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Abstract

Diffusion models have been successful on a range of conditional generation tasks
including molecular design and text-to-image generation. However, these achieve-
ments have primarily depended on task-specific conditional training or error-prone
heuristic approximations. Ideally, a conditional generation method should provide
exact samples for a broad range of conditional distributions without requiring
task-specific training. To this end, we introduce the Twisted Diffusion Sampler, or
TDS. TDS is a sequential Monte Carlo (SMC) algorithm that targets the conditional
distributions of diffusion models through simulating a set of weighted particles.
The main idea is to use twisting, an SMC technique that enjoys good computational
efficiency, to incorporate heuristic approximations without compromising asymp-
totic exactness. We first find in simulation and in conditional image generation
tasks that TDS provides a computational statistical trade-off, yielding more accu-
rate approximations with many particles but with empirical improvements over
heuristics with as few as two particles. We then turn to motif-scaffolding, a core
task in protein design, using a TDS extension to Riemannian diffusion models; on
benchmark tasks, TDS allows flexible conditioning criteria and often outperforms
the state-of-the-art, conditionally trained model.2

1 Introduction

Conditional sampling is an essential primitive in the machine learning toolkit. One begins with a
generative model that parameterizes a distribution py () on data z, and then augments the model to
include information y in a joint distribution py(z,y) = pe(x)p(y | ). This joint distribution then
implies a conditional distribution py(z | y), from which desired outputs are sampled.

For example, in protein design, pg(x) can represent a distribution of physically realizable protein
structures, y a substructure that imparts a desired biochemical function, and samples from py(x | y)
are then physically realizable structures that contain the substructure of interest [e.g. 34, 37].

Diffusion models are a class of generative models that have demonstrated success in conditional gen-
eration tasks [18, 27, 33, 37]. They parameterize distributions pg(z) through an iterative refinement
process that builds up data from noise. When a diffusion model is used for conditional generation,
this refinement process is modified to account for conditioning at each step [9, 19, 27, 33].

*Equal contribution, order by coin flip.
Code: https://github.com/blt2114/twisted_diffusion_sampler
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One approach is to incorporate the conditioning information into training [e.g. 9, 27]; one either
modifies the unconditional model to take y as input or trains a separate conditional model to predict
y from partially noised inputs. However, conditional training requires (i) assembling a large set of
paired examples of the data and conditioning information (x, y), and (ii) designing and training a
task-specific model when adapting to new conditioning tasks. For example, image inpainting and
class-conditional image generation can be both formalized as conditional sampling problems based
on the same (unconditional) image distribution py(x); however, the conditional training approach
requires training separate models on two curated sets of conditioning inputs.

To avoid conditional training, a separate line of work uses heuristic approximations that directly
operate on unconditional diffusion models: once an unconditional model py(z) is trained, it can
be flexibly combined with various conditioning criteria to generate customized outputs. These
approaches have been applied to inpainting problems [24, 33, 34], and other inverse problems [1, 6,
19, 32]. But it is unclear how well these heuristics approximate the exact conditional distributions
they are designed to mimic; for example on inpainting tasks they often fail to return outputs consistent
with both the conditioning information and unconditional model [40]. These concerns are critical
in domains that require accurate conditionals. In molecular design, for example, even a small
approximation error could result in atomic structures with chemically implausible bond distances.

This paper develops a practical and asymptotically exact method for conditional sampling from an
unconditional diffusion model. We use sequential Monte Carlo (SMC), a general tool for asymptoti-
cally exact inference in sequential probabilistic models [5, 10, 25]. SMC simulates an ensemble of
weighted trajectories, or particles, through a sequence of proposals and weighting mechanisms. These
weighted particles then form an asymptotically exact approximation to a desired target distribution.

The premise of this work is to recognize that the sequential structure of diffusion models permits
the application of SMC for sampling from conditional distributions pg(x | y). We design an SMC
algorithm that leverages twisting, an SMC technique that modifies proposals and weighting schemes
to approach the optimal choices [15, 38]. While optimal twisting is intractable, we effectively
approximate it with recent heuristic approaches to conditional sampling [eg. 19], and correct the
errors by the weighting mechanisms. The resulting algorithm maintains asymptotic exactness to
po(x | y), and empirically it can outperform heuristics alone even with just two particles.

We summarize our contributions: (i) We propose a practical SMC algorithm, Twisted Diffusion
Sampler or TDS, for asymptotically exact conditional sampling from diffusion models; (ii) We show
that TDS applies to a range of conditional generation problems, and extends to Riemannian manifold
diffusion models; (iii) On MNIST inpainting and class-conditional generation tasks we demonstrate
TDS’s empirical improvements beyond heuristic approaches; and (iv) On protein motif-scaffolding
problems with short scaffolds TDS provides greater flexibility and achieves higher success rates than
the state-of-the-art conditionally trained model.

2 Background: Diffusion models and sequential Monte Carlo

Diffusion models. A diffusion model generates a data point 2° by iteratively refining a sequence of
noisy data z¢, starting from pure noise x”. This procedure parameterizes a distribution of 2° as the
marginal of a length 7" Markov chain

h'd
pe(a®) = p(a”)  pe(a't[a")datT, M
t=1
where p(2T) is an easy-to-sample noise distribution, and each pg(x'~1 | 2*) is the transition distribu-
tion defined by the (7' — ¢)'™" refinement step.
Diffusion models pg are fitted to match a daa distribution ¢(z°) from which we have samples. To
achieve this goal, a forward process q(x°) ~,—; q(x* | #'~1) is set to gradually add noise to the
data, where g(zt | 2'71) = N 2t;2'71,02 | and 0 is a positive variance. To fit a diffusion model,
one finds 6 such that py(z'~1 | 2) ~ q(2*~1 | ?), which is the reverse conditional of the forward

process. If this approximation is accomplished for all ¢, and if T'o? is big enough that ¢(z”') may be
approximated as ¢(z7) ~ N(0,To?) =: p(«T), then we will have py(2°) &~ ¢(°).

In particular, when o2 is small enough then the reverse conditionals of ¢ are approximately Gaussian,
g@ ™t 2" 2 N 2 7Yt + 62V e loggat),0? @)
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whereq(x!) = g(x%)qg(x! j x%)dx® andr y« logg(x!) is known as the (Stein) scor83]. To mirror
eq. (2), diffusion models parameterigg(x! ! j x!) via ascore networls (x!;t)

p(x' Tjxh:=N x' Lixt+ 2s (x;t); 2 : (3)
Whens (x!;t) is trained to approximate : logq(x'), we havep (x' *jx!) g(x! 1jx").
Notably, approximating the score is equivalent to learnirdeaoisingneural network® (x!;t)
to approximateEq[xO j x']. The reason is that by Tweedie's formutBZ[ 28] r x logg(xt) =
(EqIx?j x']  xY)=t 2 and one can set (x';t) := (x (x';t) x')=t 2. The neural network
2 (x';t) may be learned by denoising score matching (see I8,85]). For the remainder of paper
we drop the argumentin 8 ands when itis clear from context.

Appendix A generalizes the formulation above to diffusion process formulations that are commonly
used in practice.

Sequential Monte Carlo. Sequential Monte Carlo (SMC) is a general tool to approximately sample
from a sequence of distributions on varialk@s" , terminating at a nal target of mtereﬁ[lo 14,

25. SMC approximates these targets by generating a collecti#n pérticlesf x{ gk, acrossT
steps of an iterative procedure. The key ingredients are propas@as), fry(x! j xt+l )G=" and
weighting functionavy (xT), fw (x!; x!*! )gthol. At the initial stepT, one drawX patrticles of

Xy rr(x")andsetw] = wr(x}), and sequentially repeats the following for T 1;:::;0:

« resample  fx[™"Tgk,  Multinomial(fxi™ T g, s fwi™ gl )
* propose X re(x'j x}:l ); k=1; ;K
* weight who= we(xbxpty k=1; K
The proposals and weighting functions together de ne a sequerineeofediate targetlistributions,
0:T 1h T e 105 (101 h T s 0. 10+ !
t(X77) = L. rr(x) re(x jx ) wr(x') Wio(X ;X" 7) (4)
t £0=0 to=t

whereL ; is a normalization constant. A classic example that SMC applies is the state space model
[25, Chapter 1] that describes a distribution over a sequence of latentstdtemd observations

y%T . Each intermediate target is constructed to be the posterjogix®™ j yt'T) given the rst

T t+1 observations, and the nal targp(x®T j y%T) is the posterior given all observations.

TI._l,‘Ie de ning pererty of SMC is that the weighted particles at eafthim discrete approximations

( fomg Who) 10 oy WK X ¢ (x!) (where is a Dirac measure) to;(x!) that become arbitrarily
accurate in the limit that many particles are usedroposition 11.4]. So, by choosingandw; so

that o(x°) matches the desired distribution, one can guarantee arbitrarily low approximation error in
the large compute limit.

