)

)
+ 2Var

Yi
iid∼q

(∑n
i=1

∑
j ̸=i k(Yi, Yj)

n(n− 1)

)

+ 8Var
Xi

iid∼p,Yi
iid∼q

(∑m
i=1

∑n
j=1 k(Xi, Yj)

mn

)
.

(90)
The last term is simply the variance of a sum of i.i.d. variables, thus

Var
Xi

iid∼p,Yi
iid∼q

(∑m
i=1

∑n
j=1 k(Xi, Yj)

mn

)
≤

EX∼p,Y∼q

[
k2(X,Y )

]
mn

. (91)

By Lemma 22,

Var
Xi

iid∼p,Yi
iid∼q

(∑m
i=1

∑n
j=1 k(Xi, Yj)

mn

)
≤

EX∼p [k(X,X)]EY∼q [k(Y, Y )]

mn
. (92)

The first two terms in Eq. (90) are variances of one-sample U-statistics. By Serfling
(2009, Section 5.2.1, Lemma A), we have the following bound:

Var
Xi

iid∼p

(∑m
i=1

∑
j ̸=i k(Xi, Xj)

m(m− 1)

)
≤

2VarX,X′∼p (k(X,X
′))

m
≤

2EX,X′∼p

[
k2(X,X ′)

]
m

.

(93)
Analogously, we have

Var
Yi

iid∼q

(∑n
i=1

∑
j ̸=i k(Yi, Yj)

n(n− 1)

)
≤ 2

EY,Y ′∼q

[
k2(Y, Y ′)

]
n

. (94)

Putting the bounds together and applying Jensen’s inequality with some algebra, we obtain
a simple bound without the cross term,

Var
(
mmd2

U (p
m, qn)

)
≤

8EX,X′∼p

[
k2(X,X ′)

]
m

+
8EY,Y ′∼q

[
k2(Y, Y ′)

]
n

. (95)

Define
V(θ) := 8

(
EX,X′∼pθ

[
k2(X,X ′)

]
+ EY,Y ′∼p0

[
k2(Y, Y ′)

])
. (96)

The function satisfies V(θ0) <∞ by Assumption 9 and V(θ) is continuous at θ0 by Eq. (98).
Then Eq. (95) implies the bound,

Var
(
mmd2

U (p
m
θ , p

n
0 )
)
≤
(

1

m
+

1

n

)
V(θ) ≤ r2m,nV(θ). (97)

for rm,n = m−1/2 + n−1/2.
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Lemma 24. Let Assumption 9 be satisfied. Then supθ∈Θmmd2
U (p

m
θ , p

n
0 ) <∞.

Proof This follows directly from the following representation for the MMD (Gretton et al.,
2012):

mmd2 (p, q) = EX,X′∼p

[
k(X,X ′)

]
− 2EX∼p,Y∼q [k(X,Y )] + EY,Y ′∼q

[
k(Y, Y ′)

]
. (98)

By Lemma 22, we have

sup
θ∈Θ

mmd2
U (p

m
θ , p

n
0 ) ≤ 2 sup

θ∈Θ
EX,X′∼pθ

[
k(X,X ′)

]
+ 2EY,Y ′∼p0

[
k(Y, Y ′)

]
<∞. (99)

Since the expectation of k2(x, x′) is uniformly bounded in each case, mmd2 (Hk, pθ, p0) is
uniformly bounded by Jensen’s inequality.

Proof [Proof of Theorem 21] The divergence mmd2
U (pmθ , p

n
0 ) is slightly different from the

MMD between empirical distributions, mmd2 (pmθ , p
n
0 ). Only the latter applies in the setting

of Theorem 4. But the difference between them is negligible. By Lemma 2 of Briol et al.
(2019), however, this difference is bounded by a factor of m−1 + n−1,

sup
θ∈Θ

∣∣mmd2
U (pmθ , p

n
0 )−mmd (pmθ , p

n
0 )
∣∣ ≤ 2(m−1 + n−1) sup

x,x′∈X
k(x, x′) = O(m−1 + n−1).

