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Abstract
Wedevelopamodelfor examiningdatathatconsistsof pairwisemeasurements,for example,pres-
enceor absenceof links betweenpairsof objects.Examplesincludeproteininteractionsandgene
regulatorynetworks, collectionsof author-recipientemail, andsocialnetworks. Analyzing such
datawith probabilisticmodelsrequiresspecialassumptions,sincethe usualindependenceor ex-
changeabilityassumptionsno longerhold. We introducea classof latentvariablemodelsfor pair-
wise measurements:mixed membershipstochasticblockmodels.Modelsin this classcombinea
globalmodelof densepatchesof connectivity (blockmodel)anda local modelto instantiatenode-
speci�c variability in theconnections(mixedmembership).Wedevelopageneralvariationalinfer-
encealgorithmfor fastapproximateposteriorinference.We demonstratetheadvantagesof mixed
membershipstochasticblockmodelswith applicationsto socialnetworks andprotein interaction
networks.
Keywords: hierarchicalBayes,latent variables,mean-�eld approximation,statisticalnetwork
analysis,socialnetworks,proteininteractionnetworks

1. Intr oduction

The problemof modelingrelationalinformationamongobjects,suchaspairwiserelationsrepre-
sentedasgraphs,arisesin a numberof settingsin machinelearning.For example,scienti�c litera-
tureconnectspapersby citations,theWebconnectspagesby links, andprotein-proteininteraction
dataconnectsproteinsby physicalinteractionrecords.In thesesettings,weoftenwish to infer hid-
denattributesof theobjectsfrom theobservedmeasurementson pairwiseproperties.For example,
wemightwantto computeaclusteringof theweb-pages,predictthefunctionsof aprotein,or assess
thedegreeof relevanceof ascienti�c abstractto ascholar'squery. Unlike traditionaldatacollected

� . Also in theLewis-SiglerInstitutefor IntegrativeGenomics.
†. Also in theSchoolof ComputerScience.
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from individual objects,relational data violate the classicalindependenceor exchangeabilityas-
sumptionsmadein machinelearningandstatistics.Theobservationsaredependentbecauseof the
way they areconnected.This interdependencesuggeststhata differentsetof assumptionsis more
appropriate.

Thereis ahistoryof researchdevotedto analyzingrelationaldata.Onewell-studiedproblemis
clustering, groupingtheobjectsto uncoverastructurebasedontheobservedpatternsof interactions.
Standardmodel-basedclusteringmethods,for example,mixture models,arenot immediatelyap-
plicableto relationaldatabecausethey assumethattheobjectsareconditionallyindependentgiven
theirclusterassignments.Rather, thelatentstochasticblockmodel(WangandWong,1987;Snijders
andNowicki, 1997)is anadaptationof mixturemodelingto relationaldata.In thatmodel,eachob-
ject belongsto a clusterandthe relationshipsbetweenobjectsaregovernedby the corresponding
pair of clusters.With posteriorinference,oneidenti�es a setof latentroleswhich govern theob-
jectsrelationshipswith eachother. A recentextensionof this modelrelaxed the �nite-cardinality
assumptionon the latentclusterswith a nonparametrichierarchicalBayesianmodelbasedon the
Dirichlet processprior (Kempetal., 2004,2006;Xu etal., 2006).

The latentstochasticblockmodelsuffers from a limitation thateachobjectcanonly belongto
onecluster, or in otherwords,play a single latent role. However, many relationaldatasetsare
multi-facet.For example,whenaproteinor asocialactorinteractswith differentpartners,different
functionalor socialcontextsmayapplyandthustheproteinor theactormaybeactingaccordingto
differentlatentrolesthey canpossibleplay. In this paper, we relaxtheassumptionof single-latent-
role for actors,and develop a mixedmembership modelfor relationaldata. Mixed membership
models,suchaslatentDirichlet allocation(Blei et al., 2003),have re-emergedin recentyearsasa
�e xible modelingtool for datawherethesingleclusterassumptionis violatedby theheterogeneity
within of adatapoint. For almosttwo decades,thesemodelshavebeensuccessfullyappliedin many
domains,suchassurveys (Berkmanet al., 1989;Erosheva, 2002),populationgenetics(Pritchard
et al., 2000),documentanalysis(Minka andLafferty, 2002;Blei et al., 2003;BuntineandJakulin,
2006),imageprocessing(Li andPerona,2005),andtranscriptionalregulation(Airoldi etal.,2007).

Themixedmembershipmodelassociateseachunit of observationwith multiple clustersrather
than a single cluster, via a membershipprobability-like vector. The concurrentmembershipof
a data in different clusterscan captureits different aspects,suchas different underlyingtopics
for wordsconstitutingeachdocument. This is alsoa naturalidea for relationaldata,wherethe
objectscanbearmultiple latent rolesor cluster-membershipsthat in�uence their relationshipsto
others.As we will demonstrate,a mixed membershipapproachto relationaldatalets us describe
theinteractionbetweenobjectsplayingmultipleroles.For example,someof aprotein's interactions
maybegovernedby onefunction;otherinteractionsmaybegovernedby anotherfunction.

Existingmixedmembershipmodelsarenotappropriatefor relationaldatabecausethey assume
thatthedataareconditionallyindependentgiventheir latentmembershipvectors.In relationaldata,
whereeachobjectis describedby its relationshipsto others,we would like to assumethat theen-
sembleof mixedmembershipvectorshelpgoverntherelationshipsof eachobject.Theconditional
independenceassumptionsof modernmixedmembershipmodelsdonotapply.

In this paper, we developmixedmembershipmodelsfor relationaldata.1 Modelsin this family
includeparametersto reducebiasdueto sparsity, andcanbeusedto analyzemultiple collections

1. In previouswork wecombinedmixedmembershipandblockmodelsto performanalysesof asinglecollectionof bi-
nary, pairedmeasurements;namely, hypothesistesting,predictingandde-noisinginteractionswithin anunsupervised
learningsetting(Airoldi et al., 2005).
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Figure1: Two graphicalmodel representationsof the mixed membershipstochasticblockmodel
(MMB). Intuitively, theMMB summarizedthevariability of agraphwith theblockmodel
B andnode-speci�cmixed membershipvectors(left). In detail, a mixed membership,
pn(k), quanti�es the expectedproportionof times noden instantiatesthe connectivity
patternof groupk, accordingto theblockmodel.In any giveninteraction,Y(n;m), how-
ever, noden instantiatestheconnectivity patternof a singlegroup,zn! m(k). (right). We
did not draw all thearrows out of theblock modelB for clarity; all interactionsdepend
on it.

of pairedmeasurements,andcollectionsof non-binaryandmultivariatepairedmeasurements.We
developa fastnestedvariationalinferencealgorithmthatperformswell in therelationalsettingand
is parallelizable.We demonstratetheapplicationof our techniqueto large-scaleproteininteraction
networksandsocialnetworks.Ourmodelcapturesthemultiple rolesthatobjectsexhibit in interac-
tion with others,andtherelationshipsbetweenthoserolesin determiningtheobserved interaction
matrix.

Mixedmembershipandthelatentblockstructurecanberecoveredfrom relationaldata(Section
4.1).Theapplicationto afriendshipnetwork amongstudentsteststhemodelonarealdatasetwhere
a well-de�ned latentblock structureexists (Section4.2). The applicationto a proteininteraction
network teststo whatextentour modelcanreducethedimensionalityof thedata,while revealing
substantive informationaboutthe functionality of proteinsthat canbe usedto inform subsequent
analyses(Section4.3).

2. The Mixed Membership StochasticBlockmodel

In thissection,wedescribethemodelingassumptionsif themixedmembershipmodelof relational
data. We representobserved relationaldataasa graphG = (N ;Y), whereY(p;q) mapspairsof
nodesto values,that is, edgeweights. We considerbinary matrices,whereY(p;q) 2 f 0;1g. The
datacanbethoughtof asadirectedgraph.

As a runningexample,we considerthe monk dataof Sampson(1968). Sampsonmeasureda
collectionof sociometricrelationsamongagroupof monksby repeatedlyaskingquestionssuchas
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“whom do you like?” and“whom do you dislike?” to determineasymmetricsocialrelationships
within the group. The questionnairewasrepeatedat four subsequentepochs.Informationabout
theserepeated,asymmetricrelationswascollapsedinto a squarebinary tablethatencodesthedi-
rectedconnectionsbetweenmonksby Breigeret al. (1975). In analyzingthis data,the goal is to
determinethesocialstructurewithin themonastery.

In thecontext of themonasteryexample,weassumeK factions,thatis, latentgroups,exist in the
monastery, andtheobservednetwork is generatedaccordingto distributionsof group-membership
for eachmonk anda matrix of group-groupinteractionstrength. The per-monk distributionsare
speci�ed by latentsimplicial vectors. Eachmonk is associatedwith a randomlydrawn vector~pi

for monki, wherepi;g denotestheprobabilityof monki belongingto groupg. That is, eachmonk
cansimultaneouslybelongto multiple groupswith differentdegreesof af�liation strength. The
probabilitiesof interactionsbetweendifferent groupsare de�ned by a matrix of Bernoulli rates
B(K� K) , whereB(g;h) representstheprobabilityof having a link betweenamonkfrom groupg and
amonkfrom grouph.

For eachmonk, the indicatorvector~zp! q denotesthe groupmembershipof monk p whenhe
respondstosurvey questionsaboutmonkqand~zp q denotesthegroupmembershipof monkqwhen
herespondsto survey questionsaboutnodep.2 N denotesthenumberof monksin themonastery,
andrecallthatK denotesthenumberof distinctgroupsamonkcanbelongto.

More in general,monkscanberepresentedby nodesin a graph,wheredirected(binary)edges
representpositiveresponsesto survey questionsaboutaspeci�c sociometricrelation.In thisabstract
setting,the mixed membershipstochasticblockmodel(MMB) positsthat a graphG = (N ;Y) is
drawn from thefollowing procedure.

