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Abstract

The synthetic controls method is a popular approach for analyzing panel data to estimate the causal
effect of major policy interventions (Abadie et al., 2010, 2015; Abadie & Gardeazabal, 2003). The
method is known to be justified when the data-generating process can be described by a linear
factor model (Abadie et al., 2010). This paper provides an alternative justification for the synthetic
control method, which leads to a generalization of the algorithm that can incorporate non-linear
factor models. Our justification centers around negative control outcomes (Lipsitch et al., 2010;
Rosenbaum, 1989), outcome variables for which the intervention is known a priori to have no effect.
In synthetic controls, both pre-intervention outcomes of the target and pre- and post-intervention
outcomes of the donors are all negative controls. Our key observation is that causal effects are
identifiable under two assumptions: (1) the latent factors of the true (not necessarily linear) factor
model satisfy weak unconfoundedness, and (2) the latent factors can be theoretically determined
by the negative control outcomes. For example, these assumptions can be approximately satisfied
in panel data with a long pre-treatment period. Based on these assumptions, we then generalize
the synthetic controls method to an algorithm that estimates causal effects in non-linear settings.
Crucial to this procedure is the idea of model criticism: the practitioner has license to explore and
select a probabilistic factor model from a large class, provided it passes its goodness-of-fit test. We
demonstrate this approach on a semi-synthetic study and use it to re-analyze a recent study on the
impact of opening football stadiums during the COVID-19 pandemic (García Bulle et al., 2022). We
find that this generalized approach to synthetic controls provides better counterfactual prediction
than classical synthetic controls.
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1. Introduction

Researchers often analyze panel data to assess the effects of major policy changes, like the implementa-
tion of new state laws, or the enforcement of new public health measures. A panel data set comprises
repeated observations of units over time, and thus provides a “before-and-after” view of changes in pol-
icy that happen during the observation window. Panel data can be particularly useful for evaluating
policies when the outcomes of certain units are negative controls (Lipsitch et al., 2010; Rosenbaum,
1989)—i.e., they are known a priori to be unaffected by the policy change of interest. More specifically,
negative control outcomes can provide information about the counterfactual world in which the policy
change did not occur. In this paper, we seek to re-interpret and generalize the method of synthetic con-
trols (SC) (Abadie et al., 2010, 2015; Abadie & Gardeazabal, 2003)—a popular approach for estimating
counterfactual outcomes from panel data—through the lens of negative control outcomes.

To ground our discussion, consider the following recent application of synthetic controls by Gar-
cía Bulle et al. (2022) which we will use as a running example throughout the paper. During September
2020, at the height of the COVID-19 pandemic, the National Football League (NFL) decided to allow
its stadiums to reopen to fans. What impact did this policy change have on the spread of COVID-19?
To address this question, García Bulle et al. collected daily panel data of COVID-19 case counts in
US counties containing NFL stadiums. Their approach then hinged upon the key fact that the NFL’s
decision only affected stadiums in counties whose COVID-19 protocols permitted large outdoor
public gatherings. Thus, while Dallas Cowboys fans returned to their stadium, New York Giants
fans continued to watch from home. We will say Dallas County is a treated unit since its protocols
allowed Cowboys fans to return, while Bergen County, where the Giants play, is a control unit.

Applying the synthetic control method to this setting involves two high-level steps. First, the
method finds a weighted combination of the control counties’ outcomes that best reconstructs the
treated units’ outcomes during the pre-intervention period, prior to the NFL’s decision. Second,
the method then uses that learned weighting to construct a counterfactual estimate of the treated
counties’ outcomes in the post-intervention period, after the NFL’s decision. Intuitively, if the
weighted combination accurately captures the relationship between control and treated units before
the intervention, the same weights may then produce valid predictions of the COVID-19 case counts
in the treated counties for the counterfactual world in which they did not reopen their stadiums.
In following these steps, García Bulle et al. find that the NFL’s decision to reopen likely had no
impact on the spread of COVID-19.

What justifies the synthetic control method? Specifically, when does an estimated weighted combi-
nation of control outcomes provide an unbiased estimate of the counterfactual for treated ones? The
condition most commonly cited is when the matrix of pre-intervention outcomes is low rank, such
that any entry can be written as coming from a linear factor model. In such a setting, a weighted
combination emerges as a natural consequence of the factor structure, allowing us to express one
unit’s outcome as a weighted combination of others’.

This paper rethinks the underlying assumptions that justify the synthetic control method. In
particular, we show that the method can be justified without appealing to linearity assumptions. Our
alternative justification centers around negative control outcomes (Lipsitch et al., 2010; Rosenbaum,
1989), outcome variables for which the intervention is known a priori to have no effect. The presence
of such variables is what characterizes the typical synthetic control setting, wherein all observations
are negative controls, except those for treated units in the post-intervention period. In other words,
the pre-treatment outcomes serve as the negative control outcomes here since a treatment cannot
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affect the outcome variables that precede it. More specifically, we show that the average treatment
effect on the treated (ATT) is identifiable under two assumptions:

1. the factors of a (not necessarily linear) factor model for the untreated outcomes satisfy weak
unconfoundedness, and

2. the latent factors can be determined in theory1 by some negative control outcomes.

These assumptions can be approximately satisfied in panel data with a long pre-treatment period
and many control units. Given these assumption, we develop a generalization of the synthetic control
method using probabilistic factor models, namely an algorithm that estimates causal effects in the
presence of many negative control outcomes. It first fits a (possibly non-linear) probabilistic factor
model (e.g. probabilistic principal component analysis (Tipping & Bishop, 1999) or a mixture model
(McLachlan & Basford, 1988)) to all the outcomes, both control and non-control. We term the fitted
latent factors as the estimated confounding structure; they may not coincide exactly with the true
unobserved confounders, but, under suitable conditions, they consistently estimate some invertible
functions of the true unobserved confounders. It then uses the estimated confounding structure in a
downstream causal inference. We prove that, under suitable assumptions, the estimated confounding
structure can correct for multi-period confounders, those that affect the treatment, the study outcome,
and the control outcomes. And we show how the seminal method of synthetic controls (Abadie
et al., 2010, 2015; Abadie & Gardeazabal, 2003) can be viewed as a special case of our algorithm,
expanding the settings where synthetic controls can be used.

In practice, a key component in applying our approach is the search for a probabilistic factor
model that fits the data, which often involves an iterative cycle of model-building, -fitting, and
-critiquing (Blei, 2014). We illustrate this in a case study where we consider multiple candidate
models until we find one that fits according to a holdout predictive check (Moran et al., 2024).
In general, this perspective opens up a range of model-based approaches tailored to panel data of
counts, categorical, or ordinal outcomes, among forms of non-standard or complex observations.
Indeed, in semi-synthetic and real empirical studies, we find that the proposed algorithm can enable
better counterfactual prediction via its use of non-Gaussian factor models.

While these assumptions guarantee the validity of the proposed algorithm, they may not hold or
only approximately hold in practice. In particular, the “determinable in theory” assumption can
only hold in the limit of observing an infinite number of control outcomes. Given a finite number
of control outcomes in practice, it is only possible to approximately determine the latent factors.
Further, whether the estimated confounding structure can correct for multi-outcome confounders in
practice relies on the well-specification of the factor model. The estimated confounding structure
produced by misspecified factor models can lead to biased downstream causal inferences.

Related work. This work build on multiple threads of research in causal inference.

Causal inference on panel data. Causal inference on panel data has been studied from many
perspectives. Brodersen et al. (2015) approaches it with Bayesian structural time-series models.
Bertrand et al. (2004); Card (1990) studies it with differences-in-difference estimates, along with more
recent works of Goodman-Bacon (2018); Callaway & Sant’Anna (2019); Abraham & Sun (2018); Imai
& Kim (2019); Cengiz et al. (2019); Heckman et al. (1998, 1997); Abadie (2005); Athey & Imbens
(2006); Qin et al. (2008); Bonhomme & Sauder (2011); Botosaru & Gutierrez (2018); Bonhomme &
Sauder (2011); De Chaisemartin & D’HaultfŒuille (2017); Callaway et al. (2018).

1. We will define “determined in theory” rigorously later. Loosely, it means the negative control outcomes can tell us
precisely what the values of the latent factors are.
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Abadie et al. (2010, 2015); Abadie & Gardeazabal (2003) approach causal estimation on panel data
with the synthetic control method, along with many variants, extensions, and discussions (Robbins
et al., 2017; Doudchenko & Imbens, 2016; Amjad et al., 2019, 2018; O’Neill et al., 2016; Ferman,
2019; Xu, 2017; Dusetzina et al., 2015; Gobillon & Magnac, 2016; Li, 2019; Kinn, 2018; Chernozhukov
et al., 2017; Ben-Michael et al., 2022; Chernozhukov et al., 2018; Abadie & L’Hour, 2017; Hsiao et al.,
2012; Samartsidis et al., 2019; Viviano & Bradic, 2019; Dube & Zipperer, 2015; Gunsilius, 2023;
Chen, 2023; Agarwal et al., 2023; Tanaka, 2021; Spiess et al., 2024; Bottmer et al., 2024). Taking the
matrix completion perspective, Athey et al. (2018) unifies the synthetic control approaches with the
unconfoundedness approaches (Rosenbaum & Rubin, 1983; Imbens & Rubin, 2015). Arkhangelsky
et al. (2019) develops synthetic difference-in-differences, which generalizes the synthetic control
method and the difference-in-difference estimator. Many further developments succeed; examples
include Ben-Michael et al. (2021) that extends to settings where perfect pre-treatment fit is infeasible,
Ben-Michael et al. (2022) that extends the synthetic control method to staggered adoption, Sun et al.
(2023) that proposes to use multiple outcomes to improve synthetic control, and many others.

This work studies the more general setting of multiple control outcomes than the setting of panel
data. The identification strategy we develop do not rely on linearity of the structural models as
in generalizations of the synthetic control method (Abadie et al., 2010; Xu, 2017) and further
generalizations to matrix completion settings (Amjad et al., 2018, 2019; Agarwal et al., 2023). This
work also differs from other existing alternative identification conditions for the synthetic control
method like O’Neill et al. (2016); Kinn (2018); Zeitler et al. (2023); Shi et al. (2022) in drawing on
the asymptotics of latent variable models (Chen et al., 2017). For example, Shi et al. (2022) relies on
an invariant-causal-mechanism assumption for the latent confounder, which is closely related to our
(nonlinear) factor-model specification. However, it restricts attention to discrete latent confounders
and achieves identification via imposing a cardinality constraint, specifically, bounding the number
of donors used in weighting relative to the support size of the confounder, a set of constraints our
framework does not require.