(100)
Using this fact, we have

Epm

[
mmd2

U (pmθ , p
n
0 ) | x1:n

]
− Epm

[
mmd2 (pmθ , p

n
0 ) | x1:n

]
≤ sup

θ∈Θ

∣∣mmd2
U (pmθ , p

n
0 )−mmd2 (pmθ , p

n
0 )
∣∣ = O(m−1 + n−1). (101)

mmd is a pseudometric and continuous under the weak topology. Lemma 24 implies the
uniform boundedness in Assumption 3. Lemma 20 verifies Assumption 4 with a rate of
rm,n = n−1/2 +m−1/2. This allows us to conclude that

Epm

[
mmd2

U (pmθ , p
n
0 ) | x1:n

]
−mmd2 (pθ0 , p0) = OP0

(
n−1/2 +m−1/2

)
. (102)

Combining the two displays above yields the desired convergence rate.

Remark 25. Consider the model in Section 3 with the MMD induced by an inverse multiquadric
(IMQ) kernel. The parametric model is the normal mean model Pθ = N (θ, 1). In this case,
we can use Theorem 21 after verifying Assumptions 1, 3, 9 and 10. The MMD is uniformly
bounded by a fixed constant, so Assumption 3(a) is satisfied. Taking the reference measure
U = N (0, 1), the transport map from U to Pθ is Tθ(u) = u + θ, which is linear in θ and
therefore has uniformly bounded first and second derivatives. Together with the discussion
right after Assumption 3, this verifies Assumption 3(b). Assumption 1 holds because the
normal mean model is asymptotically normal in the usual sense. For Assumption 4, this
is verified in Lemma 23: the IMQ kernel is bounded, symmetric, positive semidefinite, and
characteristic, and the mapping θ 7→

∫
k2(x, x′) pθ(x)pθ(x

′) dx dx′ is continuous in θ. By
Theorem 21, the MMD achieves the rate OP0(n

−1/2+m−1/2); hence, if m = n, any r < 1/2
is admissible and the generalized Bayes factor based on the MMD achieves consistency.
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D.3.3 KSD

We establish the convergence rate for Epm

[
ksd2

U (p
n
0 , pθ) | x1:n

]
, where ksd2

U is a one-sample
U-statistic (Liu et al., 2016):

ksd2
U (pn, q) :=

1

n(n− 1)

∑
1≤i̸=j≤n

uq,k(xi, xj), (103)

where x1:n
iid∼ p and uq,k(x, x

′) := ∇ log q(x)k(x, x′)∇ log q(x′) + 2∇ log q(x)⊤∇x′k(x, x
′) +

tr(∇x,x′k(x, x
′)). This implies that Theorem 6 holds for the KSD, by replacing Theorem 4

with Theorem 26 in the proof of Theorem 6.

Theorem 26 (Posterior expected KSD convergence rate). Let Assumptions 1 and 11
to 13 be satisfied. As n → ∞, Epm

[
ksd2

U (p
n
0 , pθ) | x1:n

]
converges in [P∞

0 ]-probability to
ksd2(p0, pθ0) at the rate of

Epm

[
ksd2

U (p
n
0 , pθ) | x1:n

]
= ksd2(p0, pθ0) +OP0(n

−1/2). (104)

Assumptions 11 to 13 involve regularity conditions on the kernel and the parametric
model. Recall that ∆q,p(x) := ∇x log p(x)−∇x log q(x)

Assumption 11. The kernel k(x, x′) is symmetric, integrally positive definite, uniformly
bounded, and belongs to the Stein class of all continuous densities p0 and pθ. Additionally,

supθ∈Θ EX∼p0

[
∥∆p0,pθ(X)∥22

]
<∞.

The first part of Assumption 11 is satisfied when the tail of p0 decays exponentially and
k is positive definite, characteristic and uniformly bounded. The Stein class requirement
ensures that KSD operates as a valid statistical divergence (Liu et al., 2016). For example,
the squared-exponential kernel k(x, y) = exp

(
−∥x− y∥22/γ2

)
belongs to the Stein class for

smooth densities on Rd.
The second part of Assumption 11 requires that the relative Fisher information between

p0 and pθ be uniformly bounded over θ ∈ Θ. For example, if p0 = N (θ0, 1) and pθ = N (θ, 1),
then the relative Fisher information scales as O(∥θ − θ0∥22) in θ. In this case, the second
part of Assumption 11 is satisfied when Θ is compact.

We also need assumptions on the regularity of the KSD.

Assumption 12. There exists an Mnn
−1/2 neighborhood of θ0 for some Mn → ∞ such

that

(a) the mapping θ 7→ EX,X′∼p0 [upθ,k(X,X
′)] is twice differentiable with bounded Hessian

(in the L2 sense).