3 Twisted Diffusion Sampler: SMC sampling for diffusion model conditionals

Consider conditioning informatiop associated with a given likelihood functitpp,xo(ij ): We
embedy in a joint model ovex®T andy asp (x%T;y) = p (X%T)pyixo (yjx°); wherey andx®T
are conditionally independent give: Our goal is to sample from the conditioral(x° j y).

In this section, we develop Twisted Diffusion Sampler (TDS), a practical SMC algorithm targeting
p (x°]y): First, we describe how the Markov structure of diffusion models permits a factorization of
an extended conditional distribution to which SMC applies. Then, we show how a diffusion model's
denoising predictions support the applicationtwfsting an SMC technique in which one uses
proposals and weighting functions that approximate the “optimal” ones. Lastly, we extend TDS to
certain “inpainting” problems wher@jxo(ijo) is not smooth, and to Riemannian diffusion models.

3.1 Conditional diffusion sampling as an SMC procedure

The Markov structure of the diffusion model permits a factorization that is recognizable as the nal
target of an SMC algorithm. We write the conditional distribution, extended to inoltide as

p (XO:T;y) 1 h T A t: t+l I 0
pP(x')  p (XX pyjxe(YiX©) )
Py W i

p(x*Tjy)=
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Algorithm 1. Twisted Diffusion Sampler (TDS)

fork=1:K

‘ xf  op(x"); we pf = (yjx}t) |/ initial proposal and weight
fort=T 1, ;0

fx it g, Multinomial fxtpk™t gl fwigl.,  // resample
fork=1:K
sc=(x () xpt)=t 2+ w1 log gt /I conditional score approx.

X, p(ixTiy)= N x™t+ 2s;~*  // proposal

p. P (Yjxk) / twisting function (in egs. (8), (13), or (14)

wie P Okixi Rk (kxR I weight

with the desired marginah (x° j y): Comparing the diffusion conditional of eq. (5) to the SMC
target of eq. (4) suggests SMC can be used.

For example, consider a rst attempt at an SMC algorithm. Set the proposals(a8) =
p(x") and ry(x!jx*t) = p(xtjxt*) for 1 t  T;and weighting functions as
wr(xT) = wi(xtx*)=1 for 1 t T and wo(x%x) = pyjxo(yjx°):

Substituting these choices into eq. (4) results in the desired nal tagget p (x%T j y) with
normalizing constarity = p (y). As a result, the associated SMC algorithm produces a nal set
of K samples e,nd Weighgﬁ; wlgk_, that provides an asymptotically accurate approximation

Pe(XPjy):=( kwd) b K wl 4o (x0) tothe desiregh (x°]y):

The approach above is simply importance sampling with progogaP T ); with all intermediate

weights set to 1, one can skip resampling steps to reduce the variance of the procedure. Consequently,
this approach will be impractical  (x° j y) is too dissimilar fromp (x°) as only a small fraction

of unconditional samples will have high likelihood: the number of particles required for accurate
estimation ofp (x%7T jy) is exponential in KLp (x%T jy) kp (x%T) [3].

3.2 Twisted diffusion sampler

Twistingis a technique in the SMC literature intended to reduce the number of particles required
for good approximation accurac$y, 16]. Loosely, it introduces a sequencetafisting functions

that modify the naive proposals and weighting functions, so that the resulting intermediate targets
are closer to the nal target of interests. We refer the reader to Naessetli2&, &hapter 3.Rfor
background on twisting in SMC.

Optimal twisting. Consider de ning the twisted proposals by multiplying the naive proposats
described in Section 3.1 ly (y j x!) as

re(x")/ p(x"p (yix")and r (x'jx""1) 1 p (x'jx")p (yix') for 0 t<T: (6)

The factorg (y j x') are theoptimaltwisting functions because they permit an SMC sampler that
draws exact samples from(x%T j y) even when run with a single particle.

To see that a single particle is an exact sample, by Bayes rule, the proposals in eq. (6) reduce to
rr(x)=p (xTjy)andr (x'jx")=p (x'jx'"y) for 0 t<T: (7

As aresult, if one samples”  rq(xT)andx' r (x'jx"l)fort=T 1;:::;0, by (i) the law
of total probability and (i) the chain rule of probability, one obtaks p (x°jy) as desired.
However, we cannot readily gample from eagtbecause (y j x') is not analytically tractable. The
challengeis thap (yjx') = pyjxo(Yix)p (x°j x')dx° depends om; throughp (x°j x'). The

form depends oh calls to the neural network .



Tractable twisting. To avoid this intractability, we approximate the optimal twisting functions by
p(yix) = pyxeyir (X)) p(yix"); (8)

which is the likelihood function evaluatedft(x'), the denoising estimate &f at stept from the
diffusion model. This tractable twisting functign(y j x') is the key ingredient needed to de ne the
Twisted Diffusion Sampler (TDS, Algorithm 1). We motivate and develop its components below.

The approximation in eq. (8) offers two favorable properties. Rirgly j x') is computable because

it depends o' only though one call t& ; instead of an intractable integral over many calls as in
the case of optimal twisting. Secorl (y j x') becomes an increasingly accurate approximation of
p (yjx');ast decreases ar (x° j x*) concentrates oE,, [x°j x'], which® is tto approximate;

att = 0, where we can choose (x°) = x°, we obtaing (y j x%) = pyjxo (yjx°):

We next use eq. (8) to develop a sequence of twisted propegalsj x'** ;y); to approximate the
optimal proposalp (x! j x'*1;y) in eq. (7). Speci cally, we de ne twisted proposals as
pcixTiy) = NOoxEx e 2 (xThy) P (9)
where s (x'*;y):= s (x!*1)+ r a1 logp (yjx'*?) (10)

t+1

is an approximation of the conditional scose(x'*';y) r w1 logp (x!*! jy); and~? is the
proposal variance. For simplicity one could choede= 2 to match the variance qf (x! j x'*1).

Equation (9) builds on previous works (e.g3[ 31]) that seek to approximate the reversal of a
conditional forward process. The gradient in eq. (10) is computed by back-propagating through
2 (x'*1): We further discuss this technique, which has been used before [¢.9.38], in Section 4.

Twisted targets and weighting functions. Because (x! j x'*1 ;y) will not in general coincide

with the optimal twisted proposal (x! j x'*1), we must introduce non-trivial weighting functions

to ensure the resulting SMC sampler converges to the desired nal target. In particular, we de ne
twistedweighting functions as

p(x'jx")p (yjx')
p(yjxt*)p (xtjxt*l;y)’

andwr (x") := p (yj x"). The weighting functions in eq. (11) recover the optimal, constant
weighting functions if all other approximations at play are exact.

wy(xtxty =

t=0;::;T 1 (12)

These tractable twisted proposals and weighting functions de ne intermediate targets that gradually
approach the nal target, = p (x%T jy). Substituting into eq. (4) eagh (x! j x'*1;y) in eq. (9)
for re(xt j xt*1) andw, (x!; x'*1) in eq. (11) and then simplifying we obtain the intermediate targets

Mo (yjixt) Y1 p (x°)xt™;y)l
P Yix) oy P (X xy)

The right-hand bracketed term in eq. (12) can be understood as the discrepantypof the nal

target o accumulated from stepto 0 (see Appendix A.3 for a derivation). Asapproache$;

p (v j x') improves as an approximation pf(y j x'); and thet-term product inside the bracket

consists of fewer terms — the latter accounts for the discrepancy between practical and optimal

proposals. Finally, at = 0; becausg (y j x°) = p (y j x°) by construction, eq. (12) reduces to
o(x%T) = p (x°T jy); as desired.

(xX%T) 1 p (x*T jy) (12)

The TDS algorithm and asymptotic exactnessTogether, the twisted proposas(x' j x'*! ;y) and
weighting functionsv, (x'; x'*1) lead toTwisted Diffusion Sampleor TDS (Algorithm 1). While
Algorithm 1 states multinomial resampling for simplicity, in practice other resampling strategies (e.g.
systematic$, Ch. 9]) may be used as well. Under additional conditions, TDS provides arbitrarily
accurate estimates @f (x° j y). Crucially, this guarantee does not rely on assumptions on the
accuracy of the approximations used to derive the twisted proposals and weights. Appendix A
provides the formal statement with complete conditions and proof.

Theorem 1. (Informal) LetPx (x°) = ( {fo Wio) 1 Ezl Wy xg(XO) denote the discrete measure
de ned by the particles and weights returned by Algorithm 1 Wdtlparticles. Under regularity
conditions on the twisted proposals and weighting functi®rs(x®) converges setwise f (x° j y)
asK approaches in nity.



3.3 TDS for inpainting, additional degrees of freedom

The twisting functiong (y j x') := pyjxo (yj® (x")) we introduced above are one convenient option,
but are sensible only whem;xo (yj® (x')) is differentiable and strictly positive. We now show
how alternative twisting functions lead to proposals and weighting functions that address inpainting
problems and more exible conditioning speci cations. In these extensions, Algorithm 1 still applies
with the new de nitions of twisting functions. Appendix A provides additional details, including the
adaptation of TDS to variance preserving diffusion models [18].