Negative controls. Negative controls, also known as proxy variables, are often used to detect the pres-
ence of unobserved confounding (Lipsitch et al., 2010; Rosenbaum, 1989). More recently, researchers
have developed strategies that use negative controls to identify causal effects under unobserved con-
founding; they posit different assumptions under which certain observed or counterfactual variables
suffice to account for unobserved confounding (Tchetgen Tchetgen, 2013; Miao & Tchetgen, 2018;
Egami, 2018; Kasza et al., 2017; Sanderson et al., 2017; Shi et al., 2018; Miao & Tchetgen Tchetgen,
2017; Flanders et al., 2017; Richardson et al., 2015; Sofer et al., 2016; Arnold et al., 2016; Dusetzina
et al., 2015). More recently, Miao et al. (2018); Kuroki & Pearl (2014) leverage completeness
conditions on the distributions of variables to identify causal effects with negative controls. Schuemie
et al. (2016); Madigan et al. (2014); Schuemie et al. (2018) use negative controls to calibrate p-values
of average treatment effects in observational studies. Zheng et al. (2023) and Zhou et al. (2024)
extend related ideas to synthetic control and multi-outcome settings with factor-structured outcomes,
without requiring access to pre-treatment outcomes. In particular, Zheng et al. (2023) develop a
sensitivity analysis framework for unobserved confounders that are shared across multiple outcomes,
while Zhou et al. (2024) establish causal identification for factor-structured outcomes by extending
the proxy variable identification strategy of Miao et al. (2018). Both works focus on a finite number
of factor-structured outcomes and do not rely on pre-treatment data. In contrast, our work considers
a single outcome of interest, leverages factor-structured pre-treatment outcomes, and achieves causal
identification through the consistent estimation of latent factor models as the number of outcomes
tends to infinity.
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Finally, our proposed algorithm is related to some of the ideas and techniques from multi-treatment
causal inference (Wang & Blei, 2019a, 2020) that leverages many treatments as evidence about
unobserved confounders. However, the proposed algorithm operates in a different setting with a
single treatment, a study outcome, and many control outcomes; it leverages many control outcomes
as evidence about unobserved multi-period confounders. There has been scholarly debate about
some of the identification theory behind Wang & Blei (2019a), particularly Ogburn et al. (2019,
2020) and Wang & Blei (2020, 2019b). Much of the debate surrounds the valid use of multiple
treatments for causal identification, which does not pertain to this paper.

Unconfoundedness and sensitivity analysis. Rosenbaum & Rubin (1983); Hirano & Imbens (2004);
Imbens (2000) show that weak unconfoundedness is a key assumption that help identify causal
effects. Many works attempt to assess the plausibility of these assumptions with sensitivity analysis,
including Franks et al. (2019); Robins et al. (2000); Gilbert et al. (2003); Imai & Van Dyk (2004);
Imbens (2003). More recently, researchers have developed test for confounding leveraging external
data (Sharma et al., 2016; Janzing & Schölkopf, 2018b,a; Liu & Chan, 2018). This work differs
from them in that we leverage external data of multiple control outcomes to adjust for unobserved
confounding.

This paper. In Section 2, we detail the set up of the causal problem, discuss the linear factor model
assumptions of the synthetic control method. Section 3 then proposes factor-model-like assumptions
for causal identification in non-linear structural models. Under these assumptions, we propose
an algorithm that estimates causal effects in non-linear settings, discuss the class of unobserved
confounders it can handle, and describe the theoretical assumptions required for it to produce
unbiased causal estimates. Finally, we discuss how the proposed algorithm and its surrounding
theory generalizes the method of synthetic controls, focusing on settings with many treated units
and a long pre-treatment period. Finally, we present a semi-synthetic study and a case study about
COVID-19 in Section 5. We show that both the proposed algorithm and the synthetic control
method can produce accurate causal estimates in the presence of unobserved confounding.

2. Panel data and the synthetic control method

Consider the following setting. We observe panel data, consisting of repeated measurements of n
units’ outcomes over time. We are interested in the impact of a major policy change or intervention
that occurs at t = 0. Our panel consists of ←−m time steps before the intervention, indexed by t < 0,
and −→m time steps after, indexed by t > 0. We also know a priori that some units i were unaffected
by the intervention, denoted by Ai = 0, while others were potentially affected, denoted by Ai = 1.
Our goal is to estimate the causal effect of the intervention on the affected units’ outcomes in the
post-intervention period.

To think concretely about this setting, we return to the COVID-19 example in the introduction.
Each unit i ∈ [n] is a US county that contains an NFL stadium. The observed outcomes are the
COVID-19 case counts Yi,t ∈ Z+ in each county i at each time step t. The intervention at t = 0
is the NFL announcing in September 2020 that it would allow fans to return to stadiums. Some
counties had public health protocols that permitted fans to return (Ai = 1), while other counties
had stricter protocols, which did not (Ai = 0). We assume that the NFL’s decision did not affect
the spread of COVID-19 in counties where fans did not return to stadiums, and thus that the effect
of the NFL’s decision was entirely contained to those counties where fans did, in fact, return. Our
goal is to estimate that effect.
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Figure 1: A panel data set in our setting is a (units × time)-matrix of observed outcomes Yi,t. The
observation window contains an intervention at t = 0. There are n units, some who are affected
by the intervention (Ai = 1), and some who are not (Ai = 0). There are m time steps that are
composed of ←−m pre-intervention time steps (t < 0), and −→m post-intervention time steps (t > 0):
m = ←−m + −→m. For all pre-intervention time steps, and all control units, the observed outcomes
coincide with the untreated potential outcomes—i.e., Yi,t = Y (0)

i,t for i < 0 or t < 0. For only the
treated units in post-intervention time steps, the observed outcomes coincide with treated potential
outcomes—i.e., Yi,t = Y (1)

i,t for i > 0 and t > 0.

What effect the NFL’s decision had on affected counties is a causal question. Using the potential
outcomes framework, let Y (1)

i,t denote the COVID-19 case count in county i during time step t in the
possible world in which fans were attending games there and then. Let Y (0)

i,t denote the corresponding
outcome in the world in which fans were not attending games. The observed outcomes are then
equal to

Yi,t =

{
Y (0)

i,t if t < 0 (pre-intervention)
Y

(Ai)
i,t if t > 0 (post-intervention) .

(1)

A characteristic feature of this setting is that we observe all units’ Y (0)

i,t before the intervention t < 0,
while afterwards (t > 0) we observe some units’ Y (0)

i,t and some units’ Y (1)

i,t (see fig. 1).

By assumption, the causal effect of the NFL’s intervention is contained to only the outcomes of
the affected counties (Ai = 1) in the post-intervention period (t > 0). The effect is thus naturally
defined as the average treatment effect on the treated (ATT):

ATT = E
[
Y (1)

i,t − Y (0)

i,t | Ai = 1 and t > 0
]
. (2)

The ATT decomposes into the difference of two expectations, one factual, the other counterfactual.
The expectation E

[
Y (1)

i,t | Ai = 1 and t > 0
]

is factual since it coincides with an observed quantity—

i.e., it equals E [Yi,t | Ai = 1 and t > 0]. By contrast, the expectation E
[
Y (0)

i,t | Ai = 1 and t > 0
]

is
counterfactual since, in words, it represents what the post-intervention COVID-19 outcomes would
have been in the affected counties had fans, counter to fact, not returned to games. The challenge
in estimating the ATT is estimating this counterfactual expectation.
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A popular approach to estimating this counterfactual is the method of synthetic control (SC) (Abadie
et al., 2010, 2015; Abadie & Gardeazabal, 2003). At a high level, SC uses the post-intervention
outcomes of the unaffected units—termed the “donors”—to predict the counterfactual outcomes of
the affected units—termed the “targets.” In more detail, for each target unit i, SC finds a weighted
combination of the donors’ pre-intervention outcomes that match the target’s—i.e., it finds weights
{wSC

i,j }j:Aj=0 that satisfy
∑

j:Aj=0

wSC
i,j Yj,t = Yi,t for t < 0, (3)

s.t.
∑

j:Aj=0

wSC
i,j = 1, and wSC

i,j ≥ 0. (4)

When covariates Xi are observed, the weights may further satisfy
∑

j:Aj=0

wSC
i,j Xj = Xi. (5)

With such weights, SC estimates the target unit’s counterfactual outcomes with

Ŷ (0)

i,t ←
∑

j:Aj=0

wSC
i,j Yj,t for t > 0. (6)

The average treatment effect on the treated (ATT) is then estimated by averaging the difference
between the factual and (estimated) counterfactual outcomes across targets:

ÂTT← 1∑n
i=1 I{Ai = 1}

∑

i:Ai=1


Yi,t −

∑

j:Aj=0

wSC
i,j Yj,t


 . (7)

What justifies the synthetic control method? Specifically, under what conditions does Equation (7)
provide an unbiased estimate of the ATT? The synthetic control has traditionally been justified by
assuming that the observed panel data was generated by a linear structural model, i.e.,

Yi,t = λ⊤t Xi + θ⊤t Ui + αAi I(t > 0) + ϵi,t (8)

where
{
θt, λt

}
t
are parameters of the structural model, Ui are unobserved confounders, and

{
ϵi,t

}
t
are

independent and identically distributed zero-mean random variables that satisfy Ai, Ui, Xi ⊥
{
ϵi,t

}
t
.

Since Yi,t = Y
(Ai·I(t>0))
i,t , this implies the following structural model for potential outcomes:

E
[
Y (0)

i,t

]
= λ⊤t Xi + θ⊤t Ui (9)

E
[
Y (1)

i,t

]
= E

[
Y (0)

i,t

]
+ α I(t > 0) (10)

where the expectation is taken with respect to the random noise variables ϵi,t.