� For eachnodep 2 N :

– Draw aK dimensionalmixedmembershipvector~pp � Dirichlet ( ~a ).

� For eachpairof nodes(p;q) 2 N � N :

– Draw membershipindicatorfor theinitiator,~zp! q � Multinomial (~pp ).

– Draw membershipindicatorfor thereceiver,~zq! p � Multinomial (~pq ).

– Samplethevalueof their interaction,Y(p;q) � Bernoulli (~z >
p! qB~zp q ).

Thisprocessis illustratedasagraphicalmodelin Figure1. Notethatthegroupmembershipof each
nodeis context dependent. That is, eachnodemayassumedifferentmembershipwheninteracting
to or beinginteractedby differentpeers.Statistically, eachnodeis anadmixtureof group-speci�c
interactions.The two setsof latentgroupindicatorsaredenotedby f~zp! q : p;q 2 N g = : Z! and
f~zp q : p;q 2 N g = : Z . Also notethatthepairsof groupmembershipsthatunderlieinteractions
neednot beequal;this fact is usefulfor characterizingasymmetricinteractionnetworks. Equality
maybeenforcedwhenmodelingsymmetricinteractions.

UndertheMMB, thejoint probabilityof thedataY andthelatentvariablesf~p1:N;Z! ;Z g can
bewritten in thefollowing factoredform,

p(Y;~p1:N;Z! ;Z j~a;B)

2. An indicatorvector is usedto denotemembershipin oneof the K groups. Sucha membership-indicatorvector is
speci�edasa K-dimensionalvectorof which only oneelementequalsto one,whoseindex correspondsto thegroup
to beindicated,andall otherelementsequalto zero.
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= Õ
p;q

P(Y(p;q)j~zp! q;~zp q;B)P(~zp! qj~pp)P(~zp qj~pq)Õ
p

P(~ppj~a): (1)

Thismodelgeneralizesto two importantcases.First,multiplenetworksamongthesameactors
canbegeneratedby thesamelatentvectors.Thismaybeuseful,for instance,to analyzemultivariate
sociometricrelations.Second,in theMMB thedatageneratingdistribution is aBernoulli,but B can
beamatrix thatparameterizesany kind of distribution. Thismaybeuseful,for instance,to analyze
collectionsof pairedmeasurements,Y, that take valuesin anarbitrarymetricspace.We elaborate
on this in Section5.

2.1 Modeling Sparsity

Adjacency matricesencodingbinarypairwisemeasurementsareoftensparse,that is, they contain
many zerosor non-interactions.It is usefulto distinguishtwo sourcesof non-interaction:they may
be the resultof the rarity of interactionsin general,or they may be an indicationthat the pair of
relevantblocksrarelyinteract.In applicationsto socialsciences,for instance,nodesmayrepresent
peopleandblocksmayrepresentsocialcommunities.It is reasonableto expectthata largeportion
of thenon-interactionsis dueto limited opportunitiesof contactbetweenpeopleratherthandueto
deliberatechoices,thestructureof whichtheblockmodelis trying to estimate.It is usefulto account
for thesetwo sourcesof sparsityat the modellevel. A goodestimateof the portion of zerosthat
shouldnotbeexplainedby theblockmodelB reducesthebiasof theestimatesof its elements.

Thus,weintroduceasparsityparameterr 2 [0;1] in theMMB to characterizethesourceof non-
interaction. Insteadof samplinga relationY(p:q) directly the Bernoulli with parameterspeci�ed
asabove, we down-weightthe probability of successfulinteractionto (1� r ) �~z >

p! qB~zp q. This
is theresultof assumingthattheprobabilityof a non-interactioncomesfrom a mixture,1� s pq =
(1 � r ) �~z >

p! q(1 � B) ~zp q + r , wherethe weight r capturethe portion zerosthat shouldnot be
explainedby theblockmodelB. A largevalueof r will causethe interactionsin thematrix to be
weightedmorethannon-interactions,in determiningplausiblevaluesfor f ~a;B;~p1:Ng.

Thesparsityparameterr canbeestimated.Its maximumlikelihoodestimateprovidesthebest
data-driven guessaboutthe proportionof zerosthat the blockmodelcanexplain. Introducingr
provides a strategy to rescaleB, by separatingzerosin the adjacency matrix into thosethat are
likely to bedueto theblockmodelandthosethatarenot.

2.2 Summarizing and De-NoisingPairwise Measurements

It isusefultodistinguishtwo typesof dataanalysisthatcanbeperformedwith themixed-membership
blockmodel.First,MMB canbeusedto summarizethedata,Y, in termsof theglobalblockmodel,
B, andthenode-speci�cmixedmemberships,Ps. Second,MMB canbeusedto de-noisethedata,
Y, in termsof theglobalblockmodel,B, andinteraction-speci�csinglememberships,Zs. In both
casesthemodeldependson a smallsetof unknown constantsto beestimated:a, andB. Thelike-
lihood is thesamein bothcases,although,therationalefor includingthesetof latentvariablesZs
differs.Whensummarizingdata,we couldintegrateout theZs analytically;this leadsto numerical
optimizationof a smallersetof variationalparameters,Gs. We chooseto keepthe Zs to simplify
inference.Whende-noising,the Zs areinstrumentalin estimatingposteriorexpectationsof each
interactionsindividually—anetwork analogto theKalmanFilter. Theposteriorexpectationsof an
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interactionis computedasfollows, in thetwo cases,

E [ Y(p;q) = 1 ]� b~pp
0bB b~pq and E [ Y(p;q) = 1 ]� b~f p! q

0bB b~f p q:

2.3 An Illustration: Crisis in a Cloister

To illustratetheMMB, wereturnto ananalysisof themonkdatadescribedabove. Sampson(1968)
surveyed18novicemonksin amonasteryandaskedthemto ranktheothernovicesin termsof four
sociometricrelations: like/dislike, esteem,personalin�uence, and alignmentwith the monastic
credo.WeconsiderBreiger's collationof Sampson's data(Breigeretal., 1975).Theoriginalgraph
of monk-monkinteractionis illustratedin Figure2 (left).

Sampsonspentseveral monthsin a monasteryin New England,wherenovice monkswere
preparingto join amonasticorder. Sampson'soriginalanalysiswasrootedin directanthropological
observations.He suggestedtheexistenceof tight factionsamongthenovices: theloyal opposition
(whosemembersjoinedthemonastery�rst), theyoungturks(whojoinedlateron),theoutcasts(who
werenot acceptedin thetwo mainfactions),andthewaverers(who did not take sides).Theevents
that took placeduring Sampson's stayat the monasterysupportedhis observations—membersof
theyoungturksresignedor wereexpelledover religiousdifferences(JohnandGregory). We shall
referto thelabelsassignedby Sampsonto thenovicesin theanalysisbelow. For moreanalyses,we
referto Fienberg etal. (1985),Davis andCarley (2006)andHandcocketal. (2007).

Using the algorithmspresentedin Section3, we �t the monksto MMB modelsfor different
numbersof groups,providing modelestimatesf â; B̂g andposteriormixedmembershipvectors~pn

for eachmonk. Here,we usethefollowing approximationto BIC to choosethenumberof groups
in theMMB:

BIC = 2� logp(Y) � 2� logp(Yjb~p; bZ; b~a; bB) � j~a;Bj � logjYj;

which selectsthreegroups,wherej~a;Bj is thenumberof hyper-parametersin themodel,andjYj is
thenumberof positiverelationsobserved(Volinsky andRaftery,2000;Handcocketal.,2007).Note
thatthis is thesamenumberof groupsthatSampsonidenti�ed. We illustratethe�t of model�t via
thepredictednetwork in Figure2 (Right). Thethreepanelscontrastthedifferentresolutionof the

Figure2: Original adjacency matrix of whom-do-like sociometricrelations(left), relationspre-
dictedusingapproximateMLEs for~p1:N andB (center),andrelationsde-noisedusingthe
modelincludingZs indicators(right).
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original adjacency matrix of whom-do-like sociometricrelations(left panel)obtainedin different
usesof MMB. If thegoalof theanalysisif to �nd aparsimonioussummaryof thedata,theamount
of relationalinformation that is capturedby in â; B̂, andE[~pjY] leadsto a coarsereconstruction
of theoriginal sociomatrix(centralpanel). If thegoalof theanalysisif to de-noisinga collection
of pairwisemeasurements,the amountof relational information that is revealedby â; B̂;E[~pjY]
andE[Z! ;Z jY] leadsto a �ner reconstructionof theoriginal sociomatrix,Y—relationsin Y are
re-weightedaccordingto how muchthey makesenseto themodel(right panel).

TheMMB providesinterestingdescriptive statisticsabouttheactorsin theobservedgraph.In
Figure3 we illustratethe theposteriormeansof themixedmembershipscores,E[~pjY], for the18
monksin the monastery. Note that the monksclusteraccordingto Sampson's classi�cation,with
YoungTurks,Loyal Opposition,andOutcastsdominatingeachcornerrespectively. We canseethe
centralrole playedby JohnBoscoandGregory, who exhibit relationsin all threegroups,aswell
astheuncertainaf�liations of RamualdandVictor. (Amand's uncertainaf�liation, however, is not
captured.)Theestimatedblockmodelis shown in Figure4.

3. Parameter Estimation and Posterior Infer ence

Two computationalproblemsarecentralto the MMB: posteriorinferenceof the per-nodemixed
membershipvectorsandper-pair roles,andparameterestimationof the Dirichlet parametersand
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Figure3: Posteriormixed membershipvectors,~p1:18, projectedin the simplex. Numberedpoints
canbe mappedto monks' namesusingthe legendon the right. The colorsidentify the
four factionsde�ned by Sampson'santhropologicalobservations.
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Figure4: Estimatedblockmodelin themonkdata,B̂.

Bernoulli ratematrix. We derive empiricalBayesestimatesof theparameters(~a;B), andemploy a
mean-�eldapproximationschemefor posteriorinference.