Inpainting. Consider the case thaf can be segmented into observed dimensinand unobserved
dimensionsM such that we may write® = [x{, ; x?, ] and lety = x{; ; and takepyjxo (yjx°) =

y(x% ): The goal, then, is to sampfe (x° j x% = y) = p (x§, jx) y(xy ): Here we de ne the
twisting function for each > O as

pPyixiM)= N yig (Dust 2 (13)

and set twisted proposals and weights according to egs. (9) and (11). The variance in eq. (13) is
chosen as 2 = Var, [x' j x°] for simplicity; in general, choosing this variance to more closely
matchVar, [y j x'] may be preferable. Fdr= 0; we de ne the twisting function analogously
with small positive variance, for example agy j x°) = N (y;x{, ; ?2): This choice of simplicity
changes the nal target slightly; alternatively, the nal twisting function, proposal, and weights may
be chosen to maintain asymptotic exactness (see Appendix A.4).

Inpainting with degrees of freedom. We next consider the case when we wish to condition on
some observed dimensions, but have additional degrees of freedom. For example in the context of
motif-scaffolding in protein design, we may wish to condition on a functional nyotippearing
anywheran a protein structure, rather than having a pre-speci ed set of indicés mind. To handle

this situation, we (i) leM be a set of possible observed dimensions, (ii) express our ambivalence in
which dimensions are observedyassing randomness by placing a uniform priorg{iM ) = 1 5Mj
foreachM 2 M ; and (iii) again embegbthis new variable into our joint rpodel to de ne the degrees

of freedom likelihood byp(y j X°) = = ,om P (M;yix% = jMj 1 on P(Y ] X%5M):
Accordingly, we approximatp (y j x!) with the tv;/(isting function
pyix):=jm * p(yixiiM); (14)
M 2M

with eachp (y j x!; M) de ned as in eq. (13). Notably, egs. (13) and (14) coincide wMjn=1:

The sum in eq. (14) may be computed ef ciently because each term depeméi®oly through the
same denoising estimage (x!); which must be computed only once. Since computatiat ¢k!) is
the expensive step, the overall run-time is not signi cantly increased by using everjiNgrge

3.4 TDS on Riemannian manifolds

TDS extends to Riemannian diffusion models on with little modi cation. Riemannian diffusion
models B] are structured like in the Euclidean case, but with conditionals de ned by tangent normal
distributions parameterized with a score approximation followed by a manifold projection step (see
e.g. B, 8]). When we assume that (as, e.g., &9]) the model is associated with a denoising network

R , twisting functions are also constructed analogously. For conditional tasks de ned by likelihoods,
p (v x') ineq. (8) applies. For inpainting (and by extension, degrees of freedom), we propose

B (Yix")= TNy xty, (V;0t 2); (15)
whereT Ny (xy, (O;t 2) is a tangent normal distribution centered ®r(x")y : As in the Eu-

clidean casey (x' j x'*1;y) is de ned with conditional score approximatien(x';y) = s (x!) +
r « logp(y j x!), which is computable by automatic differentiation. Appendix B provides details.

4 Related work

There has been much recent work on conditional generation using diffusion models. These prior
works demand either task speci ¢ conditional training, or involve unquali ed approximations and
can suffer from poor performance in practice. We discuss additional related work in Appendix C.

Gradient guidance. We usegradient guidanceo refer to a general approach that incorporates
conditioning information with gradients through the neural netwdrik!): For example, in an



Figure 1: Errors of conditional mean estimations with 2 SEM error bars averaged over 25 replicates.
TDS applies to all three tasks and provides increasing accuracy with more particles.

inpainting setting, Ho et a[19] propose a Gaussian approximatigr{y j  (xH)™; )top (yj xb).

This approximation motivates a modi ed transition distribution as in Equation (9), with the corre-
sponding approximation to the conditional scorsgx!;y) = s (x') r ,ky 2R (x")wk?=:

This approach coincides exactly with TDS applied to the inpainting task when a single particle is
used. Similar Gaussian approximations have been used by [6, 32] for other inverse problems.

Gradient guidance can also be used with non-Gaussian approximations; e.gusitgiz (x'))
p (y j x') for a given likelihoodpyxo (yjx®): This choice again recovers TDS with one particle.

Empirically, these heuristics can have unreliable performance, e.g. in image inpainting pretlgms [
By comparison, TDS enjoys the bene ts of gradient guidance by using it in proposals, while also
providing a mechanism to eliminate approximation error by simulating additional particles.

Replacement method.The replacement method3] is a method introduced for image inpainting
using only unconditional diffusion models. The idea is to replace the observed dimensions of
intermediate samples}, , with a noisy version of observatiokf, . However, it is a heuristic
approximation and can lead to inconsistency between inpainted region and observed2dgion [
Additionally, the replacement method applies only to inpainting problems. While recent work has
extended the replacement method to linear inverse problems[@,dhe approach provides no
accuracy guarantees. It is unclear how to extend these methods to arbitrary differentiable likelihoods.

SMC samplers for diffusion models.Most closely related to the present work is SMC-D&],

which uses SMC to provide asymptotically accurate conditional samples for the inpainting problem.
However, this prior work (i) is limited to the inpainting case, and (ii) provides asymptotic guarantees
only under the assumption that the learned diffusion model exactly matches the forward noising
process, which is rarely satis ed in practice. Also, SMC-Diff does not leverage twisting functions.

In concurrent work, Cardoso et §2] propose MCGdiff, an alternative SMC algorithm that uses the
framework of auxiliary particle Itering 6] to provide asymptotically exact conditional inference.
Compared to TDS, MCGdiff avoids computing gradients of the denoising network but applies only
to linear inverse problems, with inpainting as a special case.

5 Simulation study and conditional image generation

We rst test the dependence of the accuracy of TDS on the number of particles in synthetic set-
tings with tractable exact conditionals in Section 5.1. Section 5.2 compares TDS to alternative

approaches on class-conditional image generation, and an image inpainting experiment is included in
Appendix D.2.2. See Appendix D for all additional details.

Our evaluation includes: (DS (2) TDS-IS an importance sampler that uses TDS's proposal33)
a naive importance sampler described in Section 3.1; an@r@jient GuidanceFor inpainting-type
problems we further include: (33eplacement methpend (6)SMC-Diff

P
ach SMC sampler forms an approximatiopt@x° j y) with K weighted particle$ :50:1 Wio) 1

::1 Wi xo. Gradient guidance and replacement method are considered to form a similar particle-

based approximation witk independent samples viewedkasparticles with uniform weights.

Compute Cost: Compared to unconditional generation, TDS has compute cost that is (i) larger by a
constant factor due to the need to backpropogate through the denoising network when computing the
conditional score approximation and (ii) linear in the number of particles. As a result, the compute
cost at inference cost is potentially large relative for accurate inference to be achieved.



By comparison, conditional training methods provide fast inferencanbgrtization[13], in which

most computation is done ahead of time. Hence they may be preferable for applications where
sampling time computation is a primary concern. On the other hand, TDS may be preferable when the
likelihood criterion is readily available (e.g. through an existing classi er on clean data) but training
an amortized model poses challenges; for example, the labeled data, neural-network engineering
expertise, and up-front compute resources required for amortization training can be prohibitive.

5.1 Applicability and precision of TDS in two dimensional simulations

We explore two questions in this section: (i) what sorts of conditioning information can be handled by
TDS and other methods, and (ii) how does the precision of TDS depend on the number of particles?

To study these questions, we rst consider an unconditional diffusion npd@e?) approximation

of a bivariate Gaussian. For this choice, the marginals of the forward process are also Gaussian,
and so we may de n@ (x%T) with an analytically tractable score function without neural network
approximation. Consequently, we can analyze the performance without the in uence of score network
approximation errors. And the choice of a two-dimensional diffusion permits close approximation of
exact conditional distributions by numerical integration that can then be used as ground truth.

We consider three test cases de ning the conditional information: (1) Smooth likelilyoiscan
observation of the Euclidean normxfwith Laplace noise, witlp (y j x°) = expfik x°k,  yjg=2:
This likelihood is smooth almost everywhere(2) Inpainting: y is an observation of the rst
dimension o&®, with p (yjx% M =0) = (xJ). (3) Inpainting with degrees-of-freedom:is
a an observation of either the rst or second dimensiorGfwith M = f0; 1g andp (y j x°) =
y(x+ y(xDI:. Inall cases we xy = 0 and consider estimatir, [x°j y]:

Figure 1 reports the estimation error for the mean of the desired conditional distribution, i.e.
k' wix?) Eqx°jylk.. TDS provides a computational-statistical trade-off: using more par-
ticles decreases mean square estimation error &¢heK ) parametric rate (note the slopes of

in log-log scale) as expected from standard SMC theBrZh. 11]. This convergence rate is shared

by TDS, TDS-IS, and IS in the smooth likelihood case, and by TDS, SMCDiff and in the inpainting
case; TDS-IS, IS and SMCDiff are applicable however only in these respective cases, whereas TDS
applicable in all cases. The only other method which applies to all three settings is Gradient Guidance,
which exhibits signi cant estimation error and does not improve with many particles.