If the potential outcomes truly do follow the model in Equations (9) and (10), then the synthetic
control method will provide an unbiased estimate of the ATT. At a high level, the reason is that the
(residualized) untreated potential outcomes follow a linear latent factor model,

E
[
Y (0)

i,t

]
− λ⊤t Xi = θ⊤t Ui. (11)
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The latent factors Ui for all units i, along with the factors θt for t < 0, can be consistently estimated
from the pre-intervention outcomes under suitable conditions.2 With Ui estimated, the factors θt for
t > 0 can then be consistently estimated using the donors’ post-intervention outcomes. Plugging
in estimates of Ui and θt into Equation (8) then permits estimation of α, which coincides with the
ATT.

While the assumption of a linear model enables identification, many practical settings do not satisfy
it. For example, the outcomes in the COVID-19 running example are counts, which are unlikely to
be generated by a linear factor model. How can we estimate causal effects when the data follows a
potentially nonlinear factor model? In the next section, we show how the synthetic control method
can be justified by an alternative set of assumptions that hold in settings beyond the special case
of a linear structural model.

3. Generalizing the synthetic control method to nonlinear factor models

This section proposes an alternative set of assumptions that enable causal identification in the
synthetic control setting. These assumptions are met by many structural models beyond linear
ones and thus naturally lead to a generalization of the synthetic control method. We build on a
probabilistic modeling interpretation of the synthetic control method given in the previous section
to formulate these assumptions.

Our main idea is to replace the linearity assumption undergirding traditional synthetic control with
the assumption that the underlying structural model is any (possibly non-linear) factor model that
induces a certain kind of exchangeability in the outcomes. In particular, the unobserved confounder
Ui is a random variable that rendered all of unit i’s outcomes conditionally independent:

P
(←−
Yi,
−→
Yi |Ui

)
=



←−m∏

t=1

P (Yi,-t |Ui)





−→m∏

t=1

P (Yi,t |Ui)


 . (12)

As an example, the latent confounders Ui in the linear structural model (Equation (8)) satisfy this
conditional independence.

While the outcomes
←−
Yi,
−→
Yi satisfy a factor model given Ui, it does not imply that one can fit a

factor model and take its estimate of Ui to perform the confounding adjustment. However, we will
show that, under certain conditions, such a procedure is legitimate. This argument will license us to
use estimates of Ui—which we denote as Zi—in place of Ui for confounder adjustment. (We keep
the estimate Zi as a separate notation as Ui since factor models may not be identifiable and the
estimate Zi may only be consistent with Ui up to some bijective transformation.)

The conditions under which Zi is a valid estimate for Ui in confounder adjustment are two-fold:
(1) Ui is an emancipator that can be determined in theory, as defined next in Section 3.1, and (2)
Ui is a multi-period confounder, as defined in Section 3.2. In Section 3.3 we detail our strategy for
identifying causal effects when these conditions are met, and in ?? we show how the method of
synthetic control can be viewed as a special case of this strategy.

Although we frame our discussion using panel data and pre-intervention outcomes (the typical
context for the synthetic control method), the identification strategy itself is more general. It applies

2. Bai (2003) provides precise conditions (e.g. each factor has nontrivial contributions to the variance of Y (0)

i,t ) that
guarantee the existence of consistent estimates for the factors θt.
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to any setting where
←−
Yi represents “negative control outcomes”, namely any variables known a priori

to be unaffected by the treatment. Pre-treatment outcomes are a special case of negative controls.
The strategy’s validity does not depend on the time-series nature of panel data. For example, it could
apply to a recommendation system where the treatment is showing users a Star Wars advertisement.
The outcome

−→
Yi is whether they watch Star Wars, and

←−
Yi could be whether they watch unrelated

content (e.g., a nature documentary). Here
←−
Yi is a negative control outcome that is unlikely to be

affected by the Star Wars recommendation. Even without panel data, synthetic control applies if we
perform adjustments based on these negative control outcomes; the identification strategy does not
require time series structure. Nevertheless, we will stick to the pre-intervention outcomes and panel
data framing here since synthetic control is most commonly presented in panel data contexts.

3.1 Emancipators that are determinable-in-theory

Consider a parametric model θ that describes the population distribution of unit i’s outcomes as a
marginal over latent variable Ui with prior distribution Pθ(Ui). Moreover, say the variable Ui, under
this model, “emancipates” unit i’s outcomes s—i.e., renders them conditionally independent:

P
(←−
Yi,
−→
Yi

)
=

∫ 

←−m∏

t=1

Pθ (Yi,-t |Ui)





−→m∏

t=1

Pθ (Yi,t |Ui)


 Pθ(Zi)dUi. (13)

Suppose further that the variable Ui can be “determined in theory” by i’s pre-intervention out-
comes:

Pθ

(
Ui |
←−
Yi

)
= δ

(
f
(←−
Yi

) )
, (14)

where δ(x) represents a point mass at x, and f is some (unknown) deterministic function. “Deter-
minable in theory” means we effectively observe Ui by observing pre-intervention outcomes. (These
outcomes must precede the intervention, since we use them to infer and adjust for the unobserved
confounder, so they cannot themselves be influenced by treatment. More generally, any negative
control outcomes, i.e. variables known a priori to be unaffected by the treatment, can serve this role.)
This property would hold under many models in the limit of infinitely many pre-intervention outcomes
(←−m → ∞) were observed. For instance, it holds for the linear model that justifies the synthetic
control method (Chen et al., 2017). We do not have access to infinitely many pre-intervention
outcomes in practice, hence the name “determinable in theory.”

A variable Ui with these two properties is what we will refer to as a determinable-in-theory emanci-
pator :
Definition 1 (Determinable-in-theory emancipator). The unobserved confounder Ui is a determinable-
in-theory emancipator under model θ if

1. it “emancipates”—i.e., renders conditionally independent—all of i’s outcomes (Equation (13)),

2. it can be “determined in theory” by pre-intervention outcomes (Equation (14)).

Existing literature provides a few examples of primitive conditions that will satisfy the determinable-
in-theory condition on U . For example, Theorem 2 of Chen et al. (2020) states that if outcomes are

9
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generated by a generalized linear factor model

P
(←−
Yi,
−→
Yi |Ui

)
=



←−m∏

t=1

exp

(
Yi,-tmi,-t − b(mi,-t)

ϕ
+ c(Yi,-t, ϕ)

)


×



−→m∏

t=1

exp

(
Yi,tmit − b(mit)

ϕ
+ c(Yi,-t, ϕ)

)
 ,

where mi,-t = θ⊤-tUi, mit = θ⊤t Ui, and b(·) and c(·) are prespecified functions that depend on the
member of the exponential family. Then there exists a consistent estimator of Ui (up to shifting and
scaling), under the assumption that (1) the limit

pQ(S) ≜ lim←−m→∞

|j : θjk ̸= 0, if k ∈ S and θjk = 0, if k ̸∈ S, 1 ≤ j ≤ ←−m}|
←−m

exists for any subset S ⊂ {1, . . . ,K}}, and pQ(∅) = 0, where K is the dimensionality of θj and
θjk is the k-dimension of θj , (2) the natural parameter space {ν : |b(ν)| < ∞} = R}, (3) for all
k ∈ {1, . . . ,K},

{k} = ∩k∈S,pQ(S)S,

where ∩k∈S,pQ(S)S} ≜ ∅ if pQ(S) = 0 for all S that contains k. Bing et al. (2020) provides an
alternative set of conditions for consistent estimation in sparse structured factor models under an
anchor assumption (Arora et al., 2013).

In what follows, we will assume that if the unobserved confounder Ui is an emancipator that is
determinable in theory, and if fitting the factor model to

←−
Yi,
−→
Yi will also emit an estimate Zi for Ui

that is also an emancipator that is determinable in theory, then, under suitable conditions, Zi can
serve as a valid estimate for Ui in confounder adjustment.

We define the condition that Ui must satisfy in the next section—specifically, if the unobserved
confounder Ui is a multi-period confounder.

3.2 Multi-period confounders

A confounder is any variable that causally affects both the treatment and some outcomes. In panel
data, when there are multiple outcomes per unit, some confounders may affect outcomes at all time
steps, while others may affect only some outcomes at certain time steps. In the synthetic control
setting, time steps naturally split into two fundamentally different periods: pre- and post-intervention.
By extension, it is natural to distinguish two kinds of confounders: those that affect outcomes in
multiple (both) periods, and those that affect outcomes in only a single period.
Definition 2 (Single- and multi-period confounders). A variable

←→
Wi is a multi-period confounder if

it causally affects the treatment Ai and outcomes Yi,t in both the pre- and post-intervention periods.
A single-period confounder is then a variable that causally affects Ai and outcomes in only the pre-
or post-intervention period, denoted by

←−
Wi or

−→
Wi, respectively. See also Figure 2b.

Informally, a multi-period confounder
←→
Wi is a confounder that “shows its face” in both periods—it

affects, and is thus reflected by, the outcomes both before and after the intervention.
Lemma 3. If any random variable Ui is a determinable-in-theory emancipator then it captures all
multi-period confounders.
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(a) Factor models for multiple control outcomes.
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(b) Emancipators must pick up all multi-period
confounders
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Wi but no single-period con-

founders W
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i .

Figure 2: Factor models and emancipators.

Proof. Suppose Ui “misses”3 some multi-period confounder
←→
Wi. Then

←→
Wi is effectively unobserved

and induces dependence between two or more outcomes. Conditioning on Ui therefore does not render
all outcomes conditionally independent, which contradicts the definition of Ui.

The consequence of Lemma 3 is that, if we assume Ui to be an emancipator that is determinable
in theory, then it must be a multi-period confounder. We may then use factor models to estimate
confounders and adjustment for them to identify causal effects from panel data. We substantiate
and defend this in more detail in the next subsection.

3.3 Causal identification with a determinable-in-theory emancipator

In this section, we detail a strategy for causal identification and estimation in panel data in the
presence of unobserved confounding. This strategy adjusts for unobserved confounding using an
estimate Zi of the latent variable from the data for the unobserved confounder Ui. The strategy
hinges on several assumptions: (1) the stable unit treatment value assumption (SUTVA); (2) fitting
the factor model produces a emancipator Zi that is determinable in theory; (3) the unobserved
confounder is a multi-period confounder ; (4) overlap, also known as positivity.

This approach inherits from the classical strategy of measuring sufficient confounders, but with the
difference that some confounders—the multi-period confounders—may not be directly observed.
Rather, those confounders are reflected in the pre-intervention outcomes to such a degree that a

3. “miss” means some multi-period confounders are not measurable with respect to the emancipator.
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variable Ui = f(
←−
Yi) can capture all of the them under suitable assumption.Below we discuss each

assumption in detail, and then state the theorem that establishes identification.
Assumption 1. (Stable unit treatment value assumption (SUTVA)) There is no interference
between the units; there is only one version of the treatment for each value a ∈ A.