3.1 Posterior Infer ence

Theposteriorinferenceproblemis to computetheposteriordistributionof thelatentvariablesgiven
a collectionof observations.Thenormalizingconstantof theposteriordistribution is themarginal
probabilityof thedata,which requiresanintegralover thesimplicial vectors~pp,

p(Yj~a;B) =
Z

P
å
Zs

 

Õ
p;q

P(Y(p;q)j~zp! q;~zp q;B)P(~zp! qj~pp)P(~zp qj~pq)Õ
p

P(~ppj~a)

!

d~p;

which is not solvable in closedform (Blei et al., 2003). A numberof approximateinferenceal-
gorithmsfor mixedmembershipmodelshave appearedin recentyears,includingmean-�eld vari-
ationalmethods(Blei et al., 2003;Tehet al., 2007),expectationpropagation(Minka andLafferty,
2002),andMonteCarloMarkov chainsampling(MCMC) (Erosheva andFienberg, 2005;Grif�ths
andSteyvers,2004).

We appealto variationalmethods(Jordanet al., 1999; Wainwright and Jordan,2003). The
mainideabehindvariationalmethodsis to �rst posita distribution of thelatentvariableswith free
parameters,and then �t thoseparameterssuchthat the distribution is closein Kullback-Leibler
divergenceto thetrueposterior. Thevariationaldistribution is simplerthanthetrueposteriorsothat
theoptimizationproblemcanbeapproximatelysolved.Goodreviewsof variationalmethodscanbe
foundin WainwrightandJordan(2003),Xing etal. (2003),Bishopetal. (2003)andAiroldi (2007).

In theMMB, webegin by boundingthelog of themarginalprobabilityof thedatawith Jensen's
inequality,

logp(Y j a;B) � Eq [ logp(Y;~p1:N;Z! ;Z ja;B) ] � Eq [ logq(~p1:N;Z! ;Z ) ] :

We have introduceda distribution of thelatentvariablesq thatdependson a setof freeparameters.
Wespecifyq asthemean-�eldfully-f actorizedfamily,

q(~p1:N;Z! ;Z j~g1:N;F ! ;F  ) = Õ
p

q1(~ppj~gp) Õ
p;q

�
q2(~zp! qj~f p! q) q2(~zp qj~f p q)

�
;
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whereq1 is a Dirichlet, q2 is a multinomial, and f~g1:N;F ! ;F  g are the set of free variational
parameters thatareoptimizedto tightenthebound.

Tighteningtheboundwith respectto thevariationalparametersis equivalentto minimizing the
KL divergencebetweenq andthe true posterior. Whenall the nodesin the graphicalmodelare
conjugatepairsor mixturesof conjugatepairs,wecandirectlywrite down acoordinateascentalgo-
rithm for this optimizationto reacha local maximumof thebound.Theupdatesfor thevariational
multinomialparametersare

f̂ p! q;g µ e Eq[logpp;g] �Õ
h

�
B(g;h)Y(p;q) � ( 1� B(g;h) )1� Y(p;q)

� f p q;h

(2)

f̂ p q;h µ e Eq[logpq;h] �Õ
g

�
B(g;h)Y(p;q) � ( 1� B(g;h) )1� Y(p;q)

� f p! q;g

; (3)

for g;h = 1; : : : ;K. Theupdatefor thevariationalDirichlet parametersgp;k is

ĝp;k = ak + å
q

f p! q;k + å
q

f p q;k; (4)

for all nodesp = 1; : : : ;N andk = 1; : : : ;K. Thecompletecoordinateascentalgorithmis described
in Figure5.

To improve convergence,we employed a nestedvariationalinferenceschemebasedon an al-
ternative scheduleof updatesto thetraditionalordering.In a typical schedulefor coordinateascent
(which we call “na�̈ve variationalinference”),one initializes the variationalDirichlet parameters
~g1:N andthevariationalmultinomialparameters(~f p! q;~f p q) to non-informative values,andthen
iteratesthe following two stepsuntil convergence:(i) update~f p! q andf p q for all edges(p;q),
and(ii) update~gp for all nodesp 2 N . In suchalgorithm,at eachvariationalinferencecycle we
needto allocateNK + 2N2K scalars.

In our experiments,thenä�ve variationalalgorithmoftenconvergedonly aftermany iterations.
We attribute this behavior to the dependencebetween~g1:N and B, which is not satis�ed by the
nä�ve algorithm. Someintuition aboutwhy this may happenfollows. From a purely algorithmic
perspective, the nä�ve variationalEM algorithm instantiatesa large coordinateascentalgorithm,
wheretheparameterscanbedividedinto blocks. Blocksareprocessedin a speci�c order, andthe
parameterswithin eachblockgetall updatedeachtime.3 At everynew iterationthenä�vealgorithm
setsall theelementsof~gt+ 1

1:N equalto thesameconstant.This dampensthe likelihoodby suddenly

breakingthe dependencebetweenthe estimatesof parametersin b~g
t
1:N and in B̂t that was being

inferredfrom thedataduringthepreviousiteration.
Instead,the nestedvariationalinferencealgorithmmaintainssomeof this dependencethat is

beinginferredfrom thedataacrossthevariousiterations.Thisis achievedmainlythroughadifferent
schedulingof the parameterupdatesin the variousblocks. To a minor extent, the dependence
is maintainedby alwayskeepingthe block of free parameters,(~f p! q;~f p q), optimizedgiven the
othervariationalparameters.Note that theseparametersareinvolved in theupdatesof parameters
in~g1:N andin B, thusproviding uswith achannelto maintainsomeof thedependenceamongthem,
thatis, by keepingthemat theiroptimalvaluegiventhedata.

Furthermore,thenestedalgorithmhastheadvantagethat it tradestime for spacethusallowing
us to dealwith large graphs;at eachvariationalcycle we needto allocateNK + 2K scalarsonly.

3. Within ablock, theorderaccordingto which (scalar)parametersgetupdatedis notexpectedto affect convergence.
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1. initialize~g0
pk = 2N

K for all p;k
2. repeat
3. for p = 1 to N
4. for q = 1 to N
5. getvariational ~f t+ 1

p! q and~f t+ 1
p q = f ( Y(p;q);~gt

p;~gt
q;Bt )

6. partiallyupdate ~gt+ 1
p , ~gt+ 1

q andBt+ 1

7. until convergence

5.1. initialize f 0
p! q;g = f 0

p q;h = 1
K for all g;h

5.2. repeat
5.3. for g = 1 to K
5.4. updatef s+ 1

p! q µ f1 (~f s
p q;~gp;B )

5.5. normalize~f s+ 1
p! q to sumto 1

5.6. for h = 1 to K
5.7. updatef s+ 1

p q µ f2 (~f s
p! q;~gq;B )

5.8. normalize~f s+ 1
p q to sumto 1

5.9. until convergence

Figure5: Top: The two-layeredvariationalinferencefor (~g; f p! q;g; f p q;h) andM = 1. The in-
ner algorithmconsistsof Step5. The function f is describedin detailsin the bottom
panel. Thepartial updatesin Step6 for~g andB refer to Equation4 of SectionB.4 and
Equation5 of SectionB.5, respectively. Bottom: Inferencefor thevariationalparame-
ters(~f p! q;~f p q) correspondingto thebasicobservationY(p;q). This nestedalgorithm
detailsStep5 in the top panel. The functions f1 and f2 arethe updatesfor f p! q;g and
f p q;h describedin Equations2 and3 of SectionB.4.

Theincreasedrunningtime is partially offsetby thefact that thealgorithmcanbeparallelizedand
leadsto empiricallyobservedfasterconvergencerates.

An alternative strategy to performinferenceis given by Monte Carlo Markov chain(e.g.,see
Grif�ths and Steyvers, 2004; Kemp et al., 2004). While powerful in somesettings,MCMC is
impracticalhere. Thereare too many variablesto sample. The proposednestedvariationalEM
algorithmoutperformsMCMC variations(i.e., blockedandcollapsedGibbssamplers)in termsof
memoryrequirementsandconvergencerates.
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3.2 Parameter Estimation

WecomputetheempiricalBayesestimatesof themodelhyper-parametersf ~a;Bg with avariational
expectation-maximization(EM) algorithm.Alternativesto empiricalBayeshave beenproposedto
�x the hyper-parametersand reducethe computation. The results,however, arenot alwayssat-
isfactory and often times causeof concern,sincethe inferenceis sensitive to the choiceof the
hyper-parameters(Joutardet al., 2007). Empirical Bayes,on the otherhand,guidesthe posterior
inferencetowardsa regionof thehyper-parameterspacethatis supportedby thedata.

VariationalEM usesthelowerboundin Equation?? asa surrogatefor thelikelihood.To �nd a
localoptimumof thebound,we iteratebetween�tting thevariationaldistributionq to approximate
the posteriorandmaximizingthe correspondingboundwith respectto the parameters.The latter
M-step is equivalent to �nding the MLE usingexpectedsuf�cient statisticsunderthe variational
distribution. Weconsiderthemaximizationstepfor eachparameterin turn.

A closedform solutionfor the approximatemaximumlikelihoodestimateof ~a doesnot exist
(Minka, 2003).Weusea linear-timeNewton-Raphsonmethod,wherethegradientandHessianare

¶L~a

¶ak
= N

�
y ( å

k
ak ) � y (ak)

�
+ å

p

�
y (gp;k) � y ( å

k
gp;k )

�
;

¶L~a

¶ak1ak2

= N
�

I (k1= k2) � y 0(ak1) � y 0( å
k

ak )
�

:

TheapproximateMLE of B is

B̂(g;h) =
å p;qY(p;q) � f p! qgf p qh

(1� r ) � å p;q f p! qgf p qh
;

for every index pair (g;h) 2 [1;K] � [1;K]. Finally, theapproximateMLE of thesparsityparameter
r is

r̂ =
å p;q ( 1� Y(p;q) ) � ( å g;h f p! qgf p qh )

å p;qå g;h f p! qgf p qh
:

Alternatively, wecan�x r prior to theanalysis;thedensityof theinteractionmatrix is estimated
with d̂ = å p;qY(p;q)=N2, andthe sparsityparameteris set to r̃ = (1 � d̂). This latter estimator
attributesall theinformationin thenon-interactionsto thepointmass,thatis, to latentsourcesother
thanthe block modelB or the mixed membershipvectors~p1:N. It doeshowever provide a quick
recipeto reducethecomputationalburdenduringexploratoryanalyses.4

Severalmodelselectionstrategiesareavailablefor complex hierarchicalmodels(Joutardet al.,
2007). In our setting,modelselectiontranslatesinto thedeterminationof a plausiblevalueof the
numberof groupsK. In thevariousanalysespresented,weselectedtheoptimalvalueof K according
to two strategies.On largenetworks,weselectedK correspondingto thehighestaveragedheld-out
likelihoodin a cross-validationexperiment.On smallnetworks—wherecross-validationcannotbe
expectedto work well, aswediscussin Section5—weselectedK usinganapproximationto BIC.