5.2 Class-conditional image generation

We next study the performance of TDS on diffusion models with neural network approximations to the
score functions. In particular, we study the class-conditional image generation task, which involves
sampling animage from (x°jy) / p (x°)pyjxo(Yix°), wherep () is a pretrained diffusion model

on imagex’, y is a given image class, amdixo (yj ) is the classi cation likelihood. To assess the
faithfulness of generation, we evalualassi cation accuracyon predictions of conditional samples

x° giveny, made by the same classi er that speci es the likelihood. In all experiments, we follow
the standard practice of returning the denoising mean on the nal sample [18].

On the MNIST dataset, we compare TDS to TDS-IS, Gradient Guidance, and IS. Figure 2a compares
the conditional samples of TDS and Gradient Guidance given glass. Samples from Gradient
Guidance have noticeable artifacts, and most of them do not resemble the digit 7; by contrast, TDS
produces authentic and correct digits.

Figure 2b presents an ablation study of the effect of # of particlesm MNIST. For all SMC samplers,

more particles improve the classi cation accuracy, With= 64 leading to nearly perfect accuracy.

The performance of Gradient Guidance is constant with respéct(io expectation). Notably, for

xed K, TDS and TDS-IS have comparable performance and outperform Gradient guidance and IS.

We next apply TDS to higher dimension datasets. Figure 2c shows samples frofKTB36)

using a pre-trained diffusion model and a pretrained classi er on the ImageNet d&a8etZ56 3
dimensions). These samples are qualitatively good and capture the class label. Appendix D.2.3
provides more samples, comparision to Classi er Guidafteahd results for the CIFAR-10 dataset.

3This likelihood is smooth except at the point (0 ; 0).



(@) MNIST: samples by TDSK = 64) (b) MNIST: classi cation accuracy vs. (c) ImageNet: samples
and Gradient Guidance given class "7'K . Results are averaged over 1,00y TDS(K = 16) given

TDS samples are randomly selected outuns with error bars denoting 2 stan<lass “brambling' from 4
of 64 particles in a single SMC run. dard errors. independent SMC runs.

Figure 2: Image class-conditional generation task.

TDS can be extended by exponentiating twisting functions witlist scale This extension is
related to the existing literature of Classi er Guidance that considers re-scaling the gradient of the
log classi cation probability. See Appendix D.2.1 for details and ablation study.

6 Case study in computational protein design: the motif-scaffolding problem

The biochemical functions of proteins are typically imparted by a small number of atoms, known
as amotif, that are stabilized by the overall protein structure, known asc¢h#old[36]. A central

task in protein design is to identify stabilizing scaffolds in response to motifs expected to confer
function. We here describe an application of TDS to this task, and compare TDS to the state-of-the-art
conditionally-trained model, RFdiffusion. See additional details in Appendix E.

Given a generative model supported on designable protein strugtsey, suitable scaffolds may
be constructed by solving a conditional generative modeling prob8&in Complete structures
are rst segmented into a motif}; and a scaffolc, ; i.e.x° =[x, ; xJ, ]: Putative compatible

scaffolds are then identi ed by (approximately) sampling frpr‘(1xf\’/I i x%) [34].

While the conditional generative modeling approach to motif-scaffolding has produced functional,
experimentally validated structures for certain mot&g|[ the general problem remains open. More-
over, current methods for motif-scaffolding require one to specify the location of the motif within the
primary sequence of the full scaffold; this choice can require expert knowledge and trial and error.

We hypothesized that improved motif-scaffolding could be achieved through accurate conditional
sampling. To this end, we applied TDS to FrameDiff, a Riemannian diffusion model that param-
eterizes protein backbones as a collectioNofigid bodies (known as residues) in the manifold
SE(3)N [39].# Each of theN elements oS E(3) consists of a rotation matrix and a translation that
parameterize the locations of the backbone atoms of each residue.

Likelihood, twisting, and degrees of freedom.The basis of our approach to the motif scaffolding
problem is analogous to the inpainting case described in Section 3.3. Wellyjx®) = y(x% );
wherey 2 SE(3)M describes the coordinates of backbone atoms ®flan jMj residue motif. As

such, to de ne twisting function we adopt the Riemannian TDS formulation described in Section 3.4.

To eliminate the requirement that the placement of the motif within the scaffold be pre-speci ed, we
incorporate the motif placement as a degree of freedom. We (i) treat the indices of the motif within
the chain as amas¥ ; (ii) let M be a set of possible masks of size equal to the length of the motif,
and (iii) apply Equation (14) to average over these possible masks.

For some scaffolding problems, it is known that all motif residues must appear with contiguous
indices. In this case we choobt to be the set of all possible contiguous masks. However, when
motif residues are only known to appear in two or more possibly discontiguous blocks, the number
of possible placements can be too large and we chibbdey randomly sampling at most some
maximum number# Motif Locs. ) of masks.

We similarly eliminate the global translation and rotation of the motif as a degree of freedom. The
motivation is that restricting to one possible pose of the motif narrows the conditional distribution,

“https://github.com/jasonkyuyim/se3_diffusion



Scaffold TDS & RF
size FrameDiff  diffusion
<100 res. 9 3
100 res. 2 8
Overall 11 11

(b) # problems with higher success
(a) TDS motif-scaffolding success rate (test cakéS) improves with rate
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Figure 3: Protein motif-scaffolding case study results

thereby making inference more challenging. For translation, we use a likelihood that is invariant to
the motif's center-of-mass and placement in the nal scaffold by choasjpg (yjx) = py(PXm )
whereP is a projection matrix that removes the center of mass of a vector [se&Qeggction 3.3].

For rotation, we average the likelihood across some nuntbé¢tif Rots. ) of possible rotations.

Ablation study. We rst examine the impact of several parameters of TDS on success rate in an in
silico self-consistencgvaluation 84]. We begin with single problenb(US) in the benchmark set
introduced by 87], before testing on the full set. Figure 3a (Left) shows that success rate increases
monotonically with the number of particles. Non-zero success rates in this setting required accounting
for multiple motif locations; Figure 3a (Left) us&€000possible motif locations antD0rotations.

We tested the impact of the degrees of freedom by evaluating the success rate of TDS (K=1) with
increasing motif locations and 100 rotations (Figure 3a Center Left), and increasing rotations and
1,000 locations (Figure 3a Center Right). The success rate was 0% without accounting for either
degree of freedom, and increased with larger numbers of locations and rotations. We also explored
including a heuristic twist scale as considered for image tasks (Section 5.2); in this case, the twist
scale is a multiplicative factor on the logarithm of the twisting function. Figure 3a (Right) shows
larger twist scales gave higher success rates on this test case, where we use 8 particles, 1,000 possible
motif locations and 100 rotations. However, this trend is not monotonic for all problems (Figure P).

Evaluation on full benchmark. We next evaluate on TDS on a benchmark set of 24 motif-scaffolding
problems B7] and compare to the previous state of the art, RFdiffusion. RFdiffusion operates on
the same rigid body representation of protein backbones as FrameDiff. TDS is run with K=8, twist
scale=2, and 00rotations and,;000motif location degrees of freedori@G,000combinations total).

Overall, TDS (applied to FrameDiff) and RFdiffusion have comparable performance (Figure 3b);
each provides a success rate higher than the other in 11/24 cases; on two problems both methods
have a 0% success rate (full results in Figure O). This performance is obtained despite the fact that
FrameDiff, unlike RFdiffusion, is not trained to perform motif scaffolding. The division between
problems on which each method performs well is primarily explained by total scaffold length, with
TDS providing higher success rates on smaller scaffolds.

We suspect the shift in performance with scaffold length owes properties of the underlying diffusion
models. First, long backbones generated unconditionally by RFdiffusion are designable with higher
frequency than those generated by Frame3#§].[ Second, unlike RFdiffusion, FrameDiff can not
condition on the xed motif sequence.

7 Discussion

We propose TDS, a practical and asymptotically exact conditional sampling algorithm for diffusion
models. We compare TDS to other approaches and demonstrate the effectiveness and exibility
of TDS on image class conditional generation and inpainting tasks. On protein motif-scaffolding
problems with short scaffolds, TDS outperforms the current (conditionally trained) state of the art.

A limitation of TDS is its requirement for additional computes to simulate multiple particles. While
we observe improved performance with just two particles in some cases, the optimal number is
problem dependent. Moreover, the computational ef ciency depends on how closely the twisting
functions approximate exact conditionals, which depends on the unconditional model and conditioning
information. Lastly, choosing twisting functions for generic constraints may be challenging. Our
future work will focus on addressing these limitations and improving the computational ef ciency.
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A Twisted Diffusion Sampler additional details

In this section we provide additional details on TDS. Appendix A.1 describes its generalization
to alternative common formulations of diffusion models. Appendix A.2 describes the choices of
proposal variance and resampling strategy. Appendix A.3 provides a derivation of Equation (12).
Appendix A.4 describes modi cations to the nal step of TDS in inpainting and inpainting with
degrees of freedom applications. And Appendix A.5 provides a full statement and proof of Theorem 1.

A.1 Diffusion models with non-constant noise variance and variance-preserving scaling

TDS as developed in Section 3 assumed noise with constant varidramiled at each timestep. This
choice corresponds to a particular discretization of a “variance exploding” (VE) diffusion model
[33]. Here we describe generalizations of TDS to non-constant variance schedules, and to variance
preserving (VP) diffusion modeld §]. We adopt the VP formulation in our experiments; though it
introduces additional notation, it is known to work well in practice [33].

TDS algorithm for variance exploding diffusion models. VE diffusion models de ne the forward
procesgy by

v
gx*Tjx% = g(x"jx" 1) qix'jxt 1= N(xGxE P (16)
t=1
P
where 2 is an increasing sequence of variances suchghdt) N (0; 2),with 2:= ., %
fort=1; ;T.Andsoonecanse@(x")= N(0; 2)tomatchg(x"). Notably, Equation (16)
implies the conditionagi(x! j x°) = N (x%;x%; 2).

The reverse diffusion proceps is parameterized as

Yl
p(x®T)=p(xT)  p(x'ixh); p(xttixh) = N hxt+ P (xGt); D)
t=T
where the score netwosk is modeled through a denoiser netwdrkby s (x!;t) := ("% (x!;t; )
x')= 2. Note that the constant schedule is a special case wifere 2,and ? =t 2forallt.

The TDS algorithm for general VE models is described in Algorithm 1, whefen Line 6 is
replaced by 2 and 2 in Line 7 is replaced by 2.

Extension to variance preserving diffusion models. Another widely used diffusion framework is
variance preserving (VP) diffusion models [18]. VP models de ne the forward prapegs

q
g Tix%= aetixt Y g xt HE NG L B D)
t=1
where ? is a sequence of increasing variances choaen suclydy N (0;1), and so one
cansep(x") = N(0;1). Dene =1 2 .= ", w,and 2:=1 . Thenthe
marginal conditional of eq. (16) gx' j x°) = N (x';" ~x% 2). The reverse diffusion proceps

is parameterized as

Y 2
pOCT):= P p (¢ XY p (¢ i) NG pix e pls (i D)

t=T
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wheres is now de ned through the denoiskr bys (x!;t) := ( P Rt ) xhH= 2

TDS in Algorithm 1 extend& to VP models as well, where the conditional score approximation in
(

Line 6 is changed tey R ) x)= 2, x log gt , and the proposal in
2
Line 7ischangedtal p (jxi™m;y):= N ptaxi? + pitig; -2

t+1 t+1

A.2 TDS parameters

Proposal variance. The proposal distribution in Line 7 of Algorithm 1 is associated with a variance
parameter?. In general, this parameter can be dependent on the time step, i.e. replatingome
~Z., in Line 7. Unless otherwise speci ed, we set, := Var, [x! j x'*1] the variance of the
unconditional diffusion model (typically learned along with the score network during training).

Resampling strategy. The mulinomial resampling strategy in Line 4 of Algorithm 1 can be replaced
by other strategies, seq, Chapter 2] for an overview. In our experiments, we use the systematic
resampling strategy.

In addition, one can consider setting an effective sample size (ESS) threshold (between 0 and 1), and
only when the ESS is smaller than this threshold, the resampling step is triggered. ESS thresholds for
resampling are commonly used to improve ef ciency of SMC algorithms [se&@8,&hapter 2.2.2],

but for simplicity we use TDS with resampling at every step unless otherwise speci ed.

A.3 Derivation of Equation (12)

Equation (12) illustrated how the extended intermediate targét8'T) provide approximations

to the nal targetp (x%T j y) that become increasingly accuratetaapproaches 0. We obtain
Equation (12) by substituting the proposal distributions in Equation (9) and weights in Equation (11)
into Equation (4) and simplifying.

! Y1 #" Y1

t(XO:T) / p(XT) P (Xtoj Xt0+l y) I3(YJ XT) p (Xtoj Xto+l )p (yJ Xto)
o0 ’ o P I xT)p (XX y)

Rearrange and cangel and g"terms.

T L 1 #
= px") P UIx) pyix) (U jxy)
0=t t0=0
Groupp terms by chain rule of probability.
ty 1
=p (XDp (yix) B ixy)
t0=0
Apply Bayes' rule and note that (y j x"T) = p (yj x"):
tT p(ijt)yl 10 041,
I p(x“Tjy) By ix) . p(x"jxty)
ty 1
Note thatp (x>T jy)= p (x“Tjy)  p (x""[x"*;y):

" t=0 #
pixh) Yip ' jxt™y) |
PYIXY) oy P (X]XxI21y)

=p (x"Tjy)

The nal line is the desired expression in Equation (12).

A.4 Inpainting and degrees of freedom nal steps for asymptotically exact target

The nal (t = 0) twisting function for inpainting and inpainting with degrees of freedom described in
Section 3.3 do not satisfy the assumption of Theorem 2gth(atj x°) = py;xo (yjx°): This choice

introduces error in the nal target of TDS relative to the exact conditign@® T j y):
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For inpainting, to maintain asymptotic exactness one may instead choose the nal proposal and
weights as

pxCixhyiM) = ()P (xy ixY) and  wo(x%xt) =1:
One can verify the resulting nal target 5 (x° j x{, = y) according to eq. (4).
Similarly, for inpainting with degrees of freedom, one may de ne the nal proposal and weight as
X p (xp ix5iM)

xOjxLy;M) = P .
pOTixTyM) o o P Ol XL M

5 yOMP (< ixh) and  wo(x%xh) =1:

A.5 Asymptotic accuracy of TDS — additional details and full theorem statement

In this section we (i) characterize suf cient conditions on the model and twisting functions under
which TDS provides arbitrarily accurate estimates as the number of particles is increased and (ii)
discuss when these conditions will hold in practice for the twisting fungtigy j x') introduced in
Section 3.

We begin with a theorem providing suf cient conditions for asymptotic accuracy of TDS.
Theorem 2. Letp (x%T) be a diffusion generative model (de ned by ed9.and (3)) with

H 1y — H 1 2 1y. 2 .
p(x'jx™)=N x'jx"t+ Z,s (x'"); 2,1 ;

with variances 2;:::; 2:Letp (y]j x') be twisting functions, and
re(x XY = NOx xTt+ Z s (X + 1 e logp (Y X))~
P
be proposals distributions far=0;:::;T 1;and letPx = Ezl w X for weighted particles

f(x%;wl)gk_, returned by Algorithm 1 with particles. Assume
(a) the nal twisting function is the likelihoogy (y j X°) = pyjxo (Yjx°);

(b) the rst twisting functionp (y j x7); and the ratios of subsequent twisting functions
p (yjxH=p (yjx!*1) are positive and bounded,

(c) eachlogp (yj x!) witht > 0is continuous and has bounded gradientxinand
(d) the proposal variances are larger than the model variances, i.e. forgeagh> 2:

Then Px converggs setwise tp (x° j y) with probability one, that is for every sei;
limcn Pk (A)= ,p (x°]y)dx®

The assumptions of Theorem 2 are readily satis ed in common applications.

« Assumption (a) may be satis ed by construction by choogingy j x°) = pyjxo (yjx°) by
dening® (x%t=0)= x°:

» Assumption (b) is satis ed if (i)jpy;xo (Yjx) is smooth inx and everywhere positive and
(i) p(yix') = pyxo(yi® (x')) where® (x') takes values in some compact domain.
An alternative suf cient condition for Assumption (b) is fpy;y. (yjx) to be positive and

bounded away from zero; this latter condition will hold when, for exammlgs (yjx) is a
classi er twith regularization.

» Assumption (c) is the strongest assumption. It will be satis ed, for example, if (i)
P (yix') = pyxo(yi® (x")); and (ii) pyjxo (yix) and® (x') are smooth ix andx"; with
uniformly bounded gradients. While smoothnesgof ;t) can be encouraged by the use of
skip-connections and regularizatiaq,( ; t) may present sharp transitions, particularly tfor
close to zero.

« Assumption (d), that the proposal variances satigfy> 2 is likely not needed for the
result to hold. However, this assumption permits usage of existing SMC theoretical results
in the proof; in practice, our experiments uge= Z; but alternatively the assumption
could be met by in ating each? by some arbitrarily small without markedly impacting
the behavior of the sampler.
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Proof of Theorem 2: Theorem 2 characterizes a set of conditions under which SMC algorithms
converge. We restate this result below in our own notation.

Theorem 3(Chopin and Papaspiliopoul{] — Proposition 11.4)Letf (x?;w?)gK_, be the particles
and weights returned at the last iteration of a sequential Monte Carlo algorithmKuvigarticles
using multinomial resampling. If each weighting functig(x'; x'*1) is positive and bounded, then
for every bounded,q-measurable function of x!

z
im  owg ()= (x%) o(x%)dx”:
K
with probability one.
An |mraed|ate consequence of Theorem 3 is the setwise convergence of the discrete measures,

Pe = k=1 wk X0 : This can be seen by taking for eac{x) = I[x 2 A] for any g-measurable

setA. The theorem applies both in the Euclidean setting, where efach RP ; as well as the
Riemannian setting.