SUTVA is the classical assumption we make to perform causal inference on independent units (Rubin,
1980, 1990). It ensures that the potential outcome for each unit Y (a)

i,t is well-defined.
Assumption 2. (Determinable-in-theory emancipator) The population distribution of unit i’s
outcomes is well-described by a parametric model θ as the marginal over some latent variable Ui

which satisfies the properties of a determinable-in-theory emancipator, as given in Definition 1.

Assumption 2 enforces that it is possible to fit the factor model to obtain a determinable-in-theory
emancipator Ui, i.e. (1) “emancipates” all of unit i’s outcomes and (2) can be “determined in theory”
by i’s pre-intervention outcomes. As given by Lemma 3, the first property (“emancipates”) ensures
that Ui “captures” all multi-period confounders. The second property (“determinable in theory”) then
means we can effectively observe Ui, given enough data. The second property is satisfied when (1) the
distribution of all outcomes can be described by a factor model and (2) the number of pre-intervention
outcomes increases to infinity, i.e., ←−m →∞. For example, if the distribution of all outcomes can be
described by structured latent factor models, like probabilistic principal component analysis (Tipping
& Bishop, 1999) or Poisson factorization (Gopalan et al., 2013, 2014, 2015), then the latent variable
Ui can be determined in theory when (n+←−m) · log(n←−m)/(n←−m)→ 0 (Chen et al., 2017).

At a high level, Assumption 2 replaces and generalizes the main assumption of traditional synthetic
controls, which is that the causal structural model can be described by a linear factor model. Instead,
we assume that the causal structural model can be described by any factor model with the above
properties.
Assumption 3. (Weak unconfoundedness given unobserved but determinable-in-theory multi-period
confounders) Under Assumption 2, the determinable-in-theory emancipator Ui with the observed
covariates Xi satisfy weak unconfoundedness,

←−−
Y(a)

i ,
−−→
Y(a)

i ⊥ Ai |Ui, Xi, ∀a ∈ A. (15)

Assumption 3 requires “no unobserved single-period confounders”, namely we observe any confounders
that affect outcomes in only one of the two periods. This is because Ui—a determinable-in-theory
emancipator—can only capture multi-period confounders; it cannot capture single-period confounders.
Note that this includes “single-outcome confounders” which causally affect only a single outcome, be
it control outcome or study outcome. This assumption is expressed mathematically by assuming
the determinable-in-theory emancipator Ui, along with the observed covariates Xi, satisfies weak
unconfoundedness (Equation (15)) (Imbens, 2000; Hirano & Imbens, 2004). We note that this
assumption differs from a common identification assumption used in synthetic control (O’Neill et al.,
2016; Angrist & Pischke, 2008; Kinn, 2018).

−−→
Y(a)

i ⊥ Ai |Xi,
←−
Yi, ∀a ∈ A. (16)

Assumption 3 posits that the determinable-in-theory emancipator Ui and the covariates Xi satisfy
weak unconfoundedness, while Equation (16) assumes that all pre-intervention outcomes

←−
Yi and the

covariates Xi satisfy weak unconfoundedness.
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Assumption 4 (Estimated determinable-in-theory emancipator). For all i, the parametric model
θ in Assumption 2 admits an estimate Zi of the latent variable Ui such that Zi = f

(←−
Yi

)
is also a

determinable-in-theory emancipator and consistently estimates Ui up to bijective transformation.

Assumption 4 guarantees that the estimate Zi is consistent for the unobserved multi-period confounder
Ui up to bijective transformation; in other words, Zi captures all information in Ui. The consistency
is only up to bijective transformations because the latent variables in model θ may not be identifiable.
This consistent estimate Zi can thus be used for confounder adjustment in the place of Ui.
Assumption 5. (Overlap, also known as positivity) For all sets AS with positive measure, P (Ai ∈
AS |Xi = x, Ui = u) > 0 for all values of (x, u), where Ui

a.s.
= f(

←−
Yi) as is required by Assumption 2.

Overlap is a classical assumption required in causal inference, which often requires that all values of
the pair, treatment and confounder, occur with positive probability. The overlap assumption here is
similar but concerns both the unobserved multi-period confounder Ui and the covariates Xi. We
emphasize that while Ui is a deterministic function of the outcomes, this does not prevent the overlap
assumption from being satisfied. This is in contrast to settings with multiple treatments (Wang &
Blei, 2019a) where overlap can be more difficult to satisfy; here we estimate the latent confounder
from the pre-treatment outcomes, which does not interfere with the overlap condition required for
the treatment.

Under these assumptions, adjusting for the estimated confounding structure Zi can lead to unbi-
ased estimates of average potential outcomes, including counterfactual outcomes, and thus of the ATT.

Theorem 4. (Causal identification with the estimated confounding structure) Under Assumptions 1
to 5, controlling for the estimated confounding structure Zi yields unbiased causal estimates,4

E
[
Y (a)

i,t

]
= EZi,Xi [E [Yi,t |Ai = a, Zi, Xi]] (17)

E
[
Y (a)

i,t |Ai = a′
]
= EZi,Xi |Ai=a′ [E [Yi,t |Ai = a, Zi, Xi]] . (18)

A sketch of the proof is as follows. The estimated confounding structure Zi captures all information
in the unobserved multi-period confounder Ui. Further, Ui, together with the covariate Xi, satisfy
weak unconfoundedness. Hence adjusting for them with g-formula leads to unbiased estimates of the
potential outcomes. The full proof of Theorem 4 is in Section B.

At a higher level, Assumptions 1 to 5 yield a setting where the class of multi-period confounders
are factually unobserved, but effectively observed—they can be determined in theory by observing
infinitely many pre-intervention outcomes.

3.4 Estimating causal effects with determinable-in-theory emancipators

Theorem 4 immediately leads to an algorithm that estimates causal effects by inferring determinable-
in-theory emancipators from multiple control outcomes. We first construct the estimate of the
unobserved multi-period confounders that all outcomes conditionally independent. Then we use

4. We note that U refers to the true latent confounder, and Z is the estimate of it. We avoid writing Û because
U is generally only identifiable up to an unknown bijective transformation. So we in generally cannot recover
U directly, only an equivalent representation Z that preserves its effect on causal adjustment. Using a distinct
symbol (Z) emphasizes this identifiability limitation and avoids suggesting that we are estimating U in a pointwise
or coordinate-wise sense.
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that estimate in a downstream causal in ??, show how the synthetic control method is a special
case.

Estimating the determinable-in-theory emancipator Zi. If Assumption 3 holds, then it is
sufficient to perform confounder adjustment with any determinable-in-theory emancipator Zi (and
observed covariates); the first key characteristic of such a variable is that it “emancipates” all of unit
i’s outcomes,

P
(←−
Yi,
−→
Yi |Zi

)
=



←−m∏

t=1

P (Yi,-t |Zi)





−→m∏

t=1

P (Yi,t |Zi)


 . (19)

We enforce this conditional independence by finding a factor model θ that captures the distribution
of the outcomes P (

←−
Yi,
−→
Yi) =

∫
Pθ(
←−
Yi,
−→
Yi, Zi) dZi. A factor model posits a generative process such

that

Zi
ind.∼ P (Zi), ∀i, (20)

Yi,t |Zi
ind.∼ P (Yi |Zi, θt) ∀i, t, (21)

where θ = (θt)t are parameters of the factor model. In particular, the latent variable Zi renders the
outcomes conditionally independent.5

We fit the factor model by optimizing the likelihood of the factor model over the parameters

θ̂ = argmax
θ

n∏

i=1

∫
P (
←−
Yi,
−→
Yi, Zi |θ) dZi, (22)

and then obtain a point estimate of the latent variable Zi:

ẑi = E
[
Zi |
←−
Yi, θ̂

]
. (23)

When←−m →∞—i.e., the number of pre-intervention outcomes grows large—the posterior distribution
converges to a point mass P (Zi |

←−
Yi,θ)

d→ δ
(
fθ
(←−
Yi

))
for some function fθ. The point estimate will

thus also converge—i.e. ẑi
a.s.→ fθ

(←−
Yi

)
.

Many classical probabilistic models fall into the class of factor models, including probabilistic
PCA (Tipping & Bishop, 1999), Poisson factorization (Gopalan et al., 2013, 2014, 2015), mixture
models (McLachlan & Basford, 1988), topic models (Blei et al., 2003), and deep exponential families
(Ranganath et al., 2015). As an example, probabilistic PCA posits that

Zi
iid∼ N (0, σ2

Z · IK), ∀i, (24)

Yi,t |Zi
ind.∼ N (Z⊤i θt, σ

2
Y ), ∀i, t. (25)

5. Theoretically, this factor model only needs to hold true for pre-intervention outcomes for all units. In practice,
when a large number of pre-treatment outcomes are available, excluding the treated units from this stage typically
makes little difference. However, in finite samples, especially when only a moderate number of pre-treatment
outcomes are available, incorporating post-treatment outcomes during latent factor modeling can help focus
the model on the components most relevant for causal adjustment. This is because, for a variable to act as a
confounder, it must affect both treatment assignment and outcomes. Prioritizing such factors in the representation
often improves the efficiency of causal adjustment in practice.
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A reader might ask: Why fitting the factor model to the units-by-time matrix as opposed to a time-by-
units matrix? The choice reflects a core idea behind synthetic control: we are typically interested in
estimating treatment effects averaged over units, not over time. This motivates modeling units as the
independent entities, each influenced by time-invariant latent confounders. The pre-treatment time
periods then act as negative control outcomes; they help us learn each unit’s latent characteristics,
which are then used to predict their counterfactual outcomes under no treatment.

If we were to transpose the matrix and fit a latent variable model where the units are conditionally
independent given latent time factors, this would implicitly frame the goal as estimating treatment
effects averaged over time, assuming that some latent unit-invariant (but time-specific) factors
explain all variation. That structure might make sense in settings where some time-average causal
effects on individual units may be of interest. But in synthetic control settings, where the goal is
typically to infer the effect of treatment averaged over a group of units post-treatment, this framing
becomes less natural.