4. Notethat r̃ = r̂ in thecaseof singlemembership.In fact,that impliesf m
p! qg = f m

p qh = 1 for some(g;h) pair, for
any (p;q) pair.
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4. Experimentsand Results

Wepresentastudyof simulateddataandapplicationsto socialandproteininteractionnetworks.
Simulationsareperformedin Section4.1 to show that both mixed membership,~p1:N, andthe

latentblockstructure,B, canberecoveredfrom data,whenthey exist, andthatthenestedvariational
inferencealgorithmis fasterthan the nä�ve implementationwhile reachingthe samepeakin the
likelihood—allotherthingsbeingequal.

Theapplicationto a friendshipnetwork amongstudentsin Section4.2teststhemodelona real
datasetwherewe expecta well-de�ned latentblock structureto inform theobservedconnectivity
patternsin the network. In this application,the blocksare interpretablein termsof grades.We
compareourresultswith thosethatwererecentlyobtainedwith asimplemixtureof blocks(Doreian
etal., 2007)andwith a latentspacemodel(Handcocketal., 2007)on thesamedata.

Theapplicationto aproteininteractionnetwork in Section4.3teststhemodelona realdataset
wherewe expecta noisy, vaguelatentblock structureto inform theobservedconnectivity patterns
in thenetwork to somedegree.In this application,theblocksareinterpretablein termsfunctional
biologicalcontexts. This applicationteststo whatextentour modelcanreducethedimensionality
of thedata,while revealingsubstantive informationaboutthe functionalityof proteinsthatcanbe
usedto inform subsequentanalyses.

4.1 Exploring ExpectedModel Behavior with Simulations

In developingtheMMB andthecorrespondingcomputation,our hopeis thethemodelcanrecover
both the mixed membershipof nodesto clustersandthe latentblock structureamongclustersin
situationswherea block structureexists andthe relationsaremeasuredwith someerror. To sub-
stantiatethis claim, we sampledgraphsof 100;300; and600 nodesfrom blockmodelswith 4;10;
and20 clusters,respectively, usingtheMMB. We useddifferentvaluesof a to simulatea rangeof
settingsin termsof membershipof nodesto clusters—fromunique(a = 0:05) to mixed(a = 0:25).

Recovering the truth. ThevariationalEM algorithmsuccessfullyrecoversboththe latentblock
modelB andthelatentmixedmembershipvectors~p1:N. In Figure6 we show theadjacency matri-
cesof binary interactionswhererows, that is, nodes,arereorderedaccordingto their most likely
membership.Theestimatedreorderingrevealstheblockmodelthatwasoriginally usedto simulate
theinteractions.As a increases,eachnodeis likely to belongto moreclusters.As a consequence,
they expressinteractionpatternsof clusters.This phenomenonre�ects in thereorderedinteraction
matricesastheblockstructureis lessevident.

Nestedvariational inference. Thenestedvariationalalgorithmdrivesthelog-likelihoodto con-
verge fasterto its peakthanthenä�ve algorithm. In Figure7 (left panel)we comparethe running
timesof the nestedvariational-EMalgorithmversusthe nä�ve implementation.The nestedalgo-
rithm, which is moreef�cient in termsof space,convergedfaster. Furthermore,the nestedvaria-
tionalalgorithmcanbeparallelizedgiventhattheupdatesfor eachinteraction(i; j) areindependent
of oneanother.

Choosing the number of blocks. The right panelof Figure7 shows an examplewherecross-
validationis suf�cient to performmodelselectionfor theMMB. Theexampleshown corresponds
to a network among300 nodeswith K = 10 clusters. We measurethe numberof latentclusters
on the X axis andthe averageheld-outlog-likelihood,correspondingto � ve-fold cross-validation
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experiments,on theY axis. ThenestedvariationalEM algorithmwasxrun until convergence,for
eachvalueof K we tested,with a toleranceof e= 10� 5. Our estimatefor K occursat thepeakin
theaverageheld-outlog-likelihood,andequalsthecorrectnumberof clusters,K � = 10

4.2 Application to SocialNetwork Analysis

We considereda friendshipnetwork amonga groupof 69 studentsin grades7–12. The analysis
heredirectlycomparesclusteringresultsobtainedby MMB to publishedclusteringresultsobtained
by competingmodels,in a settingwherea fair amountof socialsegregation is expected(Doreian
etal., 2007;Handcocketal., 2007).

The NationalLongitudinalStudyof AdolescentHealth is nationallyrepresentative studythat
exploresthehow socialcontextssuchasfamilies,friends,peers,schools,neighborhoods,andcom-

Figure6: Adjacency matricesof correspondingto simulatedinteractiongraphswith 100nodesand
4 clusters,300 nodesand 10 clusters,600 nodesand 20 clusters(top to bottom) and
a equal to 0:05;0:1 and 0:25 (left to right). Rows, which correspondsto nodes,are
reorderedaccordingto theirmostlikelymembership.Theestimatedreorderingaccurately
revealstheoriginalblockmodel.

1835



A IROLDI , BLEI , FIENBERG AND X ING

munitiesin�uence healthandrisk behaviorsof adolescents,andtheiroutcomesin youngadulthood
(Harriset al., 2003;Udry, 2003).As partof thesurvey, a questionnairewasadministeredto a sam-
ple of studentsin eachschool,who wereallowed to nominateup to 10 friends. We analyzeda
friendshipnetwork amongthestudents,at thesameschoolthatwasconsideredby Handcocket al.
(2007)anddiscussants.Friendshipnominationswerecollectedamong71studentsin grades7 to 12;
two studentsdid not nominateany friends.Thenetwork of binary, asymmetricfriendshiprelations
amongtheremaining69studentsthatconstitutesourdatais shown in Figure9 (left).

Giventhesizeof thenetwork weusedBIC to performmodelselection,asin themonksexample
of Section2.3. The resultssuggesta modelwith K � = 6 groups. (We �x K � = 6 in the analyses
thatfollow.) Thehyper-parametersestimatedwith thenestedvariationalEM. They areâ = 0:0487,
r̂ = 0:936,anda fairly diagonalblockmodel,

B̂ =

2

6
6
6
6
6
6
4

0:3235 0:0 0:0 0:0 0:0 0:0
0:0 0:3614 0:0002 0:0 0:0 0:0
0:0 0:0 0:2607 0:0 0:0 0:0002
0:0 0:0 0:0 0:3751 0:0009 0:0
0:0 0:0 0:0 0:0002 0:3795 0:0
0:0 0:0 0:0 0:0 0:0 0:3719

3

7
7
7
7
7
7
5

:

Figure8 shows the expectedposteriormixed membershipscoresfor the 69 studentsin the sam-
ple; few studentsdisplaymixed membership.The rarity of mixed membershipin this context is
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Figure7: Left: The runningtime of the nä�ve variationalinference(dashed,red line) againstthe
runningtime of ourenhanced(nested)variationalinferencealgorithm(solid,blackline),
on a graphwith 100 nodesand4 clusters. We measurethe numberof secondson the
X axis andthe log-likelihoodon theY axis. The two curvesareaveragesover 26 ex-
periments,andthe error barsareat threestandarddeviations. Eachof the 26 pairsof
experimentswasinitializedwith thesamevaluesfor theparameters.Right: Theheld-out
log-likelihoodis indicative of the truenumberof latentclusters,on simulateddata. We
measurethenumberof latentclusterson theX axis andthe log-likelihoodon a testset
on theY axis. In theexampleshown, thepeakidenti�es thecorrectnumberof clusters,
K � = 10
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Figure8: Theposteriormixedmembershipscores,~p, for the69students.Eachpanelcorrespondto
a student;we ordertheclusters1 to 6 on theX axis,andwe measurethestudent's grade
of membershipto theseclusterson theY axis.

expected,while mixed membershipmay signalunexpectedsocialsituationsfor further investiga-
tion. For instance,it maysignala family bondsuchasbrotherhood,or a studentthat is repeating
a gradeandis thuspartof a broadersocialclique. In Figure9, we contrastthe friendshiprelation
data(left) to theestimatesobtainedby thresholdingtheestimatedprobabilitiesof a relation,using
the blockmodelandthe node-speci�clatentvariables(center)andthe interactions-speci�clatent
variables(right). Themodelprovidesagoodsummaryof thesocialstructurein theschool;students
tendto befriendotherstudentsin thesamegrade,with a few exceptions.Thelow degreeof mixed
membershipexplainstheabsenceof obviousdifferencesbetweenthemodel-basedreconstructions
of thefriendshiprelationswith thetwo modelvariants(centerandright).

Next, we attempteda quantitative evaluationof the goodnessof �t. In this data,the blocks
areclearly interpretablea-posterioriin termsof grades.Themixedmembershipvectorsprovide a
mappingbetweengradesandblocks. Conditionallyon sucha mapping,we assignstudentsto the
gradethey aremostassociatedwith, accordingto their posterior-meanmixedmembershipvectors,
E[~pnjY]. To be fair in the comparisonwith competingmodels,we assignstudentsto a unique
grade—despiteMMB allows for mixed membership. Table 1 computesthe correspondenceof
gradesto blocks by quoting the numberof studentsin eachgrade-blockpair, for MMB versus
themixtureblockmodel(MB) in Doreianet al. (2007),andthelatentspaceclustermodel(LSCM)
in Handcocket al. (2007). Thehigherthesumof countson diagonalelementsis thebetteris the
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Figure9: Original matrix of friensdhip relations among 69 studentsin grades7 to 12 (left),
and friendshipestimatedrelationsobtainedby thresholdingthe posteriorexpectations
~pp

0B~pqjY (center),and~f p
0B~f qjY (right).

MMB Clusters MSB Clusters LSCM Clusters
Grade 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

7 13 1 0 0 0 0 13 1 0 0 0 0 13 1 0 0 0 0
8 0 9 2 0 0 1 0 10 2 0 0 0 0 11 1 0 0 0
9 0 0 16 0 0 0 0 0 10 0 0 6 0 0 7 6 3 0

10 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 0 3 7
11 0 0 1 0 11 1 0 0 1 0 11 1 0 0 0 0 3 10
12 0 0 0 0 0 4 0 0 0 0 0 4 0 0 0 0 0 4

Table1: Gradelevelsversus(highest)expectedposteriormembershipfor the69 students,accord-
ing to threealternativemodels.MMB is theproposedmixedmembershipstochasticblock-
model,MSB is asimplerstochasticblockmixturemodel(Doreianetal.,2007),andLSCM
is thelatentspaceclustermodel(Handcocketal., 2007).

correspondence,while thehigherthesumof countsoff diagonalelementsis theworseis thecor-
respondence.MMB performsbestby allocating63 studentsto their grades,versus57 of MB, and
37 of LSCM. Correspondenceonly partially capturesgoodnessof �t, however, it is a goodmetric
in thesettingwe consider, wherea fair amountof clusteringis present.Theresultssuggestthatthe
extra-�exibility MMB offersoverMB andLSCM reducesbiasin thepredictionof themembership
of studentsto blocks. In otherwords,mixed membershipdoesnot absorbnoisein this example;
ratherit accommodatesvariability in thefriendshiprelationthatis instrumentalin producingbetter
predictions.

Concludingthis example,we notehow the modeldecouplesthe observed friendshippatterns
into two complementarysourcesof variability. On the onehand,the connectivity matrix B is a
global,unconstrainedsetof hyper-parameters.On theotherhand,themixedmembershipvectors
~p1:N provide a collectionof node-speci�clatentvectors,which inform thedirectedconnectionsin
thegraphin asymmetricfashion.
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4.3 Application to Protein Interactions in SaccharomycesCerevisiae

We consideredphysical interactionsamong871proteinsin yeast.Theanalysisallows usto evalu-
atetheutility of MMB in summarizingandde-noisingcomplex connectivity patternsquantitatively,
usingan independentsetof functionalannotations.For instance,betweentwo modelsthat sug-
gestdifferentsetsof interactionsasreliable,we preferthemodelthat revealsfunctionallyrelevant
interactions—asmeasuredusingtheannotations.

Proteininteractions(PPI)form thephysicalbasisfor theformationof stableproteincomplexes
(i.e.,proteinclusters)andsignalingpathways(i.e.,cascadesof proteininteractionevents)thatcarry
out all major biological processesin the cell. A numberof high-throughputexperimentaltech-
nologieshave beendevisedto determinethe setof interactingproteinson a global scalein yeast.
Theseincludetwo-hybrid (Y2H) screensandmassspectrometrymethods(Gavin et al., 2002;Ho
et al., 2002;Krogan et al., 2006). High-throughputtechnologies,however, often missto identify
interactionsthatarenot presentunderthegivenconditions.Speci�c wet-labmethodsemployedby
a certaintechnology, suchastagging,maydisturbthe formationof a stableproteincomplex, and
weaklyassociatedcomponentsmaydissociateandescapedetection.Statisticalmodelsthatencode
informationaboutfunctionalprocesseswith high precisionarean essentialtool for carryingout
probabilisticde-noisingof biologicalsignalsfrom high-throughputexperiments.

The goal of the analysisof protein interactionswith MMB is to reveal the proteins' diverse
functionalrolesby analyzingtheir localandglobalpatternsof interaction.Thebiochemicalcompo-
sitionof individualproteinsmakethemsuitablefor carryingoutaspeci�c setof cellularoperations,
or functions. The main intuition behindour methodologyis that pairsof proteininteractbecause
they participatein the samecellular process,aspart of the samestableproteincomplex, that is,
co-location,or becausethey arepartof interactingproteincomplexes,asthey carryout compatible
cellularoperations(Albertsetal.,2002).Below, wedescribetheMIPSproteininteractionsdataand
thepossibleinterpretationsof theblocksin MMB in termsof biological functions,andwe report
resultsof two experiments.

4.3.1 PROTEIN INTERACTION DATA AND FUNCTIONAL ANNOTATION DATA

The Munich Institute for ProteinSequencing(MIPS) databasewascreatedin 1998basedon ev-
idencederived from a variety of experimentaltechniques(Mewes et al., 2004). It includesa
hand-curatedcollectionof proteininteractionsthatdoesnot includeinteractionsobtainedwith high-
throughputtechnologies.Thecollectioncoversabout8000proteincomplex associationsin yeast.
We analyzeda subsetof this collectioncontaining871 proteins,the interactionsamongstwhich
werehand-curated.

TheMIPS institutealsoprovidesa setof functionalannotationsfor eachprotein. Theseanno-
tationsareorganizedin a tree,with 15 nodes(i.e., high-level functions)at the �rst level, 72 nodes
(i.e., themid-level functions)at thesecondlevel, and255nodes(i.e., thelow-level functions)at the
theleaf level. Wemappedthe871proteinsin ourcollectionsto thehigh-level functionsof theMIPS
annotationtree.Table2 quotesthenumberof proteinsannotatedto eachof these15functions.Most
proteinsparticipatein morethanonefunctionalcategory, with anaverageof � 2:4 functionalanno-
tationsfor eachprotein..Therelative importanceof functionalcategoriesin ourcollection,in terms
of the numberof proteinsinvolved, is similar to the relative importanceof functionalcategories
over theentireMIPScollection.Wecanalsorepresenteachproteinin termsof its MIPS functional
annotations.This leadsto a 15-dimensional,binary representationfor eachprotein,~bp, wherea
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component~bp(k) = 1 indicatesthat protein p is annotatedwith function k in Table2. Figure10
shows thebinaryrepresentations,~b1:871, of theproteinsin our collections;eachpanelcorresponds
to a protein;the15 functionalcategoriesareorderedasin Table2 on theX axis,whereasthepres-
enceor absenceof thecorrespondingfunctionalannotationis displayedon theY axis. In Section
4.3.2,we �t a mixedmembershipblockmodelwith K = 15, andwe explore thedirect correspon-
dencebetweenprotein-speci�cmixedmembershipsto blocks,~p1:871, andMIPS-derivedfunctional
annotations,~b1:871.

An alternative sourceof functionalannotationsis the geneontology(GO), distributedaspart
of the Saccharomycesgenomedatabase(Ashburneret al., 2000). GO providesvocabulariesfor
describingthemolecularfunction,biologicalprocess,andcellularcomponentof geneproducts—
suchas proteins. Termsare organizedin a directedacyclic graph. Termsat the top represent
broader, more generalconcepts,termslower down representmore speci�c concepts. Thereare
two different relationshiptypesbetween(parent-child)terms: “is a” and“part of”. Proteinsare
annotatedto terms,and, most importantly, a protein is typically annotatedto multiple terms,in
differentportionsof the GO annotationgraph. We restrictour evaluationsto a collectionof GO
termsthat is speci�c enoughfor a co-annotation(i.e., two proteinsannotatedto thesameterm) to
be functionally relevant to molecularbiologists(Myers et al., 2006). In Section4.3.3,we select
themixedmembershipblockmodelbestfor predictingout-of-sampleinteractions,correspondingto
K � = 50,andweexploreits goodness-of-�tindirectly—ratherthanattemptingadirectinterpretation
of themodel's parameters—,in termsof thenumberof predictedinteractionsthatarefunctionally
relevantaccordingto GOfunctionalannotations.

4.3.2 DIRECT EVALUATION: THE MODEL CAPTURES SUBSTANTIVE BIOLOGY

In the �rst experiment,we �t a modelwith K = 15 blocks,andwe attempta direct interpretation
of the blocks in termsof the 15 high-level functional categoriesin the MIPS annotationtree—
separatefrom theMIPS proteininteractiondata,andindependentlyconceived. We discussresults
thatportraytherelevanceof mixedmembership,theresolutionof the identi�cation of blockswith
functionalcategories,andselectedpredictions.

# Category Count # Category Count
1 Metabolism 125 9 Interactionw/ cell. environment 18
2 Energy 56 10 Cellularregulation 37
3 Cell cycle& DNA processing 162 11 Cellularother 78
4 Transcription(tRNA) 258 12 Controlof cell organization 36
5 Proteinsynthesis 220 13 Sub-cellularactivities 789
6 Proteinfate 170 14 Proteinregulators 1
7 Cellulartransportation 122 15 Transportfacilitation 41
8 Cell rescue,defence& virulence 6

Table2: The 15 high-level functionalcategoriesobtainedby cutting the MIPS annotationtreeat
the�rst level andhow many proteins(outof 871)participatein each.
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Wewanttocomputethecorrespondencebetweenprotein-speci�cmixedmembershipstoblocks,
~p1:871, andMIPS-derived functionalannotations,~b1:871. The K = 15 blocksin the blockmodelB
arenot directly identi�able in termsof functionalcategories. In otherwords,we needto estimate
a permutationof the componentsof ~pn in orderto be ableto interpretE[pn(k)jY] asthe expected
degreeof membershipof proteinn in functionk of Table2—ratherthansimply theexpecteddegree
of membershipof proteinn in block k, out of 15. To estimatethepermutationthatbestidenti�es
blocks to functions,we proceededas follows. We sampled87 proteinsand their corresponding
MIPS annotations,~b1:87. We predictedmembershipof the87 proteinsby thresholdingtheir mixed
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Figure10: By mappingindividual proteinsto the15 generalfunctionsin Table2, we obtaina 15-
dimensionalrepresentationfor eachprotein.Here,eachpanelcorrespondsto a protein;
the15functionalcategoriesaredisplayedontheX axis,whereasthepresenceor absence
of thecorrespondingfunctionalannotationis displayedon theY axis. Theplotsat the
bottomzoominto threeexamplepanels(proteins).
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Figure11: Themappingof blocksto functionsis estimatedby maximizingtheaccuracy of thepre-
dictedannotationsof 87proteins.Weplotmarginalfrequenciesof proteins'membership
to truefunctions(left) andto predictedfunctions(right).

membershiprepresentations,

b̂n(k) =
�

1 if pn(k) > t
0 otherwise;

wheret is the95thpercentileof theensembleof elementsof~p1:87, correspondingto the87proteins
in the training set. We thengreedily identi�ed the mappingthat maximizingthe accuracy of the
predictedannotationsof 87 proteins. We usedthis mappingto comparepredictedversusknown
functionalannotationsfor all proteins;in Figure11weplot marginal frequenciesof proteins'mem-
bershipto true functions(left panel)andto predictedfunctions(right panel).Theaccuracy on the
90%testingsetis about87%. An algorithmthat randomlyguessesannotations,knowing theright
proportionsof annotationsin eachcategory, leadsto a baselineaccuracy of about70%. Figure12
shows predictedmixed memberships(dashed,red lines) versusthe true annotations(solid, black
lines),giventheestimatedmappingof blocksto functions,for six exampleproteins.

4.3.3 INDIRECT EVALUATION: FUNCTIONAL CONTENT OF PREDICTED INTERACTIONS

In thesecondexperiment,we selectedthemixedmembershipblockmodelbestfor predictingout-
of-sampleinteractions,andwe explored its goodness-of-�tindirectly, in termsof the numberof
predictedinteractionsthat arefunctionally relevant accordingto GO presentin estimatedprotein
interactionnetworks obtainedwith the two typesof analysesthat MMB supports;summarization
andde-noising.

We �t modelswith K rangingbetween2 and255. We selectedthebestmodel(K = 50) using
cross-validatedheld-outlog likelihood,as in Figure7. This �nding supportsthe hypothesisthat
proteinsderived from theMIPS dataareinterpretablein termsfunctionalbiologicalcontexts. Al-
ternatively, theblocksmight encodesignalat a �ner resolution,suchasthatof proteincomplexes.
If that wasthe case,however, we would expect the optimal numberof blocksto be signi�cantly
higher;871=5 � 175,givenanaveragesizeof � veproteinsin acomplex (Kroganetal., 2006).
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Usingthis model,we computedposteriormodel-basedexpectationsof eachinteractionasfol-
lows,

E [ Y(p;q) ]� b~pp
0bB b~pq and E [ Y(p;q) ]� b~f p! q

0bB b~f p q:

Thesecomputationsleadto two estimatedproteininteractionnetworkswith expectedprobabilities
of interactionstaking valuesin [0;1]. We obtainedbinary proteininteractionnetworks by thresh-
olding theseexpectedprobabilitiesat tendifferentvalues. In termsof the two analysesdescribed
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Figure12: Predictedmixed-memberships(dashed,redlines)versusbinarymanuallycuratedfunc-
tionalannotations(solid,blacklines)for six exampleproteins,giventheestimatedmap-
pingof blocksto functionsin Figure11.
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MMB (K=50; MIPS de-noised with Zs & B)
MMB (K=50; MIPS summarized with s & B)
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Figure13: In the top panelwe measurethe functionalcontentof the the MIPS collectionof pro-
teininteractions(yellow diamond),andcompareit againstotherpublishedcollectionsof
interactionsandmicroarraydata,andto theposteriorestimatesof theMMB models—
computedasdescribedin Section4.3.3. A breakdown of threeestimatedinteraction
networks (the pointsannotated1, 2, and3) into mostrepresentedgeneontologycate-
goriesis detailedin Table3.

in Section2.2,thisamountto either(i)predictingphysicalinteractionsby thresholdingtheposterior
expectationscomputedusingblockmodelB andmixed membershipmap~ps, essentiallya predic-
tion task,or (ii) we de-noisethe observed interactionsY usingthe blockmodelB andinteraction-
speci�c membershipindicatorsZs, essentiallya de-noisingtask. We usethe independentsetof
functionalannotationsfrom thegeneontologyto decidewhich interactionsarefunctionallymean-
ingful; namelythosebetweenpairsof proteinsthatshareat leastonefunctionalannotation(Myers
etal.,2006).In thissense,betweentwo modelsthatsuggestdifferentsetsof interactionsasreliable,
our evaluationassignsa higherscoreto the model that revealsfunctionally relevant interactions.
Figure 13 shows the functional contentof the original MIPS collection of physical interactions
(point no.2), andof the collectionsof interactionscomputedusing (B;Ps), the light blue (�� )
line, andusing(B;Zs), thedarkblue(� +) line, thresholdedat tendifferentlevels—precision-recall
curves.Theposteriormeansof Ps provide a parsimoniousrepresentationfor theMIPS collection,
andleadto preciseinteractionestimates,in moderateamount(�� line). Theposteriormeansof Zs
providearicherrepresentationfor thedata,anddescribemostof thefunctionalcontentof theMIPS
collectionwith highprecision(� + line). Figure13alsoshowsthefunctionalcontentof theoriginal
MIPS collection(theyellow diamond).Most importantly, noticetheestimatedproteininteraction
networks, that is, ex-esandcrosses,correspondingto lower levelsof recall featurea moreprecise
functionalcontentthantheoriginal. Thismeansthattheproposedlatentblockstructureis helpful in
summarizingthecollectionof interactions—byrankingthemproperly. Oncloserinspection,dense
blocksof predictedinteractionscontainknown functionalpredictionsthat werenot in the MIPS
collection,thuseffectively improving thequality of thedatathat instantiateactivity speci�c to few
biologicalcontexts,suchasbiopolymercatabolismandhomeostasis.In conclusion,resultssuggest
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# GOTerm Description Pred. Tot.
1 GO:0043285 Biopolymercatabolism 561 17020
1 GO:0006366 Transcriptionfrom RNA polymeraseII promoter 341 36046
1 GO:0006412 Proteinbiosynthesis 281 299925
1 GO:0006260 DNA replication 196 5253
1 GO:0006461 Proteincomplex assembly 191 11175
1 GO:0016568 Chromatinmodi�cation 172 15400
1 GO:0006473 Proteinaminoacidacetylation 91 666
1 GO:0006360 Transcriptionfrom RNA polymeraseI promoter 78 378
1 GO:0042592 Homeostasis 78 5778
2 GO:0043285 Biopolymercatabolism 631 17020
2 GO:0006366 Transcriptionfrom RNA polymeraseII promoter 414 36046
2 GO:0016568 Chromatinmodi�cation 229 15400
2 GO:0006260 DNA replication 226 5253
2 GO:0006412 Proteinbiosynthesis 225 299925
2 GO:0045045 Secretorypathway 151 18915
2 GO:0006793 Phosphorusmetabolism 134 17391
2 GO:0048193 Golgi vesicletransport 128 9180
2 GO:0006352 Transcriptioninitiation 121 1540
3 GO:0006412 Proteinbiosynthesis 277 299925
3 GO:0006461 Proteincomplex assembly 190 11175
3 GO:0009889 Regulationof biosynthesis 28 990
3 GO:0051246 Regulationof proteinmetabolism 28 903
3 GO:0007046 Ribosomebiogenesis 10 21528
3 GO:0006512 Ubiquitin cycle 3 2211

Table3: Breakdown of threeexampleinteractionnetworks into most representedgeneontology
categories—seetext for moredetails.Thedigit in the �rst columnindicatestheexample
network in Figure13 thatany givenline refersto. Thelasttwo columnsquotethenumber
of predicted,andpossiblepairsfor eachGOterm.

thatMMB successfullyreducesthedimensionalityof thedata,while revealingsubstantive informa-
tion aboutthemultiple functionalityof proteinsthatcanbeusedto inform subsequentanalyses.

Table3 providesmoreinformationaboutthreeinstancesof predictedinteractionnetworksdis-
playedin Figure13; thosecorrespondingthe pointsannotated1, 2, and3. Speci�cally, the table
showsabreakdown of thepredicted(posterior)collectionsof interactionsin eachexamplenetwork
into thegeneontologycategories.A countin thetablecorrespondsto thefactthatbothproteinsare
annotatedwith thesameGOfunctionalcategory.5

In thisapplication,theMMB learnedinformationabout(i) themixedmembershipof objectsto
latentgroups,and(ii) theconnectivity patternsamonglatentgroups.Theseestimateswereuseful
in describingandsummarizingthe functional contentof the MIPS collectionof protein interac-

5. Notethat,in GO,proteinsaretypically annotatedto multiple functionalcategories.
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tions.Thissuggeststheuseof MMB asadimensionalityreductionapproachthatmaybeusefulfor
performingmodel-drivende-noisingof new collectionsof interactions,suchasthosemeasuredvia
high-throughputexperiments.

5. Discussion

Modernprobabilisticmodelsfor relationaldataanalysisarerootedin the stochasticblockmodels
for psychometricandsociologicalanalysis,pioneeredby LorrainandWhite (1971)andby Holland
and Leinhardt(1975). In statistics,this line of researchhasbeenextendedin variouscontexts
over the years(Fienberg et al., 1985;WassermanandPattison,1996;Snijders,2002;Hoff et al.,
2002;Doreianetal.,2004).In machinelearning,therelatedtechniqueof Markov randomnetworks
(FrankandStrauss,1986)havebeenusedfor link prediction(Taskaretal.,2003)andthetraditional
blockmodelshave beenextendedto include nonparametricBayesianpriors (Kemp et al., 2004,
2006;Xu etal., 2006)andto integraterelationsandtext (McCallumetal., 2007).

Thereis a closerelationshipbetweentheMMB andthelatentspacemodels(Hoff et al., 2002;
Handcocket al., 2007). In the latent spacemodels,the latent vectorsaredrawn from Gaussian
distributionsandthe interactiondatais drawn from a Gaussianwith mean~pp

0I~pq. In the MMB,
the marginal probability of an interactiontakesa similar form, ~pp

0B~pq, whereB is the matrix of
probabilitiesof interactionsfor eachpair of latentgroups. Two major differencesexist between
theseapproaches.In MMB, thedistributionover thelatentvectorsis aDirichlet andtheunderlying
datadistribution is arbitrary—wehave chosenBernoulli. The posteriorinferencein latentspace
models(Hoff etal.,2002;Handcocketal.,2007)is carriedoutvia MCMC sampling,while wehave
developeda scalablevariationalinferencealgorithmto analyzelargenetwork structures.(It would
be interestingto develop a variationalalgorithmfor the latentspacemodelsaswell.) A number
of well-designednumericalinvestigationsandcomparisonsbetweenvariationalEM andvariantsof
MCMC have beenperformedin existing literature;for instance,seeBuntineandJakulin(2006),6

andBraunandMcAulif fe (2007).Wereferreadersinterestedin thecomparisonbetweenvariational
vs. MCMC to theseresources.

Themodeldecouplestheobservedconnectivity patternsinto two sourcesof variability, B;Ps,
thatareapparentlyin competitionfor explaining thedata,possiblyraisingan identi�ability issue.
This is not the case,however, as the blockmodelB capturesglobal/asymmetricrelations,while
the mixed membershipvectorsPs capturelocal/symmetricrelations. This differencepractically
eliminatestheissue,unlessthereis nosignalin thedatato begin with.

A recurringquestion,which bearsrelevanceto mixed membershipmodelsin general,is why
we do not integrateout the singlemembershipindicators—(~zp! q;~zp q). While this may leadto
computationalef�ciencies we would often loseinterpretablequantitiesthat areusefulfor making
predictions,for de-noisingnew measurements,or for performingothertasks.In fact,theposterior
distributionsof suchquantitiestypically carrysubstantive informationaboutelementsof theappli-
cationat hand.In theapplicationto proteininteractionnetworksof Section4.3, for example,they
encodetheinteraction-speci�cmembershipsof individualproteinsto proteincomplexes.

In therelationalsetting,cross-validationis feasibleif theblockmodelestimatedontrainingdata
canbe expectedto hold on testdata; for this to happenthe network mustbe of reasonablesize,
so that we canexpectmembersof eachblock to be in both training andtestsets. In this setting,

6. Seecorrespondingslideswith additionalresults.(http://www.hiit.fi/ ˜ buntine/dpca\_slides.pdf )
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schedulingof variationalupdatesis important;nestedvariationalschedulingleadsto ef�cient and
parallelizableinference.

A limitation of our modelcanbebestappreciatedin a simulationsetting.If we considerstruc-
tural propertiesof thenetwork MMB is capableof generating,we counta wide arrayof local and
global connectivity patterns. But the model doesnot readily generatehubs, that is, nodescon-
nectedwith a largenumberof directedor undirectedconnections,or networkswith skeweddegree
distributions.

From a dataanalysisperspective, we speculatethat the valueof MMB in capturingsubstan-
tive information abouta problemwill increasein semi-supervisedsetting—where,for example,
informationaboutthemembershipof genesto functionalcontexts is includedin the form of prior
distributions. In sucha settingwe may be interestedin looking at the changebetweenprior and
posteriormembership;a sharpchangemay signalbiological phenomenaworth investigating. We
neednot assumethat thenumberof groups/blocks,K, is �nite. It is possible,for example,to posit
thatthemixed-membershipvectorsaresampledform astochasticprocess,in thenonparametricset-
ting. To maintainmixedmembershipof nodesto groups/blocksin suchsetting,we needto sample
themfrom a hierarchicalDirichlet process(Tehet al., 2006),ratherthanfrom a Dirichlet Process
(EscobarandWest,1995).

MMB generalizesto two importantcases. First, multiple datacollectionsY1:M on the same
objectscanbegeneratedby thesamelatentvectors.This might beuseful,for example,for simul-
taneouslyanalyzingtherelationalmeasurementsaboutesteemanddisesteem,liking anddisliking,
positive in�uence andnegative in�uence, praiseandblame,for example,seeSampson(1968),or
thoseaboutthe collectionof 17 relationsmeasuredby Bradley (1987). Second,in the MMB the
datageneratingdistribution is a Bernoulli, but B canbe a matrix that parameterizesany kind of
distribution. For example,technologiesfor measuringinteractionsbetweenpairsof proteinssuch
asmassspectrometry(Ho etal., 2002)andtandemaf�nity puri�cation (Gavin etal., 2002)returna
probabilisticassessmentaboutthepresenceof interactions,thussettingtherangeof Y(p;q) to [0;1].
This is not thecasefor themanuallycuratedcollectionof interactionsweanalyzein Section4.3.

6. Conclusions

In thispaperwe introducedmixedmembershipstochasticblockmodels,anovel classof latentvari-
ablemodelsfor relationaldata. Thesemodelsprovide exploratorytools for scienti�c analysesin
applicationswherethe observationscanbe representedasa collectionof unipartitegraphs. The
nestedvariationalinferencealgorithm is parallelizableandallows fastapproximateinferenceon
largegraphs.
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Appendix A. GeneralModel Formulation

In general,mixedmembershipstochasticblockmodelscanbespeci�ed in termsof assumptionsat
four levels: population,node,latentvariable,andsamplingschemelevel.

A.1 Population Level

Assumethat thereareK classesor sub-populationsin the populationof interest. We denoteby
f ( Y(p;q) j B(g;h) ) the probability distribution of the relation measuredon the pair of nodes
(p;q), wherethep-th nodeis in theh-th sub-population,theq-th nodeis in theh-th sub-population,
andB(g;h) containstherelevantparameters.Theindicesi; j run in 1; : : : ;N, andtheindicesg;h run
in 1; : : : ;K.

A.2 NodeLevel

Thecomponentsof themembershipvector~pp = [~pp(1); : : : ;~pp(k)]0encodesthemixedmembership
of then-th nodeto thevarioussub-populations.Thedistribution of theobservedresponseY(p;q)
giventherelevant,node-speci�cmemberships,(~pp;~pq), is then

Pr ( Y(p;q) j~pp;~pq;B ) =
K

å
g;h= 1

~pp(g) f (Y(p;q) j B(g;h)) ~pq(h):

Conditionalon the mixed memberships,the responseedgesy jnm areindependentof oneanother,
bothacrossdistinctgraphsandpairsof nodes.

A.3 Latent Variable Level

Assumethatthemixedmembershipvectors~p1:N arerealizationsof alatentvariablewith distribution
D~a , with parametervector~a. Theprobabilityof observingY(p;q), giventheparameters,is then

Pr ( Y(p;q) j ~a;B ) =
Z

Pr ( Y(p;q) j~pp;~pq;B ) D~a (d~p):

A.4 SamplingSchemeLevel

Assumethat theM independentreplicationsof the relationsmeasuredon thepopulationof nodes
areindependentof oneanother. Theprobabilityof observingthewholecollectionof graphs,Y1:M,
giventheparameters,is thengivenby thefollowing equation.

Pr ( Y1:M j ~a;B ) =
M

Õ
m= 1

N

Õ
p;q= 1

Pr ( Ym(p;q) j ~a;B ) :

Full modelspeci�cationsimmediatelyadaptto thedifferentkindsof data,for example,multiple
datatypesthroughthechoiceof f , or parametricor semi-parametricspeci�cationsof theprior on
thenumberof clustersthroughthechoiceof adistribution for theps, Da .

Appendix B. Detailsof the Variational Approximation

Here we presentmore detailsaboutthe derivation of the variationalEM algorithm presentedin
Section3. Furthermore,we addressa settingwhereM replicatesare availableaboutthe paired
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measurements,G1:M = (N;Y1:M), andrelationsYm(p;q) take valuesinto an arbitrarymetric space
accordingto f ( Ym(p;q) j :: ). An extensionof the inferencealgorithm to addressthe caseor
multivariaterelations,sayJ-dimensional,andmultiple blockmodelsB1:J eachcorrespondingto a
distinctrelationalresponse,canbederivedwith minormodi�cationsof thederivationsthatfollow.

B.1 Variational Expectation-Maximization

Webegin by brie�y summarizingthegeneralstrategy we intendto use.Theapproximatevariantof
EM we describehereis oftenreferredto asVariational EM (BealandGhahramani,2003). Recall
thatY denotesthedata.Rewrite X = (~p1:N;Z! ;Z ) for thelatentvariables,andQ = (~a;B) for the
model's parameters.Brie�y , it is possibleto lower boundthe likelihood, p(YjQ), makinguseof
Jensen's inequalityandof any distributionon thelatentvariablesq(X),

p(YjQ) = log
Z

X
p(Y;XjQ) dX

= log
Z

X
q(X)

p(Y;XjQ)
q(X)

dX (for any q)

�
Z

X
q(X) log

p(Y;XjQ)
q(X)

dX (Jensen's)

= Eq [ logp(Y;XjQ) � logq(X) ] = : L (q;Q)

In EM, thelowerboundL (q;Q) is theniteratively maximizedwith respectto Q, in theM step,and
q in theE step(Dempsteretal., 1977).In particular, at thet-th iterationof theE stepweset

q(t) = p(XjY;Q(t� 1)); (5)

that is, equalto theposteriordistribution of thelatentvariablesgiventhedataandtheestimatesof
theparametersat thepreviousiteration.

Unfortunately, wecannotcomputetheposteriorin Equation5 for theadmixtureof latentblocks
model. Rather, we de�ne a direct parametricapproximationto it, q̃ = qD(X), which involvesan
extra setof variational parameters, D, andentailsan approximatelower boundfor the likelihood
LD(q;Q). At the t-th iterationof the E step,we thenminimize the Kullback-Leiblerdivergence
betweenq(t) andq(t)

D , with respectto D, usingthedata.7 Theoptimalparametricapproximationis,

in fact,aproperposteriorasit dependsonthedataY, althoughindirectly, q(t) � q(t)
D� (Y)(X) = p(XjY).

B.2 Lower Bound for the Lik elihood

Accordingto themean-�eld theory(Jordanet al., 1999),onecanapproximateanintractabledistri-
bution suchasthe onede�ned by Equation(1) by a fully factoreddistribution q(~p1:N;Z!

1:M;Z 
1:M)

de�ned asfollows:

q(~p1:N;Z!
1:M;Z 

1:M j~g1:N;F !
1:M;F  

1:M)

= Õ
p

q1(~ppj~gp) Õ
m

Õ
p;q

�
q2(~zm

p! qj~f m
p! q;1) q2(~zm

p qj~f m
p q;1)

�
;

whereq1 is a Dirichlet, q2 is a multinomial, andD = (~g1:N;F !
1:M;F  

1:M) representthe setof free
variationalparametersneedto beestimatedin theapproximatedistribution.

7. This is equivalentto maximizingtheapproximatelowerboundfor thelikelihood,LD(q;Q), with respectto D.
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Minimizing theKulback-Leiblerdivergencebetweenthis q(~p1:N;Z!
1:M;Z 

1:M jD) andtheoriginal
p(~p1:N;Z!

1:M;Z 
1:M de�ned by Equation(1) leadsto the following approximatelower boundfor the

likelihood.

LD(q;Q) = Eq
�

logÕ
m

Õ
p;q

p1(Ym(p;q)j~zm
p! q;~zm

p q;B)
�

+ Eq
�

logÕ
m

Õ
p;q

p2(~zm
p! qj~pp;1)

�
+ Eq

�
logÕ

m
Õ
p;q

p2(~zm
p qj~pq;1)

�

+ Eq
�

logÕ
p

p3(~ppj~a)
�

� Eq
�
Õ

p
q1(~ppj~gp)

�

� Eq
�

logÕ
m

Õ
p;q

q2(~zm
p! qj~f m

p! q;1)
�

� Eq
�

logÕ
m

Õ
p;q

q2(~zm
p qj~f m

p q;1)
�

:

Workingon thesingleexpectationsleadsto

LD(q;Q) = å
m

å
p;q

å
g;h

f m
p! q;gf m

p q;h � f
�

Ym(p;q);B(g;h)
�

+ å
m

å
p;q

å
g

f m
p! q;g

�
y (gp;g) � y (å

g
gp;g)

�

+ å
m

å
p;q

å
h

f m
p q;h

�
y (gp;h) � y (å

h
gp;h)

�

+ å
p

logG(å
k

ak) � å
p;k

logG(ak) + å
p;k

(ak � 1)
�

y (gp;k) � y (å
k

gp;k)
�

� å
p

logG(å
k

gp;k) + å
p;k

logG(gp;k) � å
p;k

(gp;k � 1)
�

y (gp;k) � y (å
k

gp;k)
�

� å
m

å
p;q

å
g

f m
p! q;g logf m

p! q;g � å
m

å
p;q

å
h

f m
p q;h logf m

p q;h

where

f ( Ym(p;q);B(g;h) )= Ym(p;q) logB(g;h)+ ( 1� Ym(p;q) ) log ( 1� B(g;h) );

m runsover 1; : : : ;M; p;q run over 1; : : : ;N; g;h;k run over 1; : : : ;K; andy (x) is thederivative of
thelog-gammafunction, dlogG(x)

dx .

B.3 The ExpectedValueof the Log of a Dirichlet RandomVector

The computationof the lower boundfor the likelihood requiresus to evaluateEq [ log~pp ] for
p = 1; : : : ;N. Recallthatthedensityof anexponentialfamily distribution with naturalparameter~q
canbewrittenas

p(xja) = h(x) � c(a) � exp f å
k

qk(a) � tk(x) g

= h(x) � exp f å
k

qk(a) � tk(x) � logc(a) g :

Omitting thenodeindex p for convenience,we canrewrite thedensityof theDirichlet distribution
p3 asanexponentialfamily distribution,

p3(~pj~a) = exp
�

å
k

(ak � 1) log(pk) � log
Õk G(ak)
G(å k ak)

�
;
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with naturalparametersqk(~a) = (ak � 1) and natural suf�cient statisticstk(~p) = log(pk). Let
c0(~q) = c(a1(~q); : : : ;aK(~q)) ; usinga well known propertyof the exponentialfamily distributions
(Schervish,1995)we �nd that

Eq [ logpk ] = E~q [ logtk(x) ]= y ( ak ) � y ( å
k

ak );

wherey (x) is thederivativeof thelog-gammafunction, dlogG(x)
dx .

B.4 Variational E Step

The approximatelower boundfor the likelihood LD(q;Q) can be maximizedusing exponential
family argumentsandcoordinateascent(WainwrightandJordan,2003).

Isolating termscontainingf m
p! q;g and f m

p q;h we obtainLf m
p! q;g

(q;Q) andLf m
p! q;g

(q;Q). The
naturalparameters~gm

p! q and~gm
p q correspondingto the naturalsuf�cient statisticslog(~zm

p! q) and
log(~zm

p q) arefunctionsof theotherlatentvariablesandtheobservations.We �nd that

gm
p! q;g = logpp;g + å

h
zm

p q;h � f ( Ym(p;q);B(g;h) );

gm
p q;h = logpq;h + å

g
zm

p! q;g � f ( Ym(p;q);B(g;h) );

for all pairsof nodes(p;q) in them-th network; whereg;h = 1; : : : ;K, and

f ( Ym(p;q);B(g;h) )= Ym(p;q) logB(g;h)+ ( 1� Ym(p;q) ) log ( 1� B(g;h) ) :

This leadsto thefollowing updatesfor thevariationalparameters(~f m
p! q;~f m

p q), for a pair of nodes
(p;q) in them-th network:

f̂ m
p! q;g µ e Eq[gm

p! q;g]

= e Eq[logpp;g] � e å h f m
p q;h� Eq[ f (Ym(p;q);B(g;h))]

= e Eq[logpp;g] �Õ
h

�
B(g;h)Ym(p;q) � ( 1� B(g;h) )1� Ym(p;q)

� f m
p q;h

;

f̂ m
p q;h µ e Eq[gm

p q;h]

= e Eq[logpq;h] � e å g f m
p! q;g� Eq[ f (Ym(p;q);B(g;h))]

= e Eq[logpq;h] �Õ
g

�
B(g;h)Ym(p;q) � ( 1� B(g;h) )1� Ym(p;q)

� f m
p! q;g

;

for g;h= 1; : : : ;K. Theseestimatesof theparametersunderlyingthedistributionof thenodes'group
indicators~f m

p! q and~f m
p q needbenormalized,to makesureå k f m

p! q;k = å k f m
p q;k = 1.

Isolatingtermscontaininggp;k weobtainLgp;k(q;Q). Setting
¶Lgp;k
¶gp;k

equalto zeroandsolvingfor
gp;k yields:

ĝp;k = ak + å
m

å
q

f m
p! q;k + å

m
å
q

f m
p q;k;

for all nodesp 2 P andk = 1; : : : ;K.
The t-th iteration of the variational E step is carried out for �x ed values of Q(t� 1) =

(~a (t� 1) ;B(t� 1)), and�nds theoptimalapproximatelowerboundfor thelikelihoodLD� (q;Q(t� 1)).
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B.5 Variational M Step

Theoptimal lower boundLD� (q(t� 1) ;Q) providesa tractablesurrogatefor thelikelihoodat thet-th
iterationof thevariationalM step. We derive empiricalBayesestimatesfor thehyper-parameters
Q thatarebaseduponit.8 That is, we maximizeLD� (q(t� 1) ;Q) with respectto Q, givenexpected
suf�cient statisticscomputedusingLD� (q(t� 1) ;Q(t� 1)).

Isolatingtermscontaining~a we obtainL~a (q;Q). Unfortunately, a closedform solutionfor the
approximatemaximumlikelihoodestimateof ~a doesnot exist (Blei et al., 2003).We canproduce
a Newton-Raphsonmethodthat is linear in time,wherethegradientandHessianfor theboundL~a
are

¶L~a

¶ak
= N

�
y ( å

k
ak ) � y (ak)

�
+ å

p

�
y (gp;k) � y ( å

k
gp;k )

�
;

¶L~a

¶ak1ak2

= N
�

I (k1= k2) � y 0(ak1) � y 0( å
k

ak )
�

:

IsolatingtermscontainingB weobtainLB, whoseapproximatemaximumis

B̂(g;h) =
1
M å

m

�
å p;qYm(p;q) � f m

p! qgf m
p qh

(1� r ) � å p;q f m
p! qgf m

p qh

�
;

for every index pair (g;h) 2 [1;K] � [1;K].
In Section2.1weintroducedanextraparameter, r , to controltherelativeimportanceof presence

andabsenceof interactionsin likelihood,that is, the scorethat informs inferenceandestimation.
Isolatingtermscontainingr weobtainLr . Wemaythenestimatethesparsityparameterr by

r̂ =
1
M å

m

�
å p;q ( 1� Ym(p;q) ) � ( å g;h f m

p! qgf m
p qh )

å p;qå g;h f m
p! qgf m

p qh

�
:

Alternatively, we can�x r prior to the analysis;the densityof the interactionmatrix is estimated
with d̂ = å m;p;qYm(p;q)=(N2M), andthesparsityparameteris setto r̃ = (1� d̂). This latterestima-
tor attributesall the informationin thenon-interactionsto thepoint mass,that is, to latentsources
otherthanthe block modelB or the mixed membershipvectors~p1:N. It does,however, provide a
quick recipeto reducethecomputationalburdenduringexploratoryanalyses.9
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