Journalof MachineLearningResearcl® (2008)1823-1856 Submitteds/07; Revised6/08; Published/08

Mixed Membership StochasticBlockmodels

Edoardo M. Air oldi EAIROLDI@PRINCETON.EDU
David M. Blei BLEI@CS.PRINCETON.EDU
Departmenbf ComputerScience

PrincetonUniversity

Princeton,NJ 08544,USA

StephenE. Fienberg' FIENBERG@STAT.CMU.EDU
Departmenbf Statistics

Carngyie Mellon University

Pittskurgh, PA 15213,USA

Eric P. Xing EPXING@CS.CMU.EDU
Sdool of ComputerScience

Carnagie Mellon University

Pittskurgh, PA 15213,USA

Editor: TommiJaaklkola

Abstract

We developamodelfor examiningdatathatconsistof pairwisemeasurement$or example,pres-
enceor absencef links betweerpairsof objects.Examplesncludeproteininteractionsandgene
regulatory networks, collectionsof authorrecipientemail, and social networks. Analyzing such
datawith probabilisticmodelsrequiresspecialassumptionssincethe usualindependencer ex-

changeabilityassumptionsio longerhold. We introducea classof latentvariablemodelsfor pair-

wise measurementsnixed membershigstochastidlockmodels.Modelsin this classcombinea
globalmodelof densepatcheof connectity (blockmodel)andalocal modelto instantiatenode-
speci ¢ variability in theconnectiongmixed membership)We developa generalariationalinfer-

encealgorithmfor fastapproximatgposteriorinference.We demonstrat¢he advantagef mixed
membershipstochastidblockmodelswith applicationsto social networks and proteininteraction
networks.

Keywords: hierarchicalBayes,latentvariables,mean- eld approximation,statisticalnetwork

analysis socialnetworks, proteininteractionnetworks

1. Intr oduction

The problemof modelingrelationalinformationamongobjects,suchas pairwiserelationsrepre-
sentedasgraphsarisesin a numberof settingsin machinelearning. For example,scienti c litera-
ture connectgaperdy citations,the Web connectpagesy links, andprotein-proteirinteraction
dataconnectgroteinsby physicalinteractionrecords.In thesesettingswe oftenwish to infer hid-
denattributesof the objectsfrom the obserned measurementsn pairwiseproperties For example,
we mightwantto computeaclusteringof theweb-pagespredictthefunctionsof a protein,or assess
thedegreeof relevanceof ascienti ¢ abstracto ascholars query Unlike traditionaldatacollected

. Also in the Lewis-SiglerInstitutefor Integrative Genomics.
t. Also in the Schoolof ComputerScience.
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from individual objects,relational data violate the classicalindependencer exchangeabilityas-
sumptiongnadein machingearningandstatistics.The obsenationsaredependenbecausef the
way they areconnectedThis interdependencsuggestshata differentsetof assumptionss more
appropriate.

Thereis a history of researclidevotedto analyzingrelationaldata.Onewell-studiedproblemis
clustering groupingtheobjectgto uncoverastructurebasedntheobsenedpatternof interactions.
Standardnodel-basedlusteringmethodsfor example,mixture models,are notimmediatelyap-
plicableto relationaldatabecaus¢hey assumehatthe objectsareconditionallyindependengiven
their clusterassignmentsRatheythelatentstochastiblockmodelWangandWong,1987;Snijders
andNowicki, 1997)is anadaptatiorof mixture modelingto relationaldata.In thatmodel,eachob-
ject belongsto a clusterandthe relationshipsbetweenobjectsare governedby the corresponding
pair of clusters.With posteriorinference,oneidenti es a setof latentroleswhich governthe ob-
jectsrelationshipswith eachother A recentextensionof this modelrelaxedthe nite-cardinality
assumptioron the latentclusterswith a nonparametritierarchicalBayesianmodelbasedon the
Dirichlet procesgrior (Kempetal.,2004,2006; Xu etal., 2006).

The latentstochastidlockmodelsuffers from a limitation thateachobjectcanonly belongto
onecluster or in otherwords, play a single latentrole. However, mary relationaldatasetsare
multi-facet.For example whena proteinor a socialactorinteractswith differentpartnersgdifferent
functionalor socialcontexts mayapplyandthusthe proteinor theactormaybeactingaccordingo
differentlatentrolesthey canpossibleplay. In this paperwe relaxthe assumptiorof single-latent-
role for actors,and develop a mixed membeship modelfor relationaldata. Mixed membership
models,suchaslatentDirichlet allocation(Blei et al., 2003),have re-emegedin recentyearsasa

e xible modelingtool for datawherethe singleclusterassumptions violatedby the heterogeneity
within of adatapoint. For almosttwo decadeshesemodelshave beensuccessfullappliedin mary
domains,suchassureys (Berkmanet al., 1989; Erosh&a, 2002), populationgenetics(Pritchard
etal., 2000),documentanalysis(Minka andLafferty, 2002;Blei et al., 2003;BuntineandJakulin,
2006),imageprocessindLi andPerona2005),andtranscriptionategulation(Airoldi etal.,2007).

The mixed membershipnodelassociatesachunit of obserationwith multiple clustersrather
than a single cluster via a membershigprobability-like vector The concurrentmembershipof
a datain different clusterscan captureits differentaspectssuchas differentunderlyingtopics
for words constitutingeachdocument. This is also a naturalideafor relationaldata, wherethe
objectscanbearmultiple latentroles or clustermembershipshatin uence their relationshipgto
others. As we will demonstratea mixed membershigpproacho relationaldatalets us describe
theinteractionbetweerobjectsplayingmultiple roles. For example, someof aproteinsinteractions
may be governedby onefunction;otherinteractionamaybe governedby anotherfunction.

Existingmixedmembershipnodelsarenot appropriatdor relationaldatabecaus¢hey assume
thatthedataareconditionallyindependengiventheir latentmembershiwectors.In relationaldata,
whereeachobjectis describedy its relationshipgo others,we would like to assumehatthe en-
sembleof mixed membershiectorshelp governtherelationshipof eachobject. The conditional
independencassumptionsf modernmixed membershipnodelsdo notapply

In this paper we develop mixed membershipnodelsfor relationaldatal Modelsin this family
include parameters$o reducebiasdueto sparsity andcanbe usedto analyzemultiple collections

1. In previouswork we combinedmixed membershiandblockmodelgo performanalyse®f a singlecollectionof bi-
nary, pairedmeasurementsiamely hypothesigesting predictingandde-noisingnteractionswithin anunsupervised
learningsetting(Airoldi etal., 2005).
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Figurel: Two graphicalmodelrepresentationsf the mixed membershipstochastidblockmodel
(MMB). Intuitively, theMMB summarizedhevariability of agraphwith theblockmodel
B andnode-speci cmixed membershipsectors(left). In detail, a mixed membership,
pn(K), quanti es the expectedproportionof times noden instantiateghe connectity
patternof groupk, accordingto the blockmodel.In ary giveninteraction,Y(n; m), how-
ever, noden instantiateghe connectity patternof asinglegroup,zy m(K). (right). We
did not draw all the arrows out of the block modelB for clarity; all interactionsdepend
onit.

of pairedmeasurementsndcollectionsof non-binaryandmultivariatepairedmeasurementsiVe
developafastnestedvariationalinferencealgorithmthatperformswell in therelationalsettingand
is parallelizable We demonstrat¢éhe applicationof our techniqueto large-scalegroteininteraction
networksandsocialnetworks. Our modelcaptureghe multiple rolesthatobjectsexhibit in interac-
tion with others,andtherelationshipsetweerthoserolesin determiningthe obseredinteraction
matrix.

Mixedmembershi@andthelatentblock structurecanberecoveredfrom relationaldata(Section
4.1). Theapplicatiorto afriendshipnetwork amongstudentseststhemodelonarealdatasetwhere
a well-de ned latentblock structureexists (Section4.2). The applicationto a proteininteraction
network teststo whatextentour modelcanreducethe dimensionalityof the data,while revealing
substantie information aboutthe functionality of proteinsthat canbe usedto inform subsequent
analysegSectiord.3).