Finally, merely fitting a factor model to the outcomes does not license Zi for confounder adjustment
in the place of Ui. Fitting a factor model does not guarantee that its latent variable Zi satisfies the
conditional independence requirement (Equation (19)). The factor model may also be wrong, which
can introduce bias in the downstream causal estimation.

To this end, we further check that the fitted factor model does capture the distribution of the
outcomes well. The checking step cannot guarantee that the factor model is correct when it passes
the check. However, it can reject wrong factor models that poorly fit the data.

Many existing algorithms can perform this check. Here we employ a predictive check (?). We
randomly hold out some outcomes for each user and fit the factor model. Then we generate the
heldout entries using the fitted factor model. If the generated heldout entries are indistinguishable
(in terms of log likelihood values) from the observed values in these heldout entries, we claim the
factor model passes the predictive check and can capture the distribution of the outcomes.

Note we infer the determinable-in-theory emancipator by only looking at the outcomes—it does not
involve the treatment statuses. While joint inference (e.g., full Bayesian modeling of both latent
variables and outcomes) is compatible with the identifiability theory, we adopt a two-stage inference
approach in part to align with standard practice in synthetic control. We restrict the latent variable
estimation to pre-treatment outcomes to help avoid using post-treatment information in a way that
would compromise causal validity.

Confounder adjustment with the determinable-in-theory emancipator. After obtaining a
determinable-in-theory emancipator {ẑi}ni=1 for each data point, we use them in a downstream causal
inference, as though they were observed confounders. For example, we can compute the conditional
expected potential outcome E

[
Y (a)

i,t |Ai = a′
]

by fitting an outcome model

E [Yi,t |Ai = a, Zi, Xi] = β0 + βA · a+ βZ · Zi + βX ·Xi (26)

and applying the adjustment

EZi,Xi |Ai=a′ [E [Yi,t |Ai = a, Zi, Xi]] ≈ β0 + βA · a+ βZ ·
∑

i:Ai=a′ Zi∑n
i=1 I{Ai = a′} + βX ·

∑
i:Ai=a′ Xi∑n

i=1 I{Ai = a′} .

(27)
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Algorithm 1: Generalization of the synthetic control method to nonlinear factor models

Input: a data set of units’ treatment status, pre- and post-intervention outcomes, and
covariates

(
ai,
←−yi ,
−→yi , xi

)n
i=1

Output: the conditional average potential outcome E
[
Y (a)

i,t |Ai = a′
]
∀a ∈ A

repeat
choose a factor model from the class described in Section 3.4
fit the model to the outcomes

(←−yi ,
−→yi

)n
i=1

check the fitted model M̂
until the factor model check is satisfactory
foreach unit i do

calculate ẑi = EM̂

[
Zi |
←−
Yi

]
.

end
repeat

choose a study outcome model, e.g. Equation (26)
fit the outcome model to the augmented dataset {(ai, yi, ẑi, xi)}, i = 1, . . . , n
check the fitted outcome model

until the outcome check is satisfactory

estimate the conditional average potential outcome E
[
Y (a)

i,t |Ai = a′
]

by Equation (27),

Equation (28), or other adjustment methods

Alternatively, we may use the inverse propensity score weighting to calculate E
[
Y (a)

i,t |Ai = a′
]

∑

i:Ai=a

Yi,t ·
1∑n

i=1 I{Ai = a′} ·
P (Ai = a′ |Zi, Xi)

P (Ai = a |Zi, Xi)
. (28)

Both the adjustment formula and inverse propensity score weighting are standard confounder
adjustment methods. We may use other adjustment methods, e.g. doubly-robust estimators or
double machine learning; we can estimate other quantities too, e.g. conditional ATE and individual
treatment effects. The only twist is that we join the covariates Xi with the determinable-in-theory
emancipator Zi, treating both as confounders we adjust for.

Algorithm 1 presents the full algorithm. In summary, this strategy helps adjust for unobserved
multi-period confounders Ui, those shared between both pre- and post-intervention outcomes. Thanks
to the identification theorem of Theorem 4, and subject to the assumptions, this algorithm provides
unbiased causal inferences.

Uncertainty quantification of Algorithm 1. To quantify the sampling uncertainty of Algo-
rithm 1 (Equations (27) and (28)), we employ the bootstrap method (Efron & Tibshirani, 1994).
We resample the per-unit data points (Ai,

←−
Yi,
−→
Yi) with replacement. For each resampled dataset,

we calculate the causal estimate from Algorithm 1 a confidence interval. We evaluate the coverage of
bootstrap uncertainty estimates in Section 5.
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3.5 A graphical interpretation of the synthetic control assumptions

In this section, we provide a graphical interpretation of the identification assumptions, including
both the linear structural model described in Equations (8) to (10) presented in Section 3.4 and the
alternative assumptions proposed in Section 3.3 for nonlinear factor models (Equation (12)). We
show that the conditional independence assumption of factor models and the weak unconfoundedness
assumption can be posed purely in terms of the graphical structure of the assumed structural
model.

Pre-emptive disclaimer. The graphical models in this section are probabilistic graphical models
(e.g., Koller & Friedman (2009)), not causal graphical models (Pearl, 2009)—they encode the
conditional dependencies between variables in a joint distribution, and nothing more.

The basic graphical model. Figure 3a describes the basic dependence relations between the
observed outcomes Yi,t, the treatment status Ai, the observed covariates Xi, and unobserved
attributes Ui. The plate notation denotes repeated variables. The outer plate denotes repetition
across units i ∈ [n] ≡ {1, . . . , n}, while the left and right inner plates denote repetition across
pre-intervention (t < 0) and post-intervention (t > 0) time steps, respectively. Shaded variables are
observed while unshaded nodes are latent. The super node notation for Xi and Ui denotes that these
variables share the same set of edges to other nodes in the graph. We adopt this notation to avoid
cluttering the figure with repeated edges, but also to emphasize that Xi and Ui are conceptually
similar—both variables represent attributes of the unit i that are potentially prognostic of both i’s
treatment status Ai and observed outcomes Yi,t.

The main purpose of this graphical model is to highlight that Ai only affects (i.e., has arrows to) the
post-intervention outcomes while Ui affects both the pre- and post-intervention outcomes.

The augmented graphical model. Figure 3b depicts the same model, but augmented to include
the potential outcomes Y (0)

i,t , Y
(1)

i,t . We use square nodes to indicate deterministic variables. The

outcomes Yi,t are deterministic functions of potential outcomes and Ai—i.e., Yi,t = Y
(Ai·I(t>0))
i,t —and

thus appear as square nodes in this graph. As in the other graph, Ai only affects the post-intervention
outcomes. Specifically, Ai selects which of the potential outcomes is observed; this is denoted by
Y

(Ai)
i,t being shaded, since it equals Yi,t and is thus observed. In the pre-intervention period, Yi,t

always coincides with Y (0)

i,t ; as a result, Y (0)

i,t is shaded, and there is no arrow from Ai to Yi,t.

The main purpose of this graphical model is to emphasize that Y (0)

i,t is observed for all units in the
pre-intervention period, while only observed for the donor units in the post-intervention period.
Moreover, Xi, Ui renders Ai independent of Y (1−Ai)

i,t , Y
(Ai)
i,t in the augmented graphical model; this

conditional independence coincide with weak unconfoundedness in Assumption 3.

The synthetic control method as a special case of Algorithm 1. We have seen that the
linear structural model satisfies the identification condition above. Here we will see that the synthetic
control method is a special case of Algorithm 1. Specifically, the synthetic control method obtains the
unit weights by solving a system of (population) balancing equations; the inverse probability weights
induced by Algorithm 1 will satisfy the same population balancing equations. Taking this perspective,
the synthetic control method can be viewed as implicitly calculating the inverse probability weights
when these balancing equations have a unique solution.
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(b) The augmented graphical model.

Figure 3: Super nodes (e.g., the node for (Xi, Ui)) denote variables with the exact same set of
in- and out-going edges. Multiple pre-intervention outcomes with shared unobserved confounding.
(Shaded nodes are observed; unshaded ones are latent.)

Suppose the dataset {Ai,
←−
Yi,
−→
Yi}ni=1 is generated by the linear structural model (Equation (8))

with the unobserved confounders Ui and observed covariates Xi. This connection relies on a few
observations:

1. Applying Algorithm 1 to the dataset, we obtain an estimated confounding structure Zi that is
consistent for Ui. Together with covariates Xi, the estimated confounding structure Zi satisfies
Assumptions 2 to 4.

2. To estimate E
[
Y (0)

i,t |Ai = 1
]
, we calculate the inverse probability weighting estimator (Horvitz

& Thompson, 1952)
∑

Ai=0

−→
Yi · wIPW

i , (29)

where the weights are

wIPW
i =

1

nP (Ai = 1)
· P (Ai = 1 |Zi, Xi)

P (Ai = 0 |Zi, Xi)
. (30)

These weights can balance the pre-treatment outcomes because of Assumptions 3 and 4, i.e.
these outcomes are weakly unconfounded given Ui, Xi (Rosenbaum & Rubin, 1983), and Zi

consistently estimates Ui, i.e.

E


∑

Ai=0

wIPW
i Yi,t


 = E


 1∑n

Ai=1 I{Ai = 1}
∑

Ai=1

Yi,t


 , j = 1, . . . ,m. (31)

Roughly, these observations imply that Algorithm 1 finds the unobserved confounder Ui by fitting
probabilistic factor models. The resulting inverse probability weights hence satisfy the synthetic
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control constraints because Ui, Xi render the outcomes weakly unconfounded. We formally state
these connections in ?? and ??.

This connection between synthetic control and Algorithm 1 also generalizes to other variants of
synthetic control methods. For example, the same connection also holds with robust synthetic
controls and its multi-dimensional variant (Amjad et al., 2018, 2019). The exact same argument
applies if we consider all outcomes Yi, Ỹ

1
i , . . . , Ỹ

m
i being L–dimensional vectors (L > 1).

Proposition A.2 in Ben-Michael et al. (2021) provides a similar result that connects the synthetic-
control estimator to inverse-propensity-score weighting. The main difference is that their result relies
on inverse-propensity-score weights conditioned on the full vector of pre-treatment outcomes,

←−
Yi,

whereas ?? uses inverse-propensity-score weights conditioned solely on the determinable-in-theory
emancipator Zi (Algorithm 1).

We remark that Algorithm 1 relates closely to Xu (2017) and Gobillon & Magnac (2016) as two
stage algorithms for panel data. The difference lies in that Algorithm 1 explicitly uncovers potential
unobserved confounders by fitting probabilistic factor models, while the others optimize weights,
which implicitly handles unobserved confounders. The setting of many control outcomes (m→∞)
also closely relates to Ferman (2019), who studies the limiting properties of the synthetic control
method but with infinitely many pre-treatment periods. However, their results focus on linear
structural models while we study more general settings.

Finally, we note that in our reinterpretation of synthetic control, the treatment Ai appears as a
node in a graphical model and thus might appear to be a random variable, which would depart
from canonical work on synthetic control that views the treatment as deterministic. Our framework
assumes Ai is always observed, as denoted by the variable’s shading in the graphical model, and
is consistent with either a deterministic or random interpretation of Ai, either of which may be
appropriate depending on the context. For example, in the NFL example, it may be appropriate
to view the treatment status as random, as COVID-19 policies were highly variable across even
neighboring counties in the US (Hamad et al., 2022; Chiang et al., 2025). However, the proposed
framework makes no stipulation that the treatment assignment mechanism be either random or
deterministic.

4. Replication and re-analysis of García Bulle et al. (2022): Did re-opening NFL
stadiums impact the spread of COVID-19?

We return now to the running example in Section 1 on whether the National Football League (NFL)’s
decision to re-open stadiums to fans in September 2020 had an impact on the spread of COVID-19.
This example comes from the study of García Bulle et al. (2022) who collected panel data on NFL
attendance and COVID-19 case counts by US county and applied the method of robust synthetic
control (Amjad et al., 2018). Their results suggest that the re-introduction of fans to NFL stadiums
had a negligible subsequent impact on rates of COVID-19 in the US counties where fans mainly
lived.

In this section, we first provide a replication of their study, and then re-analyze their data using the
proposed Algorithm 1. We find that the results obtained using the proposed method qualitatively
agree with the conclusion that re-opening stadiums had negligible impact. The proposed method
generally estimates counterfactual rates of COVID-19 that are even closer to the factual rates than
those estimated by rSC for both stadiums that were re-opened and “placebo” stadiums that were
not.
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Moreover, we find that the proposed method is robust to violations in the data of rSC’s assump-
tions, which García Bulle et al. (2022) highlight as leading to strange counterfactual predictions for
particular counties. We replicate those strange predictions and find that, unlike rSC, the proposed
Algorithm 1 generates sensible counterfactual predictions in these cases. Our results suggest that
allowing for a broader class of factor models can have a meaningful impact in cases where the data
exhibit violations of the assumptions of simple linear factor models.

4.1 Data description

The data of García Bulle et al. (2022) combine daily COVID case counts by US county with
attendance records from the NFL that say from which US counties fans originated. They compiled
separate data sets for 31 NFL teams6 and analyzed each one independently.

For each NFL team, the counties supplying 10% or more of the fan base are designated the targets.
The donors are then all counties that

1. supply less than 1% of the fan base,

2. are in the same state as the respective stadium, and

3. did not undergo any idiosyncratic shocks during the study period (April–December 2020).

Counties that supply between 1–10% fan base are neither targets nor donors; they are designated as
“buffer” counties and excluded from the analysis.

4.2 Replication of García Bulle et al. (2022)

Before applying our proposed method, we first attempted to replicate the counterfactual predictions
that García Bulle et al. (2022) obtained for the target counties in each of the 31 data sets. They
obtained counterfactual predictions using the method of robust synthetic control (rSC) which projects
the donors’ outcomes into a low-dimensional subspace using principal components analysis (PCA).
An important setting in applying rSC is the dimensionality of PCA. We follow the procedure they
outline (see their Materials and Methods) to select this dimensionality and obtain the same value
they do in all but two cases7. Using these values, and we then applied our implementation of rSC and
were able to reproduce counterfactual predictions that closely matched theirs by visual inspection
(compare their Figure 2 to our Figure 5).

4.3 Re-analysis with the proposed Algorithm 1

Having replicated their setup, we then applied our proposed methodology to each of the 31 data
sets. We provide a detailed illustration in this subsection of the steps outlined in Section 3. We then
report the counterfactual predictions that the proposed methodology obtains and compare them to
those obtained by García Bulle et al. (2022).

4.3.1 Choosing a factor model with heldout predictive checks

Following Algorithm 1, the first step in the proposed methodology is to find a probabilistic factor
model that fits the pre-intervention data matrix.

6. This is all NFL teams except the Arizona Cardinals for whom attendance data was unavailable.
7. We found a small discrepancy between the procedure they outline in the paper, and their implementation, which

we confirmed with the authors and correct in our own replication.
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PPCA. We first considered probabilistic principal components analysis (Tipping & Bishop, 1999),
a linear factor model that assumes the following generative process

θt
iid∼ N (0, IK), ∀t, (32)

Zi
iid∼ N (0, IK), ∀i, (33)

Yi,t |Zi, θt
ind.∼ N (Z⊤i θt, σ

2
Y ) ∀i, t. (34)

In what follows, we adopt the following notation: Z ≡ (Z1, . . . Zn) is the n ×K matrix of latent
variables,

←−
Y ≡ (

←−
Y1, . . . ,

←−
Yn) is the n×←−m matrix of pre-intervention outcomes, and

←−
Θ ≡ (θt)t<0

is the ←−m ×K matrix of pre-intervention latent variables.

NUTS. We implemented this model in Pyro (Bingham et al., 2019), a probabilistic program-
ming framework in Python, and fit it using Pyro’s implementation of the No U-Turn Sampler
(NUTS) (Hoffman et al., 2014). NUTS is a form of Markov Chain Monte Carlo (MCMC) which
returns samples of the latent variables from their posterior distribution. Using this notation, the
target of inference is the posterior distribution P (Z,

←−
Θ | ←−Y), which MCMC approximates with a

set of R samples:
{
Zr,
←−
Θ r

}R

r=1
, each drawn from the posterior.

Heldout-PCs. We assessed model fit using a heldout predictive check (Heldout-PC) (?). This
involves splitting

←−
Y into

←−
Y(obs) and

←−
Y(new), where

←−
Y(obs) is a subset of entries in the pre-intervention

matrix and
←−
Y(new) is its complement. We do this by setting

←−
Y(new) to be a randomly-selected 10%

of entries throughout the matrix whose values are masked during training. For each of the 31 data
sets (each corresponding to an NFL team), we randomly generate 5 different masks and repeat our
experiments for each.

For a given data set and mask, we fit the factor model to
←−
Y(obs) by running MCMC and col-

lecting a set of R posterior samples, each drawn from (Zr,
←−
Θ r) ∼ P (Z,

←−
Θ | ←−Y(obs)). We then

simulate R “replicate” data sets, each one sampled from the conditional likelihood of the heldout
data, conditioned on one sample of the latent variables

←−
Y

(rep)
r ∼ P (

←−
Y(new) | ←−Θ r, Zr). The set

of
{←−
Y

(rep)
r

}R

r=1
thus collectively constitutes a discrete approximation to the posterior predictive

distribution P (
←−
Y(new) | ←−Y(obs)).

A Heldout-PC evaluates model fit by comparing the true heldout data against the (simulated)
posterior predictive distribution. ? advocate for computing the following empirical p-value:

ppop = 1
R

R∑

r=1

I
[
d
(←−
Y(rep)

r ,Zr,
←−
Θ r

)
≥ d

(←−
Y(new),Zr,

←−
Θ r

)]
(35)

where the realized diagnostic d(·) is the negative log-likelihood

d
(←−
Y(new),Zr,

←−
Θ r

)
= − logP (

←−
Y(new) | Zr,

←−
Θ r) (36)

If the model is well-specified ppop should be uniformly distributed. Therefore, a policy that rejects a
model unless it has ppop ∈ [α2 , 1− α

2 ] will have a false rejection rate of α ∈ (0, 1). Throughout we
adopt a standard threshold of α = 0.05.
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PPCA results. For each county and mask, we fit PPCA using a range of values for K ∈
{5, 10, 15, 25,K⋆}, where K⋆ is the value selected for PCA in our replication of García Bulle et al.
(2022).

Our results clearly indicate that PPCA is a poor model class for the data. For almost all combinations
of counties, masks, and values of K, we find ppop-values of 1.0, indicating that the simulated posterior
predictive distribution is unlike the true distribution of heldout data.

Upon reflection, this is perhaps unsurprising: the discrete case counts violate PPCA’s main assump-
tion that the data are Gaussian-distributed.

GAP. We next considered a factor model tailored towards discrete data, the gamma-Poisson (GaP)
factor model (Canny, 2004; Cemgil, 2009), which assumes

θt,k
iid∼ Gamma(a0, b0), ∀t, k (37)

Zi,k
iid∼ Gamma(a0, b0), ∀i, k (38)

Yi,t |Zi, θt
ind.∼ Pois

(
Z⊤i θt

)
∀i, t. (39)

This model is similar to PPCA in every way except that it makes probabilistic assumptions which
are not trivially violated by counts.

GAP results. We implemented GAP in Pyro and fit it with NUTS using the exact same procedure
as outline above for PPCA. We fit it using the same set of K values to each of the the same data set
and mask combinations.

Unlike PPCA, we find that for almost all of the 31 data sets, there are one or more values of K for
with which the GAP model obtains values of ppop ∈ (α2 , 1− α

2 ), suggesting that the simulated posterior
predictive distribution is not obviously different than the true distribution of heldout data.

This is not always the case: for two data sets, corresponding to Carolina Panthers and San Fransisco
49ers, there are no values of K for which the GAP model produces non-extreme ppop-values. Moreover,
for the data sets and values of K for which the GAP model does obtain non-extreme ppop-values, it
rarely does so for all masks.

That said, the results indicate that GAP substantially improves in fit and should be preferred to
generate counterfactual predictions over PPCA. One might continue to refine the model class to
address potential mismatch—e.g., by considering a negative binomial likelihood, or by introducing
time-varying latent factors. However, for the purpose of this case study, we continue to the next
step having selected GAP as our factor model.

4.3.2 Choosing a study outcome model

Having found a satisfactory factor model, we move to the next step in Algorithm 1: choosing a study
outcome model. For this, we seek a model for the conditional expectation,

E
[−→
Yi | Ai = a, Zi, Xi

]
= β0 + βA · a+ β⊤Z Zi + β⊤X Xi (40)

where the dependent variable
−→
Yi is the −→m-dimensional vector of post-intervention outcomes. For

simplicity, we use Ridge regression. We also experimented with other linear regressors, as well as a
handful of non-linear regressors, but found little variability in the results.
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Fitting the study outcome model amounts to regressing
−→
Yi on Ai, Ẑi, and Xi, using all counties i.

While Ai and covariates Xi are observed, Zi is latent, and we must use an estimate Ẑi that comes
from fitting the factor model. However, fitting the factor model using MCMC does not yield a single
point estimate but rather a collection of posterior samples

(
Z

(s)
i

)S
s=1

. One might consider fitting the
study outcome model using the posterior mean Ẑi =

1
S

∑S
s=1 Z

(s)
i or some other aggregation of the

posterior samples. However, due to the potential for “label-switching” (Stephens, 2000), aggregating
across the posterior samples may not be well-defined. Moreover, doing so would fail to propagate
the factor model’s posterior uncertainty.

Instead, we fit a different study outcome model for every posterior sample s. For each s, define the
fitted regression function for each unit i, as a function of a ∈ {0, 1}, to be:

f̂
(s)
i (a) ≡ Ê

[−→
Yi | Ai = a, Zi = Z

(s)
i , Xi

]
≡ β̂0 + β̂A · a+ β̂⊤

Z(s) Z
(s)
i + β̂⊤X Xi. (41)

4.3.3 Counterfactual predictions

With a fitted study outcome model for each posterior sample, an estimate of average potential
outcome at post-intervention time t > 0 is:

Ês

[
Y (a)

i,t

]
= 1

n

n∑

i=1

f̂
(s)
i,t (a) (42)

where the expectation is with respect to the population of units i. We can regard the variability across
s as preserving the Bayesian posterior uncertainty from the factor model. At a given post-intervention
time t > 0, our estimate of the total treatment effect on the treated (TTT) is then

T̂TTs(t) =
∑

i:Ai=1

[
Yi,t − f̂

(s)
i,t (0)

]
(43)

which estimates the total number of COVID-19 cases in county i, above (or below) the factual
amount, that would (or would not) have occurred at t time steps after the intervention. We can
similarly estimate the total treatment effect on the untreated (TTU) by:

T̂TUs(t) =
∑

i:Ai=0

[
f̂
(s)
i,t (1)− Yi,t

]
(44)

Again, we regard variability across s as preserving a measure of Bayesian uncertainty. However, we
can obtain a point estimates using the posterior expectation—e.g., for the TTT:

T̂TT(t) = 1
S

S∑

s=1

∑

i:Ai=1

[
f̂
(s)
i,t (1)− f̂

(s)
i,t (0)

]
. (45)

4.4 Results

Figure 4 visualizes estimates of the TTT (top) and TTU (bottom) across post-intervention time
step t. The box-and-whisker plots denote variability across posterior samples. The boxes depict
the interquartile range and the whiskers cover the 95% credible interval. As expected, posterior
uncertainty increases considerably as we move away from the intervention time t = 0. For all time
steps, a null total treatment effect of 0 is contained well within the 95% credible interval. As one
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Figure 4: Re-analysis of total treatment effect by García Bulle et al. (2022).

might expect, this is also true for the TTU, for which the posterior centered on 0 for almost all time
steps. These results are entirely consistent with those of García Bulle et al. (2022), who also found
that allowing fans back into the stadiums did not lead to any excess COVID-19 cases.

In Figure 5, we also visualize the regression function f̂
(s)
i,t (0) over time for both counties i that

allowed fans in Ai = 1 and those that did not Ai = 0. For the former, the function constitutes a
counterfactual trajectory of COVID-19 case counts. For the latter, it constitutes a kind of “placebo”
trajectory, as we expect the function to be close to the factual outcomes. We visualize the posterior
median of f̂

(s)
i,t (0) as a dotted blue line, along with a band denoting the posterior interquartile

range. For reference, we also visualize as dotted green lines the corresponding counterfactual and
placebo trajectories obtained using our implementation of the approach outlined by García Bulle
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et al. (2022); visual inspection shows little difference between these and the ones reported in their
Figure 2, suggesting that our replication is correct. We also provide the factual trajectories in orange.
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Figure 5: Counterfactual (top) and placebo (bottom) trajectories of COVID-19 case counts in
each stadium county after fans were allowed by the NFL back in stadiums. The predictions of
our approach are largely convergent with those of robust synthetic control, but exhibit fewer large
deviations from the factual trajectories.

At a glance, there is fairly high correspondence between the trajectories coming from robust synthetic
control (rSC) approach of García Bulle et al. (2022) and those coming from this paper’s approach,
as one might expect from the overall correspondence in total treatment effects estimated by both.
However there are some noticeable differences between the two. First, by our count, in 13 of the 25
plots, the blue trajectory (this paper) is closer to the orange one (factual) than the green (rSC), while
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the green is closer in only five plots; in the remaining seven, blue and green are virtually the same.
Since the overall evidence is consistent with a null treatment effect, we surmise that counterfactual
trajectories that are closer to the factual ones are likely more accurate, though this is ultimately
un-checkable. For the placebo trajectories though, there are three instances where our approach
predicts very close factual trajectory, while rSC deviates—specifically, NY Giants, NY Jets, and
Las Vegas. In one instance, Chicago, our approach deviates substantially from the factual approach,
while rSC does not. We see Green Bay and Detroit, where both deviate but rSC does much more so.
Finally, we notice there are other instances where the posterior median trajectory deviates, but the
posterior is highly uncertain and its interquartile range covers both the factual and rSC trajectories
(e.g., San Francisco). Altogether, the results suggest that proposed approach is broadly consistent
with rSC, but possibly more stable in its predictions.

5. Semi-synthetic study: How does the change of stadium policies affect COVID
rates?

The previous section’s results suggested that the proposed approach’s counterfactual predictions,
while broadly consistent with rSC, were more stable and less subject to seemingly wild fluctuation.
If true, one possibility as to why would be the difference in the probabilistic assumptions of the
two approaches. The proposed approach relied on a probabilistic factor model which assumes the
data are conditionally Poisson-distributed. This assumption is arguably more appropriate for bursty
COVID case counts than the Gaussian assumption implicitly encoded in the linear factor model on
which rSC relies. Another possibility as to why is the proposed approach being based on Bayesian
inference rather than maximum likelihood like rSC. It is plausible that either the priors serve to
regularize the proposed approach’s predictions, or posterior averaging serves to smooth them.

In this section, we adopt a semi-synthetic study design to study these questions in more detail.
We begin with the real COVID case count data in the previous section. For a randomly-selected
subset of the teams—Baltimore, Philadelphia, Minnesota, and New Orleans—we regenerate their
(counties × time steps) count matrix according to a probabilistic factor model that we fit to the
original matrix Yorig. In so doing, we create a semi-synthetic count matrix Ysynth that is close to
the original, but whose generative process conforms to a factor model, and is furthermore entirely
known to us in all other aspects. For ease of notation, in this section we drop the (synth) notation,
so that Y ≡ Ysynth.

In more detail, we first fit a K-dimensional latent factor model to the entire original matrix:

Û , V̂ ← argmax
U,V

[∏

i

∏

t

Pois
(
Y orig
i,t ; U⊤i Vt

)]
, (46)

which returns two non-negative factor matrices Û ∈ RK×n
+ and V̂ ∈ RK×m

+ . Recall that n is the
number of (both donor and target) counties and m is the number of (both pre- and post-intervention)
time steps. To create the synthetic data, we first generate the entire matrix of untreated potential
outcomes directly from the fitted factor model as

Y (0)

i,t ∼ Pois
(
Û⊤i V̂t

)
for all i, t. (47)

We then generate the treated potential outcomes as

Y (1)

i,t ∼ Pois
(
Û⊤i V̂t · δt

)
for i with Ai = 1 and t > 0, (48)
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where δt represents a multiplicative causal effect, which is a function of t that we set to

δt = [1 + log(t)]
tα

1000 . (49)

This is an increasing function in t which is parameterized by α ∈ R. The case of α = 0 corresponds
to the absence of any causal effect (δt = 1), while positive values of α > 0 correspond to positive
effects (δt > 1) and negative values α < 0 correspond to negative effects (δt < 1). The impact of
different values of α on the trajectories of Y (1)

i,t is visualized below in Figure 6.
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Figure 6: The value of α ∈ R scales rate of growth in trajectories of treated potential outcomes,
with larger values simulating data from more accelerated epidemics.

Although the conclusions of this study do not hinge on the particular form of δt in Equation (49), we
took care to select it so that it produced post-intervention trajectories consistent with the geometric
growth that characterizes epidemics.

For a given α, we thus generate the treated and untreated potential outcomes and then define
the entries of the synthetic data matrix to be Yi,t = Y

Ai·I(t>1)

i,t , where we keep Ai fixed to the true
values.

The benefit of this approach is that we can generate synthetic panel data Y for which we know

1. the true ATT, since we have both sets of potential outcomes, Y (0) and Y (1),

2. that the matrix of untreated potential outcomes Y (0) exactly follows a factor model,

3. the exact form of that factor model—i.e., the rank K, the Poisson likelihood, etc.

With this in place, we can evaluate how well different methods estimate the ATT from Y by
comparing their estimates to the ground truth ATT. Moreover, in terms of the different assumptions
on which competing methods rely (e.g., Poisson versus Gaussian likelihoods), we can study whether
and how much deviations from the known underlying generative process affect performance.
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We compare the three methods mentioned in the previous section—i.e.,

1. robust synthetic control (rSC),

2. the proposed approach using probabilistic PCA as the Bayesian factor model (PPCA),

3. the proposed approach using the Gamma-Poisson factor model (GaP)

The first two methods (rSC and PPCA) assume the data are Gaussian, while the last (GaP) assumes
they are Poisson. Meanwhile, the latter two methods (PPCA and GaP) are based on Bayesian
inference, while the first (rSC) is based on MLE. Systematic differences in performance may stem
from differences in probabilistic assumptions or differences in the class of inference procedures—the
inclusion of PPCA as a baseline method should thus help us distinguish between these, since it
overlaps with rSC on probabilistic assumptions but with GaP on inference class.

All three of these methods ultimately rely on the assumption that the matrix of untreated potential
outcomes follows a factor model. To further study the robustness of these methods to departures
from that assumption, we also modified the generative process to accommodate differing degrees of
factor model mismatch. Specifically, we define the following modification of Equation (47),

Y (0)

i,t ∼ Pois
(
(1− ρ) Û⊤i V̂t + ρei,tY

(0)

i,t−1

)
, (50)

where ρ ∈ [0, 1] defines a mixture between the factor model and an autoregresive model with random
multiplicative innovations ei,t. To pronounce the departure of the autoregressive component from
the factor model, we define the distribution of the random innovations to be periodic,

ei,t ∼ 0.9 + 0.2 Beta
(
1 + 2 I

(
t mod 10 < 5

)
, 1 + 2 I(t mod 10 ≥ 5)

)
, (51)

which leads to complex and unpredictable trajectories, as depicted below in Figure 7.
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Figure 7: The parameter ρ ∈ [0, 1] is the degree of departure from the factor model assumption.
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Finally, in addition to varying true causal effect via α, and the degree of departure from the factor
model via ρ, we also vary the number of pre-intervention time steps ←−m that are available for training.
Since the proposed approach (GAP and PPCA) relies explicitly on the assumption of many negative
control outcomes while rSC does not, it is worth comparing the performance of the two approaches
under different settings of small versus large ←−m.

We randomly generate four synthetic data sets for every combination of the following values: team ∈
{Baltimore,Minnesota,New Orleans,Philadelphia, ρ ∈ {0, 1/2, 1}, α ∈ {1/10, 4}, ←−m ∈ {25, 100}, and
K ∈ {10}. For each combination, we then fit rSC, GAP, and PPCA, using the true K, and otherwise
the same settings as described in the previous section.

Each method produces a counterfactual prediction of Ŷ (0)

i,t for i with Ai = 1 and t > 0. In the case
of GaP and PPCA, which produce a set of posterior samples, we consider the posterior mean.

We evaluate each method’s counterfactual predictions using mean relative error (MRE), which
is defined as follows for a given synthetic data set, a given model’s prediction, and a given post-
intervention time step t:

MREt =
1∑n

i=1 Ai

∑

i:Ai=1

|Y (0)
i,t −Ŷ

(0)
i,t |+ϵ

Y
(0)
i,t +ϵ

Here ϵ > 0 prevents the denominator from being zero in cases of zero-valued counts. In our setting,
where the COVID case counts are safely away from zero, we can use ϵ = 0. Note that in these
synthetic data sets, there is only one unit with Ai = 1, so the mean above contains only a single
element. However, we further average relative error across the four random generations of a given
combination of values, as well as the four NFL teams; each value of MREt, is thus averaged across
16 values of relative error.

Figure 8 gives the results. Each subplot depicts MREt across 30 post-intervention days for each of
the three baselines, along with bands reflecting its 95% confidence interval, for one combination of
experimental settings. The top six subplots all pertain to the large causal effect of α = 4 while the
bottom subplots all pertain to the small causal effect of α = 1/10. Within each of these two clusters,
the first, second, and third rows pertain to ρ = 0 (no model mismatch), ρ = 1/2 (medium mismatch),
and ρ = 1 (high mismatch), respectively. Finally, the first and second columns of the subplots then
pertain to ←−m = 25 and ←−m = 100, respectively.

Several patterns are evident. First, GaP, the only model whose probabilistic assumptions match the
Poisson likelihood of the true generative process, obtains the lowest MREt in virtually all settings.
This is even true as the generative process deviates from the factor model for ρ > 0. Note that even
as we deviate from a factor model, the family of GaP’s likelihood (Poisson) is still correct. Indeed,
as ρ increases, the performance of GaP appears stable, while the error of the Gaussian models seems
to increase.

Second, the error of rSC and PPCA often track each other, suggesting that the (incorrect) Gaussian
assumption they share plays a more important role than the style of inference (Bayesian versus
MLE) on which they differ.

Third, the performance of all three models is closer when there are fewer observed pre-intervention
time steps. When there are more, the performance gap between GaP and the Gaussian models
becomes much more pronounced, suggesting that the combination of observing many negative control
outcomes and having a well-fitting factor model is necessary for good performance, just as the theory
in Section 3 stipulates.
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Finally, the results seem stable across the different causal effect sizes α, which does not appear to
affect performance.

Altogether, these results strongly suggest that by permitting the use of a much broader range of
(possibly non-linear) probabilistic factor models, the proposed approach can strongly outperform
rSC, and do so merely by adopting a factor model which assumes a likelihood appropriate for the
data. The gap in performance seems to persist even under deviations from the assumption of an
underlying factor model, and does not seem attributable solely to the use of Bayesian inference over
MLE.

6. Discussion

In this work, we study how the external data of many negative control outcomes can help control
for unobserved confounding in causal inference. We develop an algorithm that handles unobserved
multi-period confounders with probabilistic factor models. We describe the theoretical assumptions
required for the algorithm. We also show how the proposed algorithm generalizes the synthetic
control method in settings where the number of units and the number of pre-treatment periods
go to infinity simultaneously. This connection justifies the synthetic control method beyond linear
models. We demonstrate in simulated and real case studies that both the proposed algorithm and
the synthetic control method are robust to certain unobserved confounding.

There are many promising venues for future work. The theoretical results around the proposed
algorithm focuses on causal identification with infinite number of control outcomes, i.e. given infinite
sample size n and infinite control outcomes m. What are the finite-sample properties of the proposed
algorithm? How does the algorithm fare in small-sample regimes, e.g. settings where the synthetic
control method is commonly applied? Can we derive partial identification intervals when we have
only a limited number of control outcomes? How can we rigorously quantify the uncertainty of
the algorithm in these contexts? How can we extend the proposed algorithm to handle outcome of
interest that are multi-dimensional or are stochastic processes?
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Figure 8: Mean relative error of the counterfactual trajectories predicted by robust synthetic
control (rSC) and our approach using PPCA and gamma-Poisson (GAP) as the factor model. The
GAP model matches the true data generating process, and the error of its predictions is lowest across
all settings. Meanwhile, PPCA and rSC both make Gaussian assumptions about the data, and their
error tracks across the range of settings.
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Supplementary Material

Appendix A. Discussion

In this work, we study how the external data of many negative control outcomes can help control
for unobserved confounding in causal inference. We develop an algorithm that handles unobserved
multi-period confounders with probabilistic factor models. We describe the theoretical assumptions
required for the algorithm. We also show how the proposed algorithm generalizes the synthetic
control method in settings where the number of units and the number of pre-treatment periods
go to infinity simultaneously. This connection justifies the synthetic control method beyond linear
models. We demonstrate in simulated and real case studies that both the proposed algorithm and
the synthetic control method are robust to certain unobserved confounding.

There are many promising venues for future work. The theoretical results around the proposed
algorithm focuses on causal identification with infinite number of control outcomes, i.e. given infinite
sample size n and infinite control outcomes m. What are the finite-sample properties of the proposed
algorithm? How does the algorithm fare in small-sample regimes, e.g. settings where the synthetic
control method is commonly applied? Can we derive partial identification intervals when we have
only a limited number of control outcomes? How can we rigorously quantify the uncertainty of
the algorithm in these contexts? How can we extend the proposed algorithm to handle outcome of
interest that are multi-dimensional or are stochastic processes?

Appendix B. Proof of Theorem 4

Proof Assumptions 1 to 5 guarantee that the unobserved multi-period confounder Ui and the
covariates Xi satisfy weak unconfoundedness. In addition, the estimated confounding structure Zi is
consistent with Ui and can be determined in theory from the observed data. Further, Assumptions 4
and 5 ensures that overlap holds with Zi, Xi. Hence, we can treat Zi as if it were observed confounders
as Xi and proceed with causal inference:

E [Yi(a)] = EZi,Xi [E [Yi(a) |Zi, Xi]] (52)
= EZi,Xi [E [Yi(a) |Ai = a, Zi, Xi]] (53)
= EZi,Xi [E [Yi |Ai = a, Zi, Xi]] , (54)

where the first equality is due to the tower property, the second equality is due to Assumption 3,
and the third equality is due to SUTVA.

Similarly, we have

E
[
Yi(a) |Ai = a′

]
= EZi,Xi |Ai=a′

[
E
[
Yi(a) |Ai = a′, Zi, Xi

]]
(55)

= EZi,Xi |Ai=a′ [E [Yi(a) |Ai = a, Zi, Xi]] (56)

= EZi,Xi |Ai=a′ [E [Yi |Ai = a, Zi, Xi]] . (57)

Appendix C. Proof of ??

We first prove the first part.
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E
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=
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E
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The first equality is due to the definition of the inverse probability weights. The second equality is
due to the tower property. The third equality is due to fy(Y

(0)

i,t ) ⊥ Ai |Zi, Xi. The fourth equality
is due to canceling out P (Ai = 0 |Zi, Xi). The fifth equality is again due to fy(Y

(0)

i,t ) ⊥ Ai |Zi, Xi.
The sixth equality is due to the tower property.

We can prove the other equalities of the first part with the exact same argument.

We next prove the second part.

First, when m→∞ (due to Assumption 2),

P (Zi |Yi,t, {Y (0)

i,t }t) = δ
f(Yi,{Y

(0)
i,t }t)

= δ
f̃({Y (0)

i,t }t)
, (66)

for some function f̃ . The reason is that when m → ∞, any infinite subset of Yi,t, {Y (0)

i,t }t would
determine Zi (Chen et al., 2017). Hence {Y (0)

i,t }t would be sufficient to determine Zi in thoery, i.e.
Zi ⊥ Yi,t | {Y (0)

i,t }t. Therefore, Equation (66) holds and f̃ must be linear as is f , which implies

E


∑

Ai=0

wIPW
i Zi


 = E


 1∑n

Ai=1 I{Ai = 1}
∑

Ai=1

Zi


 , (67)

given ??.

Next, using the Lagrangian multipliers, one can show the solution to the optimization problem with
constraints ???? and eq. (67) is

wSC
i = exp(α+ θZZi + θX ·Xi)), (68)
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where α = log P (Ai=1)
P (Ai=0) (Cover & Thomas, 2012; Zhao & Percival, 2017). This solution of wSC

i

coincides with wIPW
i when the propensity score model is log-linear in Zi, Xi. Moreover, wSC

i satisfies
?? because Y (0)

i,t is weak unconfounded given Zi, Xi (Assumptions 3 and 4).
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