(b) the mapping θ 7→ VarX,X′∼p0 [upθ,k(X,X
′)] is bounded and continuous at θ0.

When p0 and pθ are smooth densities, Assumption 12(a) is equivalent to stating that θ 7→
ksd2(p0, pθ) is twice differentiable with a bounded Hessian in a shrinking neighborhood of
θ0. Assumption 12(b) is satisfied when the parametric model is regular at θ0.

To ensure a notion of boundedness for the empirical KSD, we require an additional
assumption:
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Assumption 13. We assume that supx,x′∈R k(x, x
′) <∞ and ksd2

U (p
n
0 , pθ)

a.s.→ ksd2(p0, pθ)
uniformly in θ.

The first part of Assumption 13 requires k to be uniformly bounded, which holds for e.g.
Gaussian or Laplace kernels. The second part of Assumption 13 requires more effort
to verify; it essentially involves establishing a uniform law of large numbers (ULLN) for
ksd2

U (p
n
0 , pθ) across all θ ∈ Θ, as done in Barp et al. (2019).

Sufficient conditions for Assumption 13 includes (1) the domination of upθ,k(x, x
′) by

an integrable and symmetric kernel g(x, x′), and (2) the existence of a sequence of sets
where the mappings θ 7→ EX′∼p0 [upθ,k(x,X

′)] and θ 7→ upθ,k(x, x
′) are equicontinuous for

all x ∈ X and all (x, x′) ∈ X × X , respectively (Yeo and Johnson, 2001). Alternatively, it
suffices that the function class {uPθ,k}θ∈Θ is [P0 × P0]-Glivenko-Cantelli.

Proofs

Lemma 27. Let Assumptions 1, 11 and 12 be satisfied. Then Epm

[
ksd2 (p0, pθ) | x1:n

]
=

ksd2 (p0, pθ0) +OP0(n
−1).

Proof [Proof of Lemma 27] LetBMnn−1/2(θ0) be the neighborhood defined in Assumption 12.

Let En be the event that θ̂MLE ∈ BMnn−1/2(θ0). By Assumption 1(a), P0(En) → 1 as
n→ ∞. For the rest of the proof, we condition on En.

Let Sθ := ∇θksd
2(pθ, pθ0), Hθ := ∇2

θksd
2(pθ, pθ0). By Assumption 12, there exists

L > 0 such that
sup

θ∈B
Mnn−1/2 (θ0)

∥Hθ∥2 ≤ L. (105)

By Taylor expanding ksd2(p0, pθ) around the MLE, we have

ksd2(p0, pθ) = ksd2(p0, pθ̂MLE
)+ST

θ̂MLE
(θ−θ̂MLE)+(θ−θ̂MLE)

THθ̂MLE
(θ−θ̂MLE)+o(∥θ−θ̂MLE∥22).

(106)
By the bonded Hessian condition, we have a sandwich inequality,∣∣∣ksd2(p0, pθ)− ksd2(p0, pθ̂MLE

)
∣∣∣ ≤ L∥θ − θ̂MLE∥22 + o(∥θ − θ̂MLE∥22). (107)

Applying Assumption 1(b) to the posterior expectation of the above display, we have

Epm

[
ksd2(p0, pθ) | x1:n

]
= ksd2(p0, pθ̂MLE

) +OP0(n
−1). (108)

For ksd2(p0, pθ̂MLE
), a Taylor expansion around θ0 yields,

ksd2(p0, pθ̂MLE
) = ksd2(p0, pθ0) + ST

θ̃
(θ̂MLE − θ0)

= ksd2(p0, pθ0) + LOP0(∥θ̂MLE − θ0∥22) = ksd2(p0pθ0) +OP0(n
−1).

(109)

Combining the two displays above yields the desired result.

Lemma 28. Let Assumption 11 be satisfied. Assume that supx,x′∈X k(x, x
′) < ∞. Then

supθ∈Θ ksd2 (p0, pθ) <∞.
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Proof [Proof of Lemma 28] From its definition, we can upper bound the KSD by Cauchy-
Schwarz,

ksd2(p0, pθ) = EX,X′∼p0

[
∆p0,pθ(X)Tk(X,X ′)∆p0,pθ(X

′)
]
≤ sup

x,x′∈X

∥∥k(x, x′)∥∥
2
EX∼p0

[
∥∆p0,pθ(X)∥22

]
.

(110)
Since k(a, b) < C for all a, b ∈ R, for x, x′ ∈ X , ∥k(x, x′)∥2 ≤ tr(k(x, x′)) ≤ κC which uses

the assumption that k(x, x′) is positive definite. Since EX∼p0

[
∥∆p0,pθ(X)∥22

]
is uniformly

bounded over Θ by Assumption 11, ksd2(p0, pθ) is uniformly bounded.

Lemma 29. Let Assumptions 11 and 12 be satisfied. Then Assumption 4 is satisfied for
dn(p, q) = ksd2

U (p
n, q) and d(p, q) = ksd2(p, q) with rn = n−1/2.

Proof [Proof of Lemma 29] (Liu et al., 2016, Theorem 3.6) shows that under Assumption 11,
ksd2

U (pn0 , pθ) is a valid U-statistic for ksd2(p0, pθ),

E
[
ksd2

U (pn0 , pθ)
]
= ksd2(p0, pθ). (111)

Thus Assumption 4(a) holds true for any rn.
To verify Assumption 4(b), we apply the variance bound for one-sample U-statistics

(Serfling, 2009, Section 5.2.1, Lemma A) to obtain:

Var
(
ksd2

U (pn0 , pθ)
)
≤

2VarX,X′∼p0 (upθ,k(X,X
′))

n
≤

2EX,X′∼p0

[
u2pθ,k(X,X

′)
]

n
. (112)

Set V(θ) = EX,X′∼p0

[
u2pθ,k(X,X

′)
]
and rn = n−1/2 provides the desired result.

Proof [Proof of Theorem 26] By the triangle inequality, we have

Epm

[
ksd2

U (p
n
0 , pθ) | x1:n

]
− ksd2 (p0, pθ0)

≤ Epm

[
ksd2

U (pn0 , pθ)− ksd2(p0, pθ) | x1:n
]︸ ︷︷ ︸

An

+Epm

[
ksd2 (p0, pθ) | x1:n

]
− ksd2 (p0, pθ0)︸ ︷︷ ︸

Rn

.

(113)
Lemma 27 proved that Rn = OP0(n

−1). To bound An, we bound its expectation and
variance with respect to the randomness in ksd2

U (p
n
0 , pθ)

By Fubini’s theorem, we exchange the integrals and apply the unbiasedness of U-
statistics:

E [An] = Epm

[
E
[
ksd2

U (pn0 , pθ)− ksd2(p0, pθ)
]
| x1:n

]
= 0. (114)

For the variance, we have

Var [An] = Epm

[
Var

[
ksd2

U (pn0 , pθ)
]
| x1:n

]
≤ 2n−1Epm

[
VarX,X′∼p0

[
upθ,k(X,X

′)
]
| x1:n

]
.

(115)
By Assumption 12, the posterior expectation Epm

[
VarX,X′∼p0 [upθ,k(X,X

′)] | x1:n
]
is bounded

in probability. Thus, by Chebyshev’s bound, we conclude that An = OP0(n
−1/2).
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Let Mn be a sequence such that Mn → ∞ and Mn = o(n1/2). To control the fluctuation
of Epm

[
ksd2

U (pn0 , pθ) | x1:n
]
around ksd2(p0, pθ), we decompose it into two terms inside

and outside of a ball of radius Mnn
−1/2:

Epm

[
ksd2

U (pn0 , pθ)− ksd2(p0, pθ) | x1:n
]
= Epm

[(
ksd2

U (pn0 , pθ)− ksd2(p0, pθ)
)
IBc

Mnn−1/2
(θ0) | x1:n

]
︸ ︷︷ ︸

An

+ Epm

[(
ksd2

U (pn0 , pθ)− ksd2(p0, pθ)
)
IB

Mnn−1/2 (θ0) | x1:n
]

︸ ︷︷ ︸
Bn

.

(116)
To bound An, we use the ULLN for ksd2

U (pn0 , pθ). By Holder’s inequality, we have

An ≤ sup
θ∈Θ

∣∣ksd2
U (pn0 , pθ)− ksd2(p0, pθ)

∣∣Πpm

(
∥θ − θ0∥2 > Mnn

−1/2 | x1:n
)

= oP0(1)Πpm

(
∥θ − θ0∥2 > Mnn

−1/2 | x1:n
)
.

(117)

Then we bound the posterior probability using Assumption 1.

Πpm

(
∥θ − θ0∥2 > Mnn

−1/2 | x1:n
)

≤ Πpm

(√
n∥θ − θ̂MLE∥2 > Mn −

√
n∥θ0 − θ̂MLE∥2 | x1:n

)
≤ inf

η
exp

(
−η(Mn −

√
n∥θ0 − θ̂MLE∥2)

)
Epm

[
exp

(
η
√
n∥θ − θ̂MLE∥2

)
| x1:n

]
= OP0

(
exp

(
−C ′Mn

))
,

(118)

for some constants C and C ′. The third line applies Hoeffding’s inequality. The fourth line
uses the fact that weak convergence implies the convergence of characteristic functions (to
a sub-Gaussian limit). Thus, if we take Mn = n1/3, we get An = OP0

(
n−1

)
.

To bound Bn, we analyze its mean and variance with respect to the randomness in
ksd2

U (pn, q). To control the mean, we apply Fubini’s theorem

E [Bn] = Epm

[
E
[
ksd2

U (pn0 , pθ)− ksd2(p0, pθ)
]
IB

Mnn−1/2 (θ0) | x1:n
]
= 0. (119)

Now we control the variance. Some calculation shows

Var (Bn) = Epm

[
Var

(
ksd2

U (pn0 , pθ)
)
IB

Mnn−1/2 (θ0) | x1:n
]
. (120)

Let V(θ) = VarX,X′∼p0 [upθ,k(X,X
′)]. By Eq. (112), we refine the upper bound as follows

Var (Bn) ≤ 2n−1 sup
θ∈B̄

Mnn−1/2 (θ0)

V(θ). (121)

As n→ ∞, supθ∈B̄
Mnn−1/2 (θ0)

V(θ) → V(θ0) by the continuity of V at θ0, thusBn = O(n−1/2)

by Chebyshev’s inequality.
Combining the bounds, we obtain

Epm

[
ksd2

U (p
n
0 , pθ) | x1:n

]
= ksd2(p0, pθ0) +OP0(n

−1/2). (122)
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Appendix E. Details on Empirical Studies

E.1 gNPP

Semiparametric model. The semiparametric model in the gNPP follows the model
proposed by Hahn et al. (2020) for causal inference, with an additional transformation step
to account for non-normality. The model is,

yi = T−1
λ (µ(wi, â(wi)) + τai + ϵi), ϵi ∼ N (0, σ2) (123)

where:

• The function Tλ(·) is the Yeo-Johnson transformation (Yeo and Johnson, 2000). It
corrects for non-normality in the outcome expression level.

• The function µ(·, ·) is a sum of piecewise constant regression trees. We place a BART
prior on µ, following previous work in Bayesian causal inference (Hill, 2011).

• The function â(wi) is a propensity model, obtained by training a five-layer neural
network to predict ai from wi under a mean-squared loss. Hahn et al. (2020) show
that including â(·) in Bayesian causal inference reduces estimator bias.

• The coefficient τ determines the effect of the treatment. We place an improper flat
prior on τ . For simplicity we assume the (transformed) outcome depends linearly on
ai even though it may depend nonlinearly on wi.

• We place a half-Normal prior on the variance σ.

The Yeo-Johnson transformation, Tλ, is a monotonic function used to reduce skewness and
approximate normality (Yeo and Johnson, 2000). The parameter λ is fit via maximum
likelihood. The transformation is defined as:

Tλ(y) =


((y+1)λ−1)

λ , if y ≥ 0, λ ̸= 0,

log(y + 1), if y ≥ 0, λ = 0,
−((−y+1)2−λ−1)

2−λ , if y < 0, λ ̸= 2,

− log(−y + 1), if y < 0, λ = 2.

In the model, we assign a BART prior to µ. The BART function is represented as a sum
of piecewise constant binary regression trees. Each tree Tl partitions the covariate space
A×X , with each partition element Ab assigned a parameter mlb. The function gl(x) takes
the value mlb if x ∈ Ab and 0 otherwise. The overall function is then µ(x) =

∑L
l=1 gl(x).

We use 50 trees, each constrained by a prior that favors small trees and leaf parameters
near zero, making them “weak learners.” The prior specification follows that of Chipman
et al. (2010), where the probability of a node splitting at depth h is η(1+h)−β with η ∈ (0, 1)
and β ∈ [0,∞). The splitting variable and cut-point are chosen uniformly at random. Large
trees have low prior probability, with typical values η = 0.95 and β = 2. Leaf parameters
mlb follow independent priors N (0, σ2m), where σm = σ0/

√
L. The induced marginal prior

for µ(a,w) is centered at zero, with 95% of the prior mass within ±2σ0.
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We sample from the BART posterior via MCMC, using the PyMC-BART package (Quiroga
et al., 2023). In general we found the chains were well-mixed, after a burn-in period of 1000
steps (Figure 12). Our reported results pool samples from four separately initialized chains.

To account for posterior uncertainty in w1:n, we introduce a Bayesian bootstrap model
for the distribution of w1:n (Rubin, 1981). The posterior of ATE(p) is obtained as the
pushforward distribution under the product posterior of the conditional distribution p and
the covariate distribution pw:

p ∼ ΠBART (p | x1:n) , pw ∼ BB

(
1

n

n∑
i=1

δwi

)
, (124)

where p implicitly contains the parameters for the conditional distribution, and pw is the
distribution of w. We sample from the posterior of the ATE by simulating from the posterior
predictive of Eq. (123).

Let ΠBART(ATE (p) | x1:n) be the posterior distribution of the ATE under the BART
model. The gNPP posterior is then given by

Π̂ (ATE (p) | x1:n) = Πpm (ATE (pθ) | x1:n) η̂n +ΠBART(ATE (p) | x1:n)(1− η̂n),

where η̂n is the generalized mixing weight based on the MMD.
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Figure 11: Diagnostic plots of the causal linear model for the effect of FOXP3 (treatment)
on GZMH (outcome).

Parametric model. The parametric model assumes a linear relationship between the
target gene expression (y), the treatment gene (a), and the cell-type/state representation
(z). The parametric model is specified as:

pθ(y | a,w) = N
(
c+ τa+ γT z, σ2

)
, (125)
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Figure 12: Traceplots of the BART model MCMC inference for the effect of FOXP3
(treatment) on GZMH (outcome), corresponding to the parameter τ . Different
lines correspond to separate chains (4 total).

where c is the intercept τ is the coefficient of the treatment gene a, γ is a vector of coefficients
for the confounding genes in w, and σ2 is the noise variance.

Let θ ≡ [c, τ, γ]. Assuming a flat prior p(θ) ∝ 1 and that the variables c, τ, γ are apriori
independent from a and x, the posterior distribution is given by:

p (θ | x1:n) ∝ pθ(y1:n | a1:n, z1:n) = N
(
θ̂, V̂ σ2

)
, (126)

where

 ĉτ̂
γ̂

 = θ̂ ≡ (X̃T X̃)−1X̃T y, V̂ ≡ (X̃T X̃)−1, for X̃ ≡


1 a1 zT1
1 a2 zT2
...

...
...

1 an zTn

 . (127)

Under the parametric model (125), the CATE is constant across x so the posterior of
ATE(p) simplifies to

ATE (pθ) = τ(q98(a)− q0(a)), τ ∼ Π(τ | x1:n) .

Eq. (126) shows that the joint posterior of (c, τ, γ) follows a multivariate normal distribution.
After marginalization, we obtain the posterior for ATE, denoted Πpm (ATE (pθ) | x1:n).

Πpm (ATE (pθ) | x1:n) = N
(
τ̂(q98(a)− q0(a)), V̂22(q98(a)− q0(a))

2
)
, (128)

where V̂22 is the second diagonal entry of V̂ defined in Eq. (127).

E.2 Effect of TCF7 on SELL

Besides considering interventions on FOXP3, we also considered the effect of interventions
on TCF7 (Transcription Factor 7) on SELL (L-selectin). Elevated levels of SELL are
associated with favorable survival outcomes in breast cancer (Kumari et al., 2021). The
gNPP posterior suggests that increasing the expression of TCF7 is likely to increase the
expression of SELL (Figure 13a). In this case, the generalized mixing weight places strong
weight on the parametric model (Figure 13b).
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Figure 13: Effect of TCF7 on SELL. a. Posterior probability of the ATE being positive
under the parametric, nonparametric, and gNPP models. n denotes the size
of the (subsampled) dataset. Values are the median across 10 independent
data subsamples and model samples. b. Generalized mixing weights, η̂n. The
estimated confidence interval (CI) is across independent data subsamples and
model samples.
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