We now proceed to prove Theorem 2.

Proof. To prove the theorem we show (i) tk& marginal nal target ¢ isp (x°jy) and then (ii)
Pk converges setwise t:

We rst show (i) by manipulating o in Equation (4) to obtaip (x%T jy): From Equation (4) we

rst have 4 "
0:T 1 T W ! t yt+l T TY ! t. t+1
o(x71) = - r(x") re(xjx)  wr(x') Wio(X75X)
0 t=0 t=0
Substitute in weights from eq; %11):
N2 " 1 i (yixd)
= = p(x" re(xtj xt*t i x' . .
s p( )t:0 (X" ] ) p(Yi )t:O B (Y1 X (< ] X1
Rearrangep andr; terms; ang cancel outrt terms: "
Y1 . ro(xt i xt*l i xt
ox™)  p Xty p(yixT ) (XX )p (yixh)

120 Py jx)re(xtjxt*t)

Collapsep terms: "

fpyixh) v

————ay Pyix')
o P yixtt)
Cancel outp- terms:

_i 0T
= LO|0(>< )

1 . .
= P (NP (yix?)
0
Recognizep<(y j X°) = pyjxo (Yjx®) by Assm:(a) and apply Bayes rule with Lo = p (y):
=p (x*Tjy):
The nal line reveals that once we marginalize odt” we obtain o(x°) = p(x°jy) as desired.

We next show thaPyx converges to o with probability one by applying Theorem 3. To apply
Theorem 3 it is suf cient to show that the weights at each step are upper bounded, as they are de ned
through (ratios of) probabilities and hence are positive. Since there are a nite number of steps
T; it is enough to show that eaet is bounded. The inital weight is the initial twisting function,

wr (xT) = p (y]jxT); which is bounded by Assumption (b). So we proceed to intermediate weights.

To show that the weighting functions at subsequent steps are bounded, we decompose the log-
weighting functions as

footely = p(yix") p (x'jx*t),

logw;(x";x ") =log 5 0y ] X0 +log (x| x0T
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and show independently thiatgp- (y j x')=p (y j x'**) andlogp (x! j x'*1)=r (x! j x'*1) are
bounded. The rst termiogp (y j x')=p (y j x'*1) is again bounded by Assumption (b), and we
proceed to the second.

Thatlogp (x'j x*1)=ry(x' j x!*1) is bounded follows from Assumptions (c) and (d). First write
p(x'jx")=N x'j4 2l

with A = xt*1 + 2.5 (x'*1); and
rt(thXt+1) =N th " §~12+1| ;

forn =2+ 2.1 4 logp (yjx'*!). The log-ratio then simpli es as

log P (thxt+l) _ _12 £ |.J' l_zzexpf (2 %1) k0 x'K*g
re(xtjxtt) 2 ~fglj expf (2~f) kN x'kig
Rearrange andle€ =log j2 2,1j 252 ~2,1j 2
= 71 wakh o xtkE =Gk XK+ C
Expand and rearrange®  x'k? = k»  x'k2+2hr A A x4 kA AR?
= 71 (2 =k xR 2-3m A~ X F kr K+ C

1
Let C%=C §~t2+1 kA ~k? and rearrange. Note thiaf ~ ~k?<1 by Assm. (c).

- 71( t+i ~t+§)k/\ X'k + ~t+21 h Ao xti+ Cl
Apply Cauchy-Schwarz

71( tj ~t+§)k/\ th2+~t+i k” Aok~ xtk+ €O

Upper-bounding using thahax, ?ax2 + bx = gz—a fora= 3 ~.2 > 0byAssm. (d).

L3k K
5 2 2
2 t+1 Tt+l

+CO

4
_ Tt+l 2 0
=W kv A+ C

2( t+1 ~t+1)
Note that® =7+ 2.1 «a logp (yjx'™t):

4

- Tt+l

2( t+i ~t+§)

co

i Kr e logp (yj x"*)k? + C°

The nal line follows from Assumption (c), that the gradients of the twisting functions are bounded.
The above derivation therefore provides that eacls bounded, concluding the proof. O

B Riemannian Twisted Diffusion Sampler

This section provides additional details on the extension of TDS to Riemannian diffusion models
introduced in Section 3. We rst introduce the tangent normal distribution. We then provide with
background on Riemannian diffusion models, which we parameterize with the tangent normal. Then
we describe the extension of TDS to these models. Finally we show how Algorithm 1 modi es to this
setting.

The tangent normal distribution.  Just as the Gaussian is the parametric family underlying Eu-
clidean diffusion models in Equation (3), the tangent normal (see4.§])[underlies generation in
Riemannian diffusion models so we review it here.
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We take the tangent normal to be the distribution is implied by a two step procedure. Given a variable

X in the manifold, the rst step is to sample a variaglen Ty ; the tangent space &t if fhy;:::;hpg
is an orthonormal basis @ one may generate
b3
y= + d hg;
d=1
with ¢ "N (0;1); and 2 > 0a variance parameter. The second step is to prgjbeck onto

the manifold to obtaity = exp, fyg whereexp, f g denotes the exponential mapxatThe resulting
distribution ofy is denoted a3 N, (; ?2). By construction]T, is a Euclidean space with its origin
atx; sowherk ko =0;TN(; ?2)iscentered ox: And since the geometry of a Riemannian
manifold is locally Euclidean, when? is small the exponential map is close to the identity map and
the tangent normal is essentially a narrow Gaussian distribution in the manifaldritally, we use
TNyx(y; ; ?2)todenote the density of the tangent normal evaluatgd at

Because this procedure involves a change of variables yroory (via the exponential map), to
compute the tangent normal density one computes

@
TNx(ii )= Nexp 'fyg i %) g exnfyg
where exp, }fyg is the inverse of the exponential map (from the manifold ii9, and
@@yexpX fyg is the determinant of the Jacobian of the exponential map; when the manifold

lives in a higher dimensional subsetR®f we take @@yexpX fyg to be the product of the positive
singular values of the Jacobian.

Riemannian diffusion models and the tangent normal distribution. Riemannian diffusion
models proceeds through a geodesic random v@lkAt each steft; one rst samples a variabbe'

t_ 2 t+1 )
X'= fus(x)+ t+1 d hd;
d=1

with ¢ " N (0;1): One then projectg' back onto the manifold to obtait = exp, ... fxig
whereexp, f g denotes the exponential mapxat

This is equivalent to sampling from a tangent normal distribution as
Xt p(xtjxty= TNwa xY 2, (xU1); 2,

TDS for Riemannian diffusion models. To extend TDS, appropriate analogues of the twisted

proposals and weights are all that is needed. For this extension we require that the diffusion model is

also associated with a manifold-valued denoising estihates will be the case when, for example,

s (x4;t) == r e logg(xt j x° = & ) for &8 = A (x';t): In contrast to the Euclidean case, a

relationship between a denoising estimate and a computationally tractable score approximation may

not always exist for arbitrary Riemannian manifolds; however for Lie groups when the the forward

diffusion is the Brownian motion, tractable score approximations do exist [39, Proposition 3.2].

For the case of positive and differentiat;hgjxo(ijo); we again choose twisting functions
B (YIXx) = pyjxo(yi® (x)):
Next are the inpainting and inpainting with degrees of freedom cases. Here, assurfelitrest
on a multidimensional manifold (e.§E(3)" ) and the unmasked observatipsr x9, with M
twisting functions are constructed exactly as in Section 3.3, except with the normal density in
Equation (13) replaced with a Tangent normal as
B (Yix)=TNg oy, (30 9):

For all cases, we propose the twisted proposal as

X X Y)=T NG x5 fys (X y) ~P (17)
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where as in the Euclidean cas€x';y) = s (x') + r « logp(y j x*).
Weights at intermediate steps are computed as in the Euclidean case (Equation (11)):
1y p (X' ix™)p (yjx')
p(yjx)p (xUjxt*ty)
— TNXHl (Xt; t2+1S (XHl); t2+1)|3 (ijt)
B (Y] XF)T Ny (X 2y s (XU y)~Eq)

While the proposal and target contribute identical Jacobian determinant terms that cancel out, they
remain in the twisting functions.

we (X' x

Adapting the TDS algorithm to the Riemannian setting. To translate the TDS algorithm to the
Riemannian setting we require only two changes.

The rstis on Algorithm 1 Line 6. Here we assume that the unconditional score is computed through
the transition density function:

s (X'") = 1 g 109G jo(x*t jR)  forgx =% (x"7):
Note that the gradient above ignores the dependenge ofi x'** .

The conditional score approximation in Line 6 is then replaced with

s P OIXTY) =T e 10gGjo(xi T jR )+ T e logp™t forg =% ()

Notably,sy is aTxtkﬂ -valued Riemannian gradient.

The second change is to make the proposal on Algorithm 1 Line 7 a tangent normal, as de ned in
eq. (17).

C Additional Related Work

Training with conditioning information. Several approaches involve training a neural network

to directly sample from a conditional diffusion models. These approaches include (i) conditional
training with embeddings of conditioning information, e.g. for denoising ima8@sdnd text-to-

image generation2[7], (ii) conditioning training with a subset of the state space, e.g. for protein
design B7], and image inpaintingZ9], (iii) classi er-guidance p, 33], an approach for generating
samples of a desired class, which requires training a time-dependent classi er to approximate, for
eacht; p (yjx'), and training such a time-dependent classi er may be inconvenient and costly),
and (iv) classi er-free guidancelff], an approach that builds on classi er-guidance without training

a classi er, and instead trains a diffusion model with class information as additional input.

Langevin and Metropolis-Hastings steps.Some prior work has explored using Markov chain
Monte Carlo steps in sampling schemes to better approximate conditional distributions. For example
unadjusted Langevin dynamickq, 33] or Hamiltonian Monte CarloJ1] in principle permit asymp-
totically exact sampling in the limit of many steps. However these strategies are only guaranteed
to target the conditional distributions of the joint model under the (unrealistic) assumption that the
unconditional model exactly matches th forward process, and in practice adding such steps can
worsen the resulting samples, presumably as a result of this approximation2djrddy[ contrast,

TDS does not require the assumption that the learned diffusion model exactly matches the forward
noising process.

D Empirical results additional details
D.1 Synthetic diffusion models on two dimensional problems

Forward process. Our forward process is variance preserving (as described in Appendix A) with
T =100 steps and a quadratic variance schedule. Weket 2. +(+)? &, with 2, =10 °
and 2, =10 L

Unconditional target distributions and likelihood. We evaluate the different methods with two
different unconditional target distributions:
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Figure D: Errors of conditional mean estimations with 2 SEM error bars averaged over 25 replicates
on mixture of Gaussians unconditional target. TDS applies to all three tasks and provides increasing
accuracy with more particles.

1. Abivariate Gaussianwith mean a‘(%; %) and covarianc@:9 and

2. A Gaussian mixturewith three components with mixing proportiofs3; 0:5; 0:2]; means
[(2:54; 0:29);( 2:18,0:57);( 1:09; 1:40)], and0:2 standard deviations.

We evaluate on conditional distributions de ned by the three likelihoods described in Section 5.1.

Figure D provides results analogous to those in Figure 1 but with the mixture of Gaussians uncon-
ditional target. In this second example we evaluate a with a variation of the inpainting degrees of
freedom case wherein we consiger 1 andM = f[1];[2]g; so thatpyjxo (Yix?) = y(xD+ (x9):

D.2 Image conditional generation experiments

We perform extensive ablation studies on class-conditional generatoin task and inpainting task using
the small-scale MNIST datasét§ 28 1 dimensions)in Appendix D.2.1 and Appendix D.2.2. And

we show TDS's applicability to higher-dimensional datasets, namely CIFABA0 ( 3 dimensions)

and ImageNet25@66 256 3dimensions)in Appendix D.2.3.

D.2.1 Class-conditional generation on MNIST

Set-up. For MNIST, we set up a diffusion model using the variance preserving framework. The
model architecture is based on the guided diffusion codé&haitie the following speci cations:
number of channels = 64, attention resolutions = "28,14,7", number of residual blocks = 3, learn
sigma (i.e. to learn the variance pf(x! ! j x!)) = True, resblock updown = True, dropout = 0.1,
variance schedule ="linear". We trained the model for 60k epochs with a batch size of 128 and a
learning rate ofl0 4 on 60k MNIST training images. The model uses 1;000for training and

T =100 for sampling.

The classi er used for class-conditional generation and evaluation is a pretrained ResNet56 model.
This classi er is trained on the same set of MNIST training images used by diffusion model training.

In addition we include a variation callétDS-truncatehat truncates the TDS procedurd at 10
and returns the predictioh (x1°).

Sample plots. To supplement the sample plot conditioned on clags Figure 2a, we present
samples conditioned on each of the remaining 9 classes and from other methods. We observe that
samples from Gradient Guidance have noticeable artifacts, whereas the other 4 methods produce
authentic and correct digits. However, most samples from IS or TDS-IS are identical due to the
collapse of importance weights. By contrast, samples from TDS and TDS-truncate have greater
diversity, with the latter exhibiting slightly more variations

Ablation study on twist scales. We consider exponentiating and re-normalizing twisting functions
by atwist scale , i.e. setting new twisting functions ® (y j x'; ) / pyjxo(yi® (x')) . In
particular, whert = 0, we setpijo(ijo; )/ pijo(ijo) . This modi cation suggests that the
targeted conditional distribution is now

P (X°jy; )/ p (X%)pyxo (yix%) :

Shttps://github.com/openai/guided-diffusion
5Downloaded fronhttps://github.com/VSehwag/minimal-diffusion
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Figure E: MNIST class-conditional generation. 16 randomly chosen conditional samples from 64
particles in a single run, given clagsFrom top to bottomy = 0;1; 2; 3;4;5;6; 8; 9.
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(a) Classi cation accuracy (measured by the neural network classi er) v.s. number of pagticlexer different

twist scales. Results are averaged over 1,000 random runs with error bands indicating 2 standard errors. Across
the panels we see that for all the methods, the larger the twist scale (i.e. the darker the line color), the higher the
classi cation accuracy. For TDS and TDS-IS, this improvement is more signi cant for smaller vakie of

(b) Human-rated classi cation accuracy v.s. twist scale, for TBSX 64;2), TDS-IS K = 64;2) and

Gradient Guidance. Results are averaged over 640 randomly chosen samples with error bands indicating 2
standard errors. For TDK( = 64 ), increasing the twist scale generally decreases the human-rated accuracy. For
remaining methods, a moderate increase in twist scale improves the human-rated accuracy; however, excessively
large twist scale can hurt the accuracy.

Figure F: MNIST class-conditional generation: classi cation accuracy under different twist scales,
computed by a neural network classi er (top panel) and a human (bottom panel).

By setting > 1, the classi cation likelihood becomes sharper, which is potentially helpful for
twisting the samples towards a speci ¢ class. The TDS algorithm (and likewise TDS-IS and Gradient
Guidance) still apply with this new de nition of twisting functions. The use of twist scale is similar
to theguidance scaléntroduced in the literature of Classi er Guidance, which is used to multiply the
gradient of the log classi cation probability [9].

In Figure F, we examine the effect of varying twist scales on classi cation accuracy of TDS, TDS-IS
and Gradient Guidance. We consider two ways to evaluate the accuracyclesst,cation accuracy
computed by aneural network classi erwhere the evaluation setup is the same as in Section 5.2.
Second, thdauman-ratedtlassi cation accuracy, where a human (one of the authors) checks if a
generated digit has the right class and does not have artifacts. Since human evaluation is expensive,
we only evaluate TDS, TDS-IS (both with = 64;2) and Gradient Guidance. In each run, we
randomly sample one particle outéf particles according to the associated weights. We conduct 64
runs for each class label, leading to a total of 640 samples for human evaluation.

Figure Fa depicts the classi cation accuracy measured by a neural network classi er. We observe
that in general larger twist scale improves the classi cation accuracy. For TDS and TDS-IS, the
improvement is more signi cant for smaller number of partidesised.

Figure Fb depicts the human-rated accuracy. In this case, we nd that larger twist scale is not
necessarily better. A moderately large twist scale 2 ; 3) generally helps increasing the accuracy,
while an excessively large twist scale€ 10) decreases the accuracy. An exception is TDS with

K = 64 particles, where any> 1leads to worse accuracy compared to the case=ofl. Study on

twist scale aside, we nd that using more partickeshelp improving human-rated accuracy (recall
that Gradient Guidance is a special case of TDS Witk 1): given the same twist scale, TDS with

K =1;2or 64 has increasing accuracy. In addition, both TDS and TDS-ISKvith64 and =1
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(a) TDS K = 64). # of good-quality samples counted by human is 62, 61, 63, 60, 62, from left to right.

(b) TDS K = 2). # of good-quality samples counted by human 49, 51, 51, 46, 45, from left to right.

(c) TDS-IS K = 64). # of good-quality samples counted by a human is 62, 61, 64, 64, 61, from left to
right.

(d) TDS-IS K = 2). # of good-quality samples counted by a human is 49, 52, 53, 52, 48, from left to
right.

(e) Gradient Guidance. # of good-quality samples counted by a human is 31, 38, 41, 39, 34, from left to
right.

Figure G: MNIST class-conditional generation: random samples selected from 64 random runs
conditioned on class 6 under different twist scales. Top to bottom: KDS 64), TDS K = 2),
TDS-IS K = 64), TDS-IS K = 2) and Gradient Guidance. In general, moderately large twist
scales improve the sample quality. However, overly large twist scale (e.g. 10) would distort the digit
shape with more artifacts, though retaining useful features that may allow a neural network classi er
to identity the class. 24



Figure H: ESS trace avg. over 100 ruis € 64)

have almost perfect accuracy. The effeckobn human-rated accuracy is consistent with previous
ndings with neural network classi er evaluation in Section 5.2.

We note that there is a discrepancy on the effects of twist scales between neural network evaluation
and human evaluation. We suspect that when overly large twist scale is used, the generated samples
may fall out of the data manifold; however, they may still retain features recognizable to a neural
network classi er, thereby leading to a low human-rated accuracy but a high classi er-rated accuracy.
To validate this hypothesis, we present samples conditioned on class 6 in Figure G. For example, in
Figure Ge, Gradient Guidance with= 1 has 31 good-quality samples out of 64, and the rest of the
samples often resamble the shape of other digits, e.g. 3,4,8; and Gradient Guidance Widthas

34 good-quality samples, but most of the remaining samples resemble 6 with many artifacts.

Effective sample size. Effective sample size (ESP%) is a commgon metric used to diagnose the
performance of SMC samplers, which is de ned(as,f:1 wi)2=( ,le (wf)?) for K weighted
particlesf xt ; wi gf_, . Note that ESS is always bounded betw8amdK .

Figure H depicts the ESS trace comparison of TDS, TDS-IS, and IS. TDS has a general upward trend
of ESS approaching = 64. Though in the nal few steps ESS of TDS drops by a half, it is still
higher than that of TDS-IS and IS that deteriorates to around 1 and 6 respectively. In practice, one
can use the TDS-truncate variant introduced above to avoid the ESS drop in the nal few steps.

D.2.2 Image inpainting on MNIST

The inpainting task is to sample images fronfx° j x$, = y) given observed par{, = y. Here we
segmenk® = [x{ ;x‘,\),I ] into observed dimensiotd and unobserved dimensiol, as described
in Section 3.3.

In this experiment, we consider two types of observed dimensiond (£)‘half”, where the left half
of an image is observed, and (&) = “quarter”, where the upper left quarter of an image is observed.

We run TDS, TDS-IS, Gradient Guidance, SMC-Diff, and Replacement method to inpaint 10,000
validation images. We also include TDS-truncate that truncates the TDS procetisrd @tand
returnsg (x10).

Twisting function variance schedule. We use a exible variance schedulé?g to extend the
twisting functions in eq. (13) to

Byix5M) = Ny jR (XDu;rD):

Ideally, *2 should matchvary [y j x'; M ]. In TDS, we choosé? = (712:!‘7222 where 2 =0:12
is the estimated sample variance of the training data (averaged over pixels). This choice is inspired
from Song et al[32, Appendix A.3: if the data distribution igj(x°) = N (0; ?2), andg(x! j x°) =

)’

N (x!j P X% 2), then by Bayes rul®arq[x° j x'] = (ffiw
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Changing”? has a similar effect as using a twist scale to exponentiate the twisting functions in
Appendix D.2.1. In particular, for a GaHjssian distribution, exponentiating the distribution corresponds
to re-scaling the varianc®N (x j ; (=" )3 /N (xj; 2) .

Metrics. We consider 3 metrics. (1) We use the effective sample size (ESS) to compare the particle
ef ciency among different SMC samplers (namely TDS, TDS-IS, and SMC-Diff).

(2) In addition, we ground the performance of a sampler in the downstream task of classifying a
partially observed image?, = y: we use a classi er to predict the clag®f an inpainted imagg®,

and compute the accuracy against the true dasd the unmasked image ( is provided in MNIST
dataset). This prediction is made by the same classi er used in Section 5.2.

ConsiderK weighted particle$x?; wlgk_, drawn from a sampler conditioned &, = y and
assume the weights are normalized. We de neBhges accuracyBA) as

X
1f2(y)= z g; with 2(y):=argmax  wlp(z;x?);
z=1:10 k=1

where2(y) is viewed as an approximation to the Bayes optimal clas# €y) given by
A
2 (y):=argmax p (zjxy = y)=argmax p (x°jx$ = y)p(z;x%)dx’: (18)
z=1:10 z=1:10

(In eq. (18) we assume the classi p;jxo(jxo) is the optimal classi er on full images.)
(3) We also consideglassi cation accuracyCA) de ned as the following

WRlf2(xQ) = z g;  with %(x{) := argmax pyjxo(zjXp):
k=1 z=1:10

BA and CA evaluate different aspects of a sampler. BA is focused on the optimal prediction among
multiple particles, whereas CA is focused on the their weighted average prediction.

Comparison results of different methods. Figure | depicts the ESS trace, BA and CA for different
samplers. The overall observations are similar to the observations in the class-conditional generation
task in Section 5.2, except that SMC-Diff and Replacement methods are not available there.

Replacement has the lowest CA and BA across all settings. Comparing TDS to SMC-Diff, we nd
that SMC-Diff's ESS is consistently greater than TDS; however, SMC-Diff is outperformed by TDS
in terms of both CA and BA.

We also note that despite Gradient Guidance's CA is lower, its BA is comparable to TDS. This result
is due to that as long as Gradient Guidance generates a few good-quality samplels qarttles,
the optimal prediction can be accurate, thereby resulting in a high BA.

Ablation study on twisting function variance schedule. We compare the following three options:

1. DPS :=2kR (x')m  yk» 2, adapted from the DPS method [6, Algorithm 1],
2. GDM: 7 = E:p ", adapted from the GDM method [32, Algorithm 1],

3. TDS:~2 = (( [2‘2: t‘))+ . where 2=0:12
Figure J shows the classi cation accuracy of TDS, TDS-IS and Gradient Guidance with different twist
scale schemes. We nd that our choice has similar performance to tha&BiV, and outperforms
DPS in most cases. Exceptions are whkrr “quarter” and for largek , TDS with twist scale choice
of GDM or DPS has higher CA, as is shown in the left panel in Figure Jb.

D.2.3 Class-conditional generation on ImageNet and CIFAR-10

ImageNet. We compare TDS (with # of particldé = 1;16) to Classi er Guidance (CG) using
the same unconditional model framtps://github.com/openai/guided-diffusion/tree/
main. CG uses a classi er trained on noisy inputs taken from this repository as well. For TDS, we
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(@M ="half". ESS trace. (b) M ="“half”. Class. accuracy (left), and Bayes accuracy (right) K.s.

(c)M ="“quarter”. ESS trace. (d)M =“quarter”. Class. accuracy (left), and Bayes accuracy (rightiv.s.

Figure I: MNIST image inpainting. Results for observed dimensibrr “half” are shown in the top

panel, andM = “quarter” in the bottom panel. (i) Left column: ESS traces are averaged over 100
different images inpainted by TDS, TDS-1S, and SMC-Diff, all with= 64 particles. TDS's ESS is
generally increasing untill the nal 20 steps where it drops to around 1, suggesting signi cant particle
collapse in the end of generation trajectory. TDS-IS's ESS is always around 1. SMC-Diff has higher
particle ef ciency compared to TDS. (ii) Right column: Classi cation accuracy and Bayes accuracy
are averaged over 10,000 images. In general increasing the number of p#rtiel@sid improve the
performance of all samplers. TDS and TDS-truncate have the highest accuracy among all given the
sameK . (iii) Finally, comparison of top and bottom panels shows that in a harder inpainting problem
whereM = “quarter”, TDS's has a higher ESS but lower CA and BA.

Method Classi cation Accuracy | FID # | Inception Scoré
TDS K =16) 99.90% 26.65| 64.03

TDS K =1) 99.63% 26.05| 44.45

Classi er Guidance 99.17% 14.08 100.33
Unconditional model n/a 26.21 39.70

Table 1: ImageNet. Comparison of sample quality. The top three methods are evaluated on 16k
samples generated with 100 steps. The unconditional model performance is provigleavimdh is
evaluated on 50k samples generated with 250 steps.

use the same classi er evaluated at timestep = 0 to mimic a standard trained classi er. We generate
16 images for each of the 1000 class labels, using 100 sampling steps. TDS uses a twist scale of 10,
and CG uses a guidance scale of 10. Notably, given a xed class, RDS 16) generates correlated
samples in a single SMC run, and TDIs £ 1) and CG generate 16 independent samples.

In Figure K, we observe that TDS can faithfully capture the class and have comparable image quality
to CG's, although with less diversity than CG and TKS £ 1).

Figure L shows more samples given randomly selected classes. We also reported results of the
unconditional model from the original pap®) that are evaluated on 50k samples with 250 sampling
steps in Appendix D.2.3. TDS and CG provide similar classi cation accuracy. TDS has similar FIDs
compared to the unconditional model and better inception score. CG's FID and inception score are
better than TDS. We suspect this difference is attributed to the sample correlation (and hence less
diversity) within particles in a single run of TD(= 16).

CIFAR-10. Weran TDSK = 16) with the twist scale = 1 and 100 sampling steps using diffusion
model fromhttps://github.com/openai/improved-diffusion and classi er fromhttps:
/[github.com/VSehwag/minimal-diffusion/tree/main . TDS generates faithful and diverse
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