2. The Mixed Membership StochasticBlockmodel

In this sectionwe describeéhe modelingassumptiong the mixed membershipnodelof relational
data. We represenbbsened relationaldataasa graphG = (N ;Y), whereY(p;q) mapspairs of
nodesto values,thatis, edgeweights. We considerbinary matriceswhereY(p;q) 2 f0;1g. The
datacanbethoughtof asa directedgraph.

As arunningexample,we considerthe monk dataof Sampsor(1968). Sampsormeasured
collectionof sociometriarelationsamonga groupof monksby repeatedhaskingquestionsuchas
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“whom do you like?” and“whom do you dislike?” to determineasymmetricsocial relationships
within the group. The questionnairavasrepeatedat four subsequenepochs. Informationabout
theserepeatedasymmetriaelationswascollapsednto a squarebinary tablethatencodeghe di-
rectedconnectiondetweenmonksby Breigeret al. (1975). In analyzingthis data,the goalis to
determinghe socialstructurewithin the monastery

In thecontext of themonastergxample weassumd factionsthatis, latentgroupsexistin the
monasteryandthe obsened network is generatedccordingto distributionsof group-membership
for eachmonk and a matrix of group-groupinteractionstrength. The permonk distributions are
speci ed by latentsimplicial vectors. Eachmonk s associatedvith a randomlydravn vectorp;
for monki, wherep;.qg denoteghe probability of monki belongingto groupg. Thatis, eachmonk
can simultaneouslybelongto multiple groupswith differentdegreesof afliation strength. The
probabilitiesof interactionsbetweendifferent groupsare de ned by a matrix of Bernoulli rates
Bk k), WhereB(g;h) represent¢he probability of having alink betweeramonkfrom groupg and
amonkfrom grouph.

For eachmonk, the indicatorvectorzy, o denoteshe groupmembershipf monk p whenhe
respondso surwey questiongboutmonkqgandz, gdenoteshegroupmembershipf monkqgwhen
heresponddo surey questionsaboutnodep.? N denoteshe numberof monksin the monastery
andrecallthatK denoteghenumberof distinctgroupsa monkcanbelongto.

More in generalmonkscanberepresentetty nodesin a graph,wheredirected(binary)edges
represenpositive responsem suney questiongboutaspeci c sociometriaelation.In thisabstract
setting, the mixed membershipstochastidolockmodel(MMB) positsthata graphG = (N ;Y) is
dravn from the following procedure.

For eachnodep2 N:
— Draw aK dimensionamixed membershiwectorp, Dirichlet(a).
For eachpairof nodeg(p;g) 2 N N

— Draw membershipndicatorfor theinitiator,zy ¢  Multinomial (pp).
— Draw membershipndicatorfor therecever,zy p  Multinomial (pq).
— Samplethevalueof theirinteractionY(p;q)  Bernoulli(zy (BZp q)-

This processsillustratedasa graphicaimodelin Figurel. Notethatthegroupmembershipf each
nodeis contet dependentThatis, eachnodemay assumalifferentmembershipvheninteracting
to or beinginteractedby differentpeers.Statistically eachnodeis anadmixtureof group-speci c
interactions.The two setsof latentgroupindicatorsaredenotedby fzp ¢: p;q2 Ng=:7Z and
fz, q:P;q2 Ng=:Z . Also notethatthe pairsof groupmembershipshatunderlieinteractions
neednot be equal;this factis usefulfor characterizingasymmetrianteractionnetworks. Equality
may be enforcedwhenmodelingsymmetricinteractions.

Underthe MMB, thejoint probability of thedataY andthelatentvariablesfpin;Z ;Z gcan
bewrittenin thefollowing factoredform,

p(Y;pin; 2 ;Z ja;B)

2. An indicatorvectoris usedto denotemembershign oneof the K groups. Sucha membership-indicatovectoris
speci ed asa K-dimensionalectorof which only oneelementequalsto one,whoseindex correspondso the group
to beindicated andall otherelementequalto zero
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= O P(Y(P:Q)fZpt qZp q:B)PEZp oiPp)PEZp qj”pq)ép('ppja)3 1)
p:a p

This modelgeneralizeso two importantcasesFirst, multiple networksamongthe sameactors
canbegeneratethy thesamdatentvectors.Thismaybeuseful,for instanceto analyzemultivariate
sociometriaelations.Secondijn theMMB thedatageneratinglistributionis aBernoulli, but B can
beamatrixthatparameterizeary kind of distribution. This maybeuseful,for instancefo analyze
collectionsof pairedmeasurementy,, thattake valuesin anarbitrarymetric space.We elaborate
onthisin Section5.

2.1 Modeling Sparsity

Adjacengy matricesencodingbinary pairwisemeasurementareoften sparsethatis, they contain
mary zerosor non-interactionsilt is usefulto distinguishtwo sourceof non-interactionthey may
be the resultof the rarity of interactionsin general,or they may be an indicationthat the pair of
relevantblocksrarelyinteract.In applicationgo socialsciencesfor instancenodesmayrepresent
peopleandblocksmay represensocialcommunities |t is reasonabléo expectthata large portion
of thenon-interactionss dueto limited opportunitiesof contactbetweernpeopleratherthandueto
deliberatechoicesthestructureof whichtheblockmodeis trying to estimatet is usefulto account
for thesetwo sourcesof sparsityat the modellevel. A goodestimateof the portion of zerosthat
shouldnotbe explainedby the blockmodelB reduceghe biasof the estimate®f its elements.

Thus,weintroduceasparsityparameter 2 [0; 1] in theMMB to characterizéhesourceof non-
interaction. Insteadof samplinga relationY(p:qg) directly the Bernoulli with parametespeci ed
asabove, we down-weightthe probability of successfuinteractionto (1 r) ~zp>! qBZp g This
is theresultof assuminghatthe probability of a non-interactiorcomesfrom amixture,1 s pq=
(1 r) 25 (1 B)Zp q+r, wheretheweightr capturethe portion zerosthat shouldnot be
explainedby the blockmodelB. A largevalueof r will causethe interactionsin the matrix to be
weightedmorethannon-interactionsin determiningplausiblevaluesfor fa; B;p1:ng.

The sparsityparameter canbe estimatedlts maximumlik elihoodestimateprovidesthe best
data-drven guessaboutthe proportionof zerosthat the blockmodelcan explain. Introducingr
provides a stratejy to rescaleB, by separatingzerosin the adjaceng matrix into thosethat are
likely to be dueto the blockmodelandthosethatarenot.

2.2 Summarizing and De-NoisingPairwise Measurements

It is usefulto distinguishtwo typesof dataanalysighatcanbeperformedwith themixed-membership
blockmodel.First, MMB canbeusedto summarizehedata,Y, in termsof the globalblockmodel,
B, andthenode-speci cmixed memberships? s. SecondMMB canbe usedto de-noisehedata,
Y, in termsof the global blockmodel,B, andinteraction-speci csinglemembershipsZs. In both
caseghe modeldepend®on a smallsetof unknavn constantso be estimateda, andB. Thelike-
lihood is the samein both casesalthough the rationalefor including the setof latentvariablesZs
differs. Whensummarizingdata,we couldintegrateout the Zs analytically;this leadsto numerical
optimizationof a smallersetof variationalparametersizs. We chooseto keepthe Zs to simplify
inference. Whende-noising,the Zs areinstrumentaiin estimatingposteriorexpectationsof each
interactiongndividually—anetwork analogto the KalmanFilter. The posteriorexpectationsf an
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interactionis computedasfollows, in thetwo cases,
E[V(pa)=1] B8P, and  E[V(pa=1] P, ,BF,

2.3 An lllustration: Crisis in a Cloister

To illustratethe MMB, we returnto ananalysisof themonkdatadescribedabore. Sampsor{1968)
suneyed 18 novice monksin amonastenandaskedthemto rankthe othernovicesin termsof four
sociometricrelations: like/dislike, esteem personalin uence, and alignmentwith the monastic
credo.We consideBreiger’s collationof Sampsors data(Breigeretal., 1975). Theoriginal graph
of monk-monkinteractionis illustratedin Figure2 (left).

Sampsorspentseveral monthsin a monasteryin New England,where novice monkswere
preparingo join amonasticorder Sampsors original analysisvasrootedin directanthropological
obsenrations. He suggestedhe existenceof tight factionsamongthe novices: the loyal opposition
(whosemembergoinedthemonasteryrst), theyoungturks(whojoinedlateron),theoutcastgwho
werenot acceptedn thetwo mainfactions),andthe waverers(who did not take sides).The events
thattook placeduring Sampsors stay at the monasterysupportechis obsenations—membersf
theyoungturksresignedor wereexpelledover religiousdifferencegJohnandGregory). We shall
referto thelabelsassignedy Sampsorio the novicesin theanalysisbelov. For moreanalyseswe
referto Fienbeg etal. (1985),Davis andCarley (2006)andHandcocketal. (2007).

Using the algorithmspresentedn Section3, we t the monksto MMB modelsfor different
numbersof groups providing modelestimates &; Bg andposteriormixed membershiprectorspy
for eachmonk. Here,we usethe following approximatiorto BIC to choosethe numberof groups
in the MMB:

BIC= 2 logp(Y) 2 logp(YiB;2:8;B) ja:Bj logjYj;

which selectghreegroups whereja; Bj is the numberof hyperparameterin themodel,andjYj is
thenumberof positive relationsobsered(Volinsky andRaftery,2000;Handcocketal.,2007).Note
thatthis is the samenumberof groupsthatSampsondenti ed. We illustratethe t of model t via
the predictednetwork in Figure2 (Right). Thethreepanelscontrasthe differentresolutionof the

Tiio W W

.-.E- R

Figure2: Original adjaceng matrix of whom-do-like sociometricrelations(left), relationspre-
dictedusingapproximateviLEs for p1.y andB (center) andrelationsde-noisedisingthe
modelincluding Zs indicators(right).
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original adjaceng matrix of whom-do-like sociometricrelations(left panel)obtainedin different
usesof MMB. If thegoalof theanalysisf to nd aparsimoniousummaryof thedata,theamount
of relationalinformationthatis capturedby in 4;B, and EfpjY] leadsto a coarsereconstruction
of the original sociomatrix(centralpanel). If the goal of the analysisif to de-noisinga collection

of pairwise measurementshe amountof relationalinformation that is revealedby &;B; EfpjY]

andE[Z ;Z jY]leadsto a ner reconstructiorof the original sociomatrix,Y—relationsin Y are
re-weightedaccordingo how muchthey male sensdo the model(right panel).

The MMB providesinterestingdescriptve statisticsaboutthe actorsin the obsened graph.In
Figure 3 we illustratethe the posteriormeansof the mixed membershiscores E[pjY], for the 18
monksin the monastery Note thatthe monksclusteraccordingto Sampsors classi cation, with
YoungTurks, Loyal OppositionandOutcastslominatingeachcornerrespectrely. We canseethe
centralrole playedby JohnBoscoand Gregory, who exhibit relationsin all threegroups,aswell
astheuncertainafliations of RamualdandVictor. (Amand's uncertainaf liation, however, is not
captured.)The estimatedlockmodelis shavn in Figure4.

3. Parameter Estimation and Posterior Infer ence

Two computationaproblemsare centralto the MMB: posteriorinferenceof the pernodemixed
membershiprectorsand perpair roles, and parameteestimationof the Dirichlet parameterand
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Figure3: Posteriomixed membershiprectors;pi.1s, projectedin the simplex. Numberedpoints

canbe mappedio monks' namesusingthe legendon theright. The colorsidentify the

four factionsde ned by Sampsors anthropologicabbsenations.
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Figure4: Estimatecblockmodelin themonkdata,B.

Bernoulliratematrix. We derive empiricalBayesestimate®f the parameterga; B), andemploy a
mean- eld approximatiorschemdor posteriorinference.

3.1 Posterior Inference

Theposteriorinferenceproblemis to computethe posteriordistribution of thelatentvariablesgiven
a collectionof obsenations. The normalizingconstanof the posteriordistribution is the maginal
probability of the data,which requiresanintegral over the simplicial vectorspy,

|
7z :

p(Yja;B) = o é. OP(Y(p;9iZpt g:Zp q:B)PEp oiPp)PEp iPg) O P(ppia) dp;
s pPq p
which is not solvablein closedform (Blei et al., 2003). A numberof approximateinferenceal-
gorithmsfor mixed membershipnodelshave appearedn recentyears,including mean- eld vari-
ationalmethodgBlei et al., 2003; Tehet al., 2007),expectationpropagtion (Minka and Lafferty,
2002),andMonte CarloMarkov chainsampling(MCMC) (Erosh&a andFienbeg, 2005;Grif ths
andSteyvers,2004).

We appealto variationalmethods(Jordanet al., 1999; Wainwright and Jordan,2003). The
mainideabehindvariationalmethodss to rst posita distribution of thelatentvariableswith free
parametersandthen t thoseparametersuchthat the distribution is closein Kullback-Leibler
divergenceo thetrueposterior Thevariationaldistributionis simplerthanthetrueposteriorsothat
theoptimizationproblemcanbeapproximatelysolved. Goodreviews of variationalmethodsanbe
foundin WainwrightandJordan(2003),Xing etal. (2003),Bishopetal. (2003)andAiroldi (2007).

In theMMB, we begin by boundingthelog of themaginal probability of thedatawith Jensers
inequality

logp(Yja;B) Eq[logp(Y;pin;Zi ;Z ja;B)] Eqlloga(pin;Z ;Z )1:

We have introduceda distribution of the latentvariablesq thatdepend®n a setof free parameters.
We specifyq asthemean- eldfully-factorizedfamily,

aein:Z 5Z jeniFrF )= O alpeitn) O @ oif o o) 2@ oifp o)
p p:q

1830



MIXED MEMBERSHIP STOCHASTIC BLOCKMODELS

whereq; is a Dirichlet, g, is a multinomial, andfeg.n;F1 jF g arethe setof free variational
parametes thatareoptimizedto tightenthebound.

Tighteningthe boundwith respecto the variationalparameterss equivalentto minimizing the
KL divergencebetweenq andthe true posterior Whenall the nodesin the graphicalmodel are
conjugatepairsor mixturesof conjugatepairs,we candirectly write down a coordinateascentlgo-
rithm for this optimizationto reachalocal maximumof the bound. The updategor the variational
multinomialparameterare

~ ~ | fp gh
foqg n eflownl & B(gh) D (1 B(gh))t VPO )
h
y Eq[l 1 A& Y(p: 1\((-)]("”“g
fp gn w efloPal QB ™P (1 Bgh)" 3
9
for g;h= 1;:::;K. Theupdatefor thevariationalDirichlet parametersg), is
Gok= ak+ &fp ax+ A fp qu (4)
q q

in Figureb.

To improve corvergence we employed a nestedvariationalinferenceschemebasedon an al-
ternative scheduleof updatedo thetraditionalordering.In atypical scheduldor coordinateascent
(which we call “na’ve variationalinference”),oneinitializes the variational Dirichlet parameters
N andthe variationalmultinomial parameter¢f o ;fp ) to non-informatve values,andthen
iteratesthe following two stepsuntil corvergence: (i) updatef ,  andf, ¢ for all edges(p;q),
and (i) updateg, for all nodesp 2 N . In suchalgorithm,at eachvariationalinferencecycle we
needto allocateNK + 2N2K scalars.

In our experimentsthe nave variationalalgorithmoften corvergedonly aftermary iterations.
We attribute this behaior to the dependencéetweeng; .y and B, which is not satis ed by the
nave algorithm. Someintuition aboutwhy this may happenfollows. From a purely algorithmic
perspectie, the ndve variationalEM algorithminstantiatesa large coordinateascentalgorithm,
wherethe parametersanbe dividedinto blocks. Blocks areprocessedh a speci ¢ order andthe
parametersvithin eachblock getall updateceachtime 3 At every new iterationthenave algorithm
setsall the elementof +Nl equalto the sameconstant.This dampenghe likelihoodby suddenly

breakingthe dependencdetweenthe estimatesof parametersn B;:N andin B! that was being
inferredfrom the dataduringthe previousiteration.

Instead the nestedvariationalinferencealgorithm maintainssomeof this dependencéhatis
beinginferredfrom thedataacrosshevariousiterations.Thisis achiezedmainlythroughadifferent
schedulingof the parameteupdatesin the variousblocks. To a minor extent, the dependence
is maintainedby alwayskeepingthe block of free parameters(f ,, ;fp q), optimizedgiventhe
othervariationalparametersNote thattheseparametersareinvolvedin the updatesf parameters
iner .y andin B, thusproviding uswith achanneko maintainsomeof thedependencamongthem,
thatis, by keepingthemat their optimalvaluegiventhedata.

Furthermorethe nestedalgorithmhasthe advantagethatit tradestime for spacehusallowing
usto dealwith large graphs;at eachvariationalcycle we needto allocateNK + 2K scalarsonly.

3. Within ablock, the orderaccordingto which (scalar)parametergetupdateds not expectedo affect corvergence.
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1 initialize-g%k = 2 for all p;k

2. repeat

3 forp=1toN

4., forg= 1toN

5 getvariational T, andf!y 1, = f (Y(p;q);d, €, B")
6 partially updatedy *, gy * andB™?!

7. until corvergence

5.1. initializef%! 4o = f% ah = % forall g;h
5.2. repeat

5.3. forg= 1toK

5.4. updatef 5% p f1 (F5 4i80:B)
5.5. normalizef 3 %, to sumto 1

5.6. forh= 1toK

5.7. updatef 51 p f2 (T3, 484 B)
5.8. normalizef 3, to sumto 1

5.9. until corvergence

Figure5: Top: The two-layeredvariationalinferencefor (g f pi qg;fp gn) andM = 1. Thein-
ner algorithm consistsof Step5. The function f is describedn detailsin the bottom
panel. The partialupdatesn Step6 forgandB referto Equation4 of SectionB.4 and
Equation5 of SectionB.5, respectiely. Bottom: Inferencefor the variationalparame-
ters(fp ¢:Fp g) correspondingo the basicobsenrationY(p;q). This nestedalgorithm
detailsStep5 in the top panel. The functions f; and f, arethe updatedor f ¢4 and
fp gndescribedn Equations2 and3 of SectionB.4.

Theincreasedunningtime is partially offsetby the factthatthe algorithmcanbe parallelizedand
leadsto empiricallyobsenredfastercorvergencerates.

An alternatve stratgy to performinferenceis given by Monte Carlo Markov chain(e.g.,see
Grif ths and Steyvers, 2004; Kemp et al., 2004). While powerful in somesettings,MCMC is
impracticalhere. Therearetoo mary variablesto sample. The proposedestedvariational EM
algorithmoutperformsMCMC variations(i.e., blocked and collapsedGibbssamplers)n termsof
memoryrequirementsindconvergencerates.
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3.2 Parameter Estimation

We computethe empiricalBayesestimate®f themodelhyperparameter§a; Bg with avariational
expectation-maximizatio(EM) algorithm. Alternativesto empiricalBayeshave beenproposedo
X the hyperparametersand reducethe computation. The results,however, are not always sat-
isfactory and often times causeof concern,sincethe inferenceis sensitve to the choice of the
hyperparametergJoutardet al., 2007). Empirical Bayes,on the otherhand,guidesthe posterior
inferencetowardsa region of the hyperparametespacethatis supportedy the data.

VariationalEM usesthe lower boundin Equation?? asa surrogatefor thelikelihood.To nd a
local optimumof the bound,we iteratebetweentting thevariationaldistribution g to approximate
the posteriorand maximizingthe correspondindoundwith respecto the parametersThe latter
M-stepis equivalentto nding the MLE usingexpectedsufcient statisticsunderthe variational
distribution. We considerthe maximizationstepfor eachparametem turn.

A closedform solutionfor the approximatemaximumlik elihood estimateof @ doesnot exist
(Minka, 2003).We usea lineartime Newton-Raphsomethod wherethe gradientandHessiarare

L o . .
1111(; = N y(aak) y@ +a Yk y(adk) ;
k . , 1
L o o
—2 = N =
ﬂaklakz (ki=ko) yo(akl) Yy ( a|£ ak)

TheapproximateMLE of B is

apqY(P:A) fogofp gn.
(1 r) &pgfpr agfp an’

B(g:h) =
for everyindex pair (g;h) 2 [1;K] [1;K]. Finally, theapproximateMLE of the sparsityparameter
ris

ép:q(l Y(paq)) (é.g;hfp! qgfp qh)_

r"\ : o o
apqaghfp agfp an

Alternatively, wecan x r prior to theanalysisthedensityof theinteractionmatrixis estimated
with d = & g Y (P Q) =N2, andthe sparsityparameteis setto f = (1 d). This latter estimator
attributesall theinformationin the non-interactionso thepointmassthatis, to latentsourcesther
thanthe block model B or the mixed membershiprectorspin. It doeshowever provide a quick
recipeto reducethe computationaburdenduringexploratoryanalyses.

Severalmodelselectionstratgyiesareavailablefor complec hierarchicaimodels(Joutardet al.,
2007). In our setting,modelselectiontranslatesnto the determinatiorof a plausiblevalue of the
numberof groupsK. In thevariousanalysepresentedye selectedheoptimalvalueof K according
to two stratgies. On large networks, we selectedK correspondingdo the highestaveragecheld-out
likelihoodin across-alidationexperiment.On smallnetworks—wherecross-alidationcannotbe
expectedo work well, aswe discussn Section5—we sselecteK usinganapproximatiorto BIC.

4. Notethatf" = f in the caseof singlemembershipIn fact, thatimpliesf i} 4= fg‘ gh = 1for some(g;h) pair, for
ary (p;q) pair.
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4. Experiments and Results

We present studyof simulateddataandapplicationgo socialandproteininteractionnetworks.

Simulationsare performedin Section4.1 to shav that both mixed membershipp1n, andthe
latentblock structure B, canberecoveredfrom data,whenthey exist, andthatthenestedsariational
inferencealgorithmis fasterthanthe nave implementationwhile reachingthe samepeakin the
likelihood—allotherthingsbeingequal.

Theapplicationto a friendshipnetwork amongstudentsn Sectiond.2teststhemodelon areal
datasetwherewe expecta well-de ned latentblock structureto inform the obsered connectvity
patternsin the network. In this application,the blocks are interpretablen termsof grades. We
compareourresultswith thosethatwererecentlyobtainedwith asimplemixtureof blocks(Doreian
etal., 2007)andwith alatentspacemodel(Handcocketal., 2007)on the samedata.

Theapplicationto a proteininteractionnetwork in Sectiond.3teststhe modelon arealdataset
wherewe expecta noisy, vaguelatentblock structureto inform the obsened connecwity patterns
in the network to somedegree. In this application,the blocksareinterpretabldn termsfunctional
biological contects. This applicationteststo what extentour modelcanreducethe dimensionality
of the data,while revealingsubstantie informationaboutthe functionality of proteinsthatcanbe
usedto inform subsequerdnalyses.

4.1 Exploring ExpectedModel Behavior with Simulations

In developingthe MMB andthe correspondingomputationpur hopeis the the modelcanrecover
both the mixed membershipf nodesto clustersandthe latentblock structureamongclustersin
situationswherea block structureexists andthe relationsare measuredvith someerror. To sub-
stantiatethis claim, we sampledgraphsof 100, 300, and 600 nodesfrom blockmodelswith 4; 10;
and20 clustersrespectiely, usingthe MMB. We useddifferentvaluesof a to simulatea rangeof
settingsn termsof membershipf nodego clusters—fronmunique(a = 0:05) to mixed(a = 0:25).

Recovering the truth.  ThevariationalEM algorithmsuccessfullyecorersboththe latentblock
modelB andthe latentmixed membershiectorsp;.n. In Figure6 we showv the adjaceng matri-
cesof binary interactionswhererows, thatis, nodes,arereorderedaccordingto their mostlikely
membershipTheestimatedeorderingrevealsthe block modelthatwasoriginally usedto simulate
theinteractions.As a increaseseachnodeis likely to belongto moreclusters.As a consequence,
they expressinteractionpatternsof clusters.This phenomenome ects in thereorderednteraction
matricesastheblock structures lessevident.

Nestedvariational inference. The nestedvariationalalgorithmdrivesthelog-likelihoodto con-
verge fasterto its peakthanthe nave algorithm. In Figure7 (left panel)we comparethe running
timesof the nestedvariational-EMalgorithmversusthe nave implementation. The nestedalgo-
rithm, which is moreef cient in termsof spaceconvergedfaster Furthermorethe nestedvaria-
tional algorithmcanbeparallelizedyiventhattheupdatedor eachinteraction(i; j) areindependent
of oneanother

Choosingthe number of blocks. Theright panelof Figure 7 shavs an examplewherecross-
validationis sufcient to performmodelselectionfor the MMB. The exampleshavn corresponds
to a network among300 nodeswith K = 10 clusters. We measureghe numberof latentclusters
on the X axis andthe averageheld-outlog-likelihood, correspondindo ve-fold cross-alidation
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experimentspntheY axis. The nestedvariationalEM algorithmwasxrun until corvergence for
eachvalueof K we testedwith atoleranceof e= 10 5. Our estimatefor K occursat the peakin
theaverageheld-outlog-likelihood,andequalghe correcthumberof clustersK = 10

4.2 Application to SocialNetwork Analysis

We considereda friendshipnetwork amonga group of 69 studentsin grades/—12. The analysis
heredirectly compareslusteringresultsobtainedoy MMB to publishedclusteringresultsobtained
by competingmodels,in a settingwherea fair amountof socialsegregationis expected(Doreian
etal.,2007;Handcocketal., 2007).

The National Longitudinal Study of AdolescentHealthis nationally representate study that
exploresthe how socialcontexts suchasfamilies,friends,peersschoolsneighborhoodsandcom-

P LT L TIPS -
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Figure6: Adjaceny matricesof correspondingo simulatednteractiongraphswith 100nodesand
4 clusters,300 nodesand 10 clusters,600 nodesand 20 clusters(top to bottom)and
a equalto 0:05;0:1 and 0:25 (left to right). Rows, which correspondgo nodes,are
reorderechccordingo theirmostlikely membershipTheestimatedeorderingaccurately
revealstheoriginal blockmodel.
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munitiesin uence healthandrisk behaiors of adolescentsandtheir outcomesn youngadulthood
(Harrisetal., 2003;Udry, 2003). As partof the surwey, a questionnairevasadministeredo a sam-
ple of studentsn eachschool,who were allowed to nominateup to 10 friends. We analyzeda
friendshipnetwork amongthe studentsat the sameschoolthatwasconsideredy Handcocket al.
(2007)anddiscussantd-riendshipnominationsverecollectedamong7 1 studentsn grades/ to 12;
two studentslid not nominateary friends. The network of binary, asymmetridriendshiprelations
amongtheremaining69 studentghatconstitutesour datais shovn in Figure9 (left).

Giventhesizeof thenetwork we usedBIC to performmodelselectionasin themonksexample
of Section2.3. The resultssuggesta modelwith K = 6 groups.(We x K = 6 in theanalyses
thatfollow.) Thehyperparametergstimatedvith the nestedvariationalEM. They area = 0:0487,
f = 0:936,andafairly diagonalblockmodel,

2
0:3235 0.0 0:0 0:0 0:0 0:0 3

0:0 0:3614 0:0002 0:0 0.0 0.0
0.0 0.0 0:2607 0.0 0.0 0:0002
0:.0 0:.0 0:0 0:3751 0:0009 0:0
0.0 0.0 0.0 0:0002 0:3795 0.0
0.0 0.0 0.0 0.0 0.0 0:3719

o>
1

Figure 8 shavs the expectedposteriormixed membershigscoresfor the 69 studentsn the sam-
ple; few studentgdisplay mixed membership.The rarity of mixed membershign this contet is
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Figure7: Left: Therunningtime of the nave variationalinference(dashedyedline) againstthe
runningtime of our enhancednested)ariationalinferencealgorithm(solid, blackline),
on a graphwith 100 nodesand 4 clusters. We measurghe numberof secondson the
X axis andthe log-likelihoodon the Y axis. The two curvesare averagesover 26 ex-
periments,andthe error barsare at three standarddeviations. Eachof the 26 pairs of
experimentsvasinitialized with thesamevaluesfor theparametersRight: Theheld-out
log-likelihoodis indicative of the true numberof latentclusters,on simulateddata. We
measurdhe numberof latentclusterson the X axisandthe log-likelihoodon a testset
ontheY axis. In the exampleshown, the peakidenti es the correctnumberof clusters,
K =10
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Figure8: Theposteriommixedmembershigscoresp, for the 69 studentsEachpanelcorrespondo
a studentwe ordertheclustersl to 6 onthe X axis,andwe measurdhe students grade
of membershipo theseclustersontheY axis.

expected,while mixed membershipmay signalunexpectedsocial situationsfor further investica-
tion. For instancejt may signala family bondsuchasbrotherhoodpr a studentthatis repeating
agradeandis thuspartof a broadersocialclique. In Figure9, we contrastthe friendshiprelation
data(left) to the estimateobtainedby thresholdinghe estimatedorobabilitiesof a relation,using
the blockmodelandthe node-speci clatentvariables(center)and the interactions-speci datent
variableqright). Themodelprovidesagoodsummaryof thesocialstructuren the school;students
tendto befriendotherstudentsn the samegrade with a few exceptions.The low degreeof mixed
membershixplainsthe absencef obvious differencedetweerthe model-basedeconstructions
of thefriendshiprelationswith thetwo modelvariants(centerandright).

Next, we attempteda quantitatve evaluationof the goodnesf t. In this data,the blocks
areclearlyinterpretablea-posteriorin termsof grades.The mixed membershipsectorsprovide a
mappingbetweengradesandblocks. Conditionallyon sucha mapping,we assignstudentgo the
gradethey aremostassociatedvith, accordingto their posteriormeanmixed membershipectors,
EfpnjY]. To be fair in the comparisorwith competingmodels,we assignstudentsto a unique
grade—despit¢MMB allows for mixed membership. Table 1 computesthe correspondencef
gradesto blocks by quoting the numberof studentsin eachgrade-blockpair, for MMB versus
the mixture blockmodel(MB) in Doreianet al. (2007),andthe latentspaceclustermodel(LSCM)
in Handcocket al. (2007). The higherthe sumof countson diagonalelementds the betteris the
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Figure9: Original matrix of friensdhip relationsamong 69 studentsin grades7 to 12 (left),
and friendship estimatedrelationsobtainedby thresholdingthe posteriorexpectations
PpBgY (center)andf , Bf 4jY (right).

MMB Clusters MSB Clusters LSCM Clusters

Grade| 1 2 3 4 5 6|1 2 3 4 5 6|1 2 3 4 5 6
7/123 1 o O O O|13 1 O O O 023 1 0 O O O

8/ 0 9 2 0 O 1010 2 O O O/ 0 12 12 0o 0 o

9/ 0 0 16 0 O O[O O 10 O O 6/, 0 0 7 &6 3 0

10, 0 0 0 10 O O| O O O 10 O O, 0 O O O 3 7

11|, o0 0 1 0 112 14 0 O 1 O 11 12, 0 O O O 3 10

12/ 0 0 0 0 0O 4/, 0 O O O O 4, 0 O O 0 0 4

Tablel: Gradelevelsversus(highest)expectedposteriormembershigor the 69 studentsaccord-
ing to threealternatve models.MMB is the proposednixedmembershitochastiblock-
model,MSB is asimplerstochastiblock mixturemodel(Doreianetal.,2007),andLSCM
is thelatentspaceclustermodel(Handcocketal., 2007).

correspondencavyhile the higherthe sumof countsoff diagonalelementds the worseis the cor
respondenceMMB performsbestby allocating63 studentdo their gradesyersuss7 of MB, and
37 of LSCM. Correspondencenly partially captureggoodnes®f t, however, it is a goodmetric
in the settingwe considerwherea fair amountof clusteringis present.Theresultssuggesthatthe
extra- exibility MMB offersover MB andLSCM reducesiasin the predictionof the membership
of studentdo blocks. In otherwords, mixed membershipgloesnot absorbnoisein this example;
ratherit accommodategariability in the friendshiprelationthatis instrumentaln producingbetter
predictions.

Concludingthis example,we note how the model decoupledhe obsened friendshippatterns
into two complementarysourcesof variability. On the one hand,the connectvity matrix B is a
global, unconstraineagetof hyperparametersOn the otherhand,the mixed membershiprectors
p1n provide a collectionof node-speci clatentvectors,which inform the directedconnectionsn
thegraphin asymmetricfashion.
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4.3 Application to Protein Interactions in SacharomycesCerevisiae

We considereghysicalinteractionsamong871proteinsin yeast. The analysisallows usto evalu-
atetheutility of MMB in summarizingandde-noisingcomplex connectity patterngjuantitatvely,
using an independensetof functionalannotations.For instance betweentwo modelsthat sug-
gestdifferentsetsof interactionsasreliable,we preferthe modelthatrevealsfunctionallyrelevant
interactions—asneasuredisingtheannotations.

Proteininteractiong PPI)form the physicalbasisfor the formationof stableproteincomplees
(i.e., proteinclusters)yandsignalingpathways(i.e., cascadesf proteininteractionevents)thatcarry
out all major biological processesn the cell. A numberof high-throughputexperimentaltech-
nologieshave beendevisedto determinethe setof interactingproteinson a global scalein yeast.
Theseincludetwo-hybrid (Y2H) screensand massspectrometrymethodsGavin et al., 2002;Ho
etal., 2002;Krogan et al., 2006). High-throughputechnologieshowever, often missto identify
interactionghatarenot presenunderthe givenconditions.Speci ¢ wet-labmethodsemplo/ed by
a certaintechnology suchastagging,may disturbthe formationof a stableproteincomple, and
weaklyassociatedomponentsnay dissociateandescapealetection.Statisticalmodelsthatencode
information aboutfunctional processesvith high precisionare an essentiakool for carrying out
probabilisticde-noisingof biological signalsfrom high-throughputxperiments.

The goal of the analysisof proteininteractionswith MMB is to reveal the proteins' diverse
functionalrolesby analyzingtheirlocalandglobalpatternf interaction.Thebiochemicaktompo-
sition of individual proteinsmake themsuitablefor carryingoutaspeci c setof cellularoperations,
or functions The mainintuition behindour methodologyis that pairsof proteininteractbecause
they participatein the samecellular processas part of the samestableprotein comple, thatis,
co-location,or becausehey arepartof interactingproteincomplexes,asthey carryout compatible
cellularoperationgAlbertsetal., 2002).Below, we describehe MIPS proteininteractionslataand
the possibleinterpretationof the blocksin MMB in termsof biological functions,andwe report
resultsof two experiments.

4.3.1 PROTEIN INTERACTION DATA AND FUNCTIONAL ANNOTATION DATA

The Munich Institute for ProteinSequencindMIPS) databasevas createdin 1998 basedon ev-
idencederived from a variety of experimentaltechniques(Mewes et al., 2004). It includesa
hand-curatedollectionof proteininteractionghatdoesnotincludeinteractionbtainedwith high-
throughputtechnologies.The collectioncoversabout8000 proteincomplex associationsn yeast.
We analyzeda subsetof this collection containing871 proteins,the interactionsamongstwhich
werehand-curated.

The MIPS institutealsoprovidesa setof functionalannotationgor eachprotein. Theseanno-
tationsareorganizedin atree,with 15 nodes(i.e., high-level functions)atthe rst level, 72 nodes
(i.e.,themid-level functions)atthe secondevel, and255nodeq(i.e., thelow-level functions)at the
theleaflevel. We mappedahe871proteinsin our collectionsto the high-level functionsof the MIPS
annotatiortree. Table2 quoteshenumberof proteinsannotatedo eachof thesel5 functions.Most
proteinsparticipatein morethanonefunctionalcateyory, with anaverageof  2:4 functionalanno-
tationsfor eachprotein.. Therelatve importanceof functionalcateyoriesin our collection,in terms
of the numberof proteinsinvolved, is similar to the relatve importanceof functional cateyories
overtheentireMIPS collection. We canalsorepreseneachproteinin termsof its MIPS functional
annotations.This leadsto a 15-dimensionalpinary representatiofior eachprotein, by, wherea
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componenbp(k) = 1 indicatesthat protein p is annotatedvith functionk in Table2. Figure 10
shaws the binary representation®y;.g71, of the proteinsin our collections;eachpanelcorresponds
to a protein;the 15 functionalcategyoriesareorderedasin Table2 onthe X axis,whereaghe pres-
enceor absencef the correspondindunctionalannotationis displayedon theY axis. In Section
4.3.2,we t amixed membershiblockmodelwith K = 15, andwe explore the direct correspon-
dencebetweemrotein-speci cmixed membership$o blocks,p1.g71, andMIPS-derved functional
annotationsby.g71.

An alternatve sourceof functionalannotationss the geneontology (GO), distributed as part
of the SaccharomycegenomedatabasdAshkurneret al., 2000). GO provides vocalulariesfor
describingthe molecularfunction, biological processandcellular componenbf geneproducts—
suchas proteins. Termsare organizedin a directedacgyclic graph. Termsat the top represent
broader more generalconceptstermslower dovn represenmore speci ¢ concepts. Thereare
two differentrelationshiptypesbetween(parent-child)terms: “is a” and“part of”. Proteinsare
annotatedo terms, and, mostimportantly a proteinis typically annotatedo multiple terms,in
differentportionsof the GO annotationgraph. We restrictour evaluationsto a collectionof GO
termsthatis speci ¢ enoughfor a co-annotatior{i.e., two proteinsannotatedo the sameterm)to
be functionally relevant to molecularbiologists(Myers et al., 2006). In Section4.3.3, we select
themixedmembershiplockmodelbestfor predictingout-of-samplénteractionscorrespondingo
K = 50,andwe exploreits goodness-of- indirectly—rathethanattemptingadirectinterpretation
of themodel's parameters—in termsof the numberof predictedinteractionghatarefunctionally
relevantaccordingto GO functionalannotations.

4.3.2 DIRECT EVALUATION: THE MODEL CAPTURES SUBSTANTIVE BIOLOGY

In the rst experiment,we t amodelwith K = 15 blocks,andwe attempta directinterpretation
of the blocksin termsof the 15 high-level functional categyoriesin the MIPS annotationtree—
separatdrom the MIPS proteininteractiondata,andindependentiyconceved. We discusgesults
thatportraythe relevanceof mixed membershipthe resolutionof the identi cation of blockswith

functionalcategyories,andselectegredictions.

# Catgory Count| # Catgory Count
1 Metabolism 125| 9 Interactionw/ cell. ervironment 18
2 Enegy 56 | 10 Cellularregulation 37
3 Cellcycle & DNA processing 162 | 11 Cellularother 78
4 TranscriptiontRNA) 258 | 12 Controlof cell organization 36
5 Proteinsynthesis 220 | 13 Sub-cellularactiities 789
6 Proteinfate 170 | 14 Proteinregulators 1
7 Cellulartransportation 122 | 15 Transportacilitation 41
8 Cellrescuedefence virulence 6

Table2: The 15 high-level functional categyoriesobtainedby cutting the MIPS annotationtree at
the rst level andhow mary proteins(out of 871) participatein each.
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Wewantto computehecorrespondendeetweerprotein-speci cmixedmembershipso blocks,
P1.871, and MIPS-derived functionalannotationsp;.g712. The K = 15 blocksin the blockmodelB
arenot directly identi able in termsof functionalcateyories. In otherwords,we needto estimate
a permutationof the component®f p, in orderto be ableto interpretE[pn(k)jY] asthe expected
degreeof membershimf proteinnin functionk of Table2—ratherthansimply the expecteddegree
of membershif proteinn in block k, out of 15. To estimatethe permutationthat bestidenti es
blocksto functions,we proceededas follows. We sampled87 proteinsand their corresponding
MIPS annotationsb;.g7. We predictedmembershimf the 87 proteinsby thresholdingheir mixed
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Figure10: By mappingindividual proteinsto the 15 generaffunctionsin Table2, we obtaina 15-
dimensionalepresentatiofor eachprotein. Here,eachpanelcorrespondso a protein;
thel5functionalcatgoriesaredisplayedntheX axis,whereashepresencer absence
of the correspondindunctionalannotations displayedon theY axis. The plotsatthe
bottomzoominto threeexamplepanelgproteins).
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Figurell: Themappingof blocksto functionsis estimatedy maximizingtheaccurag of thepre-
dictedannotation®f 87 proteins.We plot maginalfrequenciesf proteins'membership
to truefunctions(left) andto predictedfunctions(right).

membershipepresentations,

~ _ 1 ifpp(k) >t

br(k) = 0 otherwise

wheret is the 95thpercentileof the ensemblef elementofp1.g7, correspondingo the 87 proteins
in the training set. We thengreedilyidenti ed the mappingthat maximizingthe accurag of the
predictedannotationsof 87 proteins. We usedthis mappingto comparepredictedversusknowvn

functionalannotationgor all proteins;in Figurell we plot mawginal frequencie®f proteins'mem-
bershipto true functions(left panel)andto predictedfunctions(right panel). Theaccurag on the
90%testingsetis about87%. An algorithmthatrandomlyguessesnnotationsknowing the right

proportionsof annotationgn eachcateyory, leadsto a baselineaccurag of about70%. Figure12

shaws predictedmixed membershipgdashedyed lines) versusthe true annotationgsolid, black
lines), giventhe estimatednappingof blocksto functions,for six exampleproteins.

4.3.3 INDIRECT EVALUATION: FUNCTIONAL CONTENT OF PREDICTED INTERACTIONS

In the secondexperiment,we selectedhe mixed membershigplockmodelbestfor predictingout-
of-sampleinteractions,and we exploredits goodness-of- tindirectly, in termsof the numberof
predictedinteractionsthat are functionally relevant accordingto GO presentin estimatedorotein
interactionnetworks obtainedwith the two typesof analysegshat MMB supports;summarization
andde-noising.

We t modelswith K rangingbetweer? and255. We selectedhe bestmodel (K = 50) using
cross-alidatedheld-outlog likelihood,asin Figure 7. This nding supportsthe hypothesisthat
proteinsderived from the MIPS dataareinterpretablen termsfunctionalbiological contexts. Al-
ternatiely, the blocksmight encodesignalata ner resolution,suchasthatof proteincomplees.
If thatwasthe case,howvever, we would expectthe optimal numberof blocksto be signi cantly
higher;871=5 175,givenanaveragesizeof ve proteinsin acomple (Kroganetal.,2006).
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Using this model,we computedposteriormodel-basedxpectationf eachinteractionasfol-
lows,

E[V(pa)] BooBB, and  E[Y(po)] Py o BP)

Thesecomputationdeadto two estimatedoroteininteractionnetworks with expectedprobabilities
of interactionstaking valuesin [0; 1]. We obtainedbinary proteininteractionnetworks by thresh-
olding theseexpectedprobabilitiesat ten differentvalues. In termsof the two analysesiescribed
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Figure12: Predictednixed-membership&ashedredlines)versusbinarymanuallycuratedfunc-
tionalannotationgsolid, blacklines)for six exampleproteins giventheestimatednap-
ping of blocksto functionsin Figurell.
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Figurel3: In the top panelwe measurehe functional contentof the the MIPS collectionof pro-
teininteractiongyellow diamond) andcomparét againstotherpublishedcollectionsof
interactionsandmicroarraydata,andto the posteriorestimateof the MMB models—
computedas describedn Section4.3.3. A breakdavn of threeestimatednteraction
networks (the pointsannotatedL, 2, and 3) into mostrepresentedeneontology cate-
goriesis detailedin Table3.

in Section2.2,thisamountto either(i)predictingphysicalinteractionsy thresholdinghe posterior
expectationscomputedusing blockmodelB and mixed membershipmapps, essentiallya predic-
tion task,or (i) we de-noisethe obsered interactionsy usingthe blockmodelB andinteraction-
speci ¢ membershigndicatorsZs, essentiallya de-noisingtask. We usethe independenstet of
functionalannotationgrom the geneontologyto decidewhich interactionsarefunctionally mean-
ingful; namelythosebetweerpairsof proteinsthatshareat leastonefunctionalannotationMyers
etal., 2006).In this sensebetweenwo modelsthatsuggestlifferentsetsof interactionsasreliable,
our evaluationassignsa higher scoreto the modelthat revealsfunctionally relevant interactions.
Figure 13 shaws the functional contentof the original MIPS collection of physical interactions
(point no.2), and of the collectionsof interactionscomputedusing (B; P s), the light blue ()
line, andusing(B; Zs), thedarkblue( +) line,thresholdedttendifferentlevels—precision-recall
cunes. The posteriormeansof P s provide a parsimoniousepresentatiofor the MIPS collection,
andleadto preciseinteractionestimatesin moderateamount( line). Theposteriormeansof Zs
provide aricherrepresentatiofor thedata,anddescribanostof thefunctionalcontentof the MIPS
collectionwith high precision( + line). Figurel3alsoshavsthefunctionalcontentof theoriginal
MIPS collection(the yellow diamond). Most importantly noticethe estimatedoroteininteraction
networks, thatis, ex-esandcrossescorrespondingo lower levels of recall featurea moreprecise
functionalcontenthantheoriginal. This meanghatthe proposedatentblock structurds helpfulin
summarizinghe collectionof interactions—byankingthemproperly On closerinspectiondense
blocks of predictedinteractionscontainknown functional predictionsthat were not in the MIPS
collection,thuseffectively improving the quality of the datathatinstantiateactivity speci c to few
biological contets, suchasbiopolymercatabolismandhomeostasidn conclusionresultssuggest
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# GOTerm Description Pred. Tot.
1 GO0:0043285 Biopolymercatabolism 561 17020
1 GO0:0006366 Transcriptionfrom RNA polymerasedl promoter 341 36046
1 GO:0006412 Proteinbiosynthesis 281 299925
1 GO0:0006260 DNA replication 196 5253
1 GO0:0006461 Proteincomplex assembly 191 11175
1 GO0:0016568 Chromatinmodi cation 172 15400
1 GO0:0006473 Proteinaminoacidacetylation 91 666
1 GO:0006360 Transcriptionfrom RNA polymerasé promoter 78 378
1 GO0:0042592 Homeostasis 78 5778
2 GO0:0043285 Biopolymercatabolism 631 17020
2 GO0:0006366 Transcriptionfrom RNA polymerasél promoter 414 36046
2 (G0:0016568 Chromatinmodi cation 229 15400
2 GO0:0006260 DNA replication 226 5253
2 GO0:0006412 Proteinbiosynthesis 225 299925
2 GO0:0045045 Secretornypathway 151 18915
2 GO0:0006793 Phosphorusetabolism 134 17391
2 GO0:0048193 Golgivesicletransport 128 9180
2 GO0:0006352 Transcriptioninitiation 121 1540
3 GO0:0006412 Proteinbiosynthesis 277 299925
3 GO0:0006461 Proteincomplex assembly 190 11175
3 G0:0009889 Reyulationof biosynthesis 28 990
3 GO0:0051246 Reyulationof proteinmetabolism 28 903
3 GO0:0007046 Ribosomebiogenesis 10 21528
3 GO0:0006512 Ubiquitin cycle 3 2211

Table3: Breakdavn of threeexampleinteractionnetworks into most representedjeneontology
catgyories—sedext for moredetails. Thedigit in the rst columnindicatesthe example
network in Figurel3thatary givenline refersto. Thelasttwo columnsgquotethe number
of predicted andpossiblepairsfor eachGO term.

thatMMB successfullyeduceghe dimensionalityof thedata,while revealingsubstantie informa-
tion aboutthe multiple functionality of proteinsthatcanbe usedto inform subsequerdinalyses.

Table3 providesmoreinformationaboutthreeinstancef predictedinteractionnetworks dis-
playedin Figure 13; thosecorrespondinghe pointsannotatedL, 2, and3. Speci cally, the table
shawvs abreakdavn of the predictedposterior)collectionsof interactiongn eachexamplenetwork
into thegeneontologycateories.A countin thetablecorrespondso thefactthatbothproteinsare
annotatedvith the sameGO functionalcategory.®

In this applicationthe MMB learnednformationabout(i) the mixed membershimf objectsto
latentgroups,and(ii) the connectvity patternsamonglatentgroups. Theseestimatesvere useful
in describingand summarizingthe functional contentof the MIPS collection of proteininterac-

5. Notethat,in GO, proteinsaretypically annotatedo multiple functionalcategories.
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tions. This suggestsheuseof MMB asadimensionalityreductionapproachhatmaybe usefulfor
performingmodel-drivende-noisingof new collectionsof interactionssuchasthosemeasuredia
high-throughpuexperiments.

5. Discussion

Modernprobabilisticmodelsfor relationaldataanalysisarerootedin the stochastidolockmodels
for psychometri@andsociologicalanalysis pioneeredy LorrainandWhite (1971)andby Holland

and Leinhardt(1975). In statistics,this line of researchhasbeenextendedin various contexts

over the years(Fienbeg et al., 1985; Wassermarand Pattison,1996; Snijders,2002; Hoff et al.,

2002;Doreianetal.,2004).In machindearning,therelatedtechniqueof Markov randomnetworks

(FrankandStrauss1986)have beenusedfor link prediction(Taskaretal.,2003)andthetraditional
blockmodelshave beenextendedto include nonparametridayesianpriors (Kemp et al., 2004,
2006;Xu etal., 2006)andto integraterelationsandtext (McCallumetal., 2007).

Thereis a closerelationshipbetweerthe MMB andthe latentspacemodels(Hoff etal., 2002;
Handcocket al., 2007). In the latent spacemodels,the latentvectorsare dravn from Gaussian
distributions andthe interactiondatais dravn from a Gaussiarwith meanp,9pq. In the MMB,
the mauginal probability of an interactiontakesa similar form, p, Bpq, whereB is the matrix of
probabilitiesof interactionsfor eachpair of latentgroups. Two major differencesexist between
theseapproachedn MMB, thedistribution overthelatentvectorsis a Dirichlet andtheunderlying
datadistribution is arbitrary—wehave chosenBernoulli. The posteriorinferencein latentspace
models(Hoff etal.,2002;Handcocketal.,2007)is carriedoutvia MCMC samplingwhile we have
developeda scalablevariationalinferencealgorithmto analyzelarge network structures (It would
be interestingto develop a variationalalgorithmfor the latentspacemodelsaswell.) A number
of well-designedhumericalinvesticationsandcomparisondetweervariationalEM andvariantsof
MCMC have beenperformedin existing literature;for instance seeBuntineandJakulin (2006)8
andBraunandMcAuliffe (2007).We referreadersnterestedn thecomparisorbetweenvariational
vs. MCMC to theseresources.

The modeldecoupleghe obserned connectity patternsinto two sourcesof variability, B;P's,
thatareapparentlyin competitionfor explaining the data,possiblyraisinganidenti ability issue.
This is not the case,however, asthe blockmodelB capturesglobal/asymmetrigelations,while
the mixed membershipvectorsP s capturelocal/symmetricrelations. This differencepractically
eliminatesheissue,unlessthereis no signalin the datato begin with.

A recurringquestion,which bearsrelevanceto mixed membershipmodelsin general,is why
we do not integrateout the single membershigndicators—zp 4Zp q). While this may leadto
computationakf ciencies we would often loseinterpretablequantitiesthat are usefulfor making
predictionsfor de-noisingnev measurement®y for performingothertasks.In fact, the posterior
distributionsof suchquantitiestypically carry substantie informationaboutelementof the appli-
cationat hand. In the applicationto proteininteractionnetworks of Section4.3, for example,they
encodeheinteraction-speci cnembershipsf individual proteinsto proteincompleces.

In therelationalsetting,cross-alidationis feasibleif theblockmodelestimatedntrainingdata
canbe expectedto hold on testdata;for this to happenthe network mustbe of reasonablesize,
so thatwe canexpectmembersof eachblock to be in both training andtestsets. In this setting,

6. Seecorrespondinglideswith additionalresults.(http://www.hiit.fi/ ~buntine/dpca\_slides.pdf )
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schedulingof variationalupdatess important; nestedvariationalschedulingeadsto ef cient and
parallelizabldanference.

A limitation of our modelcanbebestappreciatedn a simulationsetting.If we considerstruc-
tural propertiesof the network MMB is capableof generatingwe counta wide arrayof local and
global connectwity patterns. But the model doesnot readily generatehubs that is, nodescon-
nectedwith alarge numberof directedor undirectecconnectionspr networks with skeweddegree
distributions.

From a dataanalysisperspectie, we speculatehat the value of MMB in capturingsubstan-
tive information abouta problemwill increasein semi-supervisedetting—wherefor example,
informationaboutthe membershipf genego functionalcontets is includedin the form of prior
distributions. In sucha settingwe may be interestedn looking at the changebetweenprior and
posteriormembershipa sharpchangemay signalbiological phenomenavorth investigating. We
neednot assumehatthe numberof groups/blocksk, is nite. It is possible for example,to posit
thatthemixed-membershipectorsaresampledorm astochastiprocessin thenonparametriset-
ting. To maintainmixed membershipf nodesto groups/blocksn suchsetting,we needto sample
themfrom a hierarchicalDirichlet procesqTeh et al., 2006),ratherthanfrom a Dirichlet Process
(EscobamandWest,1995).

MMB generalizedo two importantcases. First, multiple datacollectionsY;, on the same
objectscanbe generatedby the samelatentvectors. This might be useful,for example,for simul-
taneouslyanalyzingthe relationalmeasurementaboutesteenmanddisesteemljking anddisliking,
positive in uence andnegative in uence, praiseandblame,for example,seeSampsor(1968),or
thoseaboutthe collectionof 17 relationsmeasuredy Bradley (1987). Second,n the MMB the
datageneratingdistribution is a Bernoulli, but B canbe a matrix that parameterizeary kind of
distribution. For example,technologiedor measuringnteractionsbetweenpairsof proteinssuch
asmassspectrometryfHo etal., 2002)andtandemaf nity puri cation (Gavin etal.,2002)returna
probabilisticassessmemboutthe presencef interactionsthussettingtherangeof Y (p; g) to [0; 1].
Thisis notthe casefor the manuallycuratedcollectionof interactionsve analyzein Section4.3.

6. Conclusions

In this papemwe introducedmixed membershigtochastidblockmodelsa novel classof latentvari-
ablemodelsfor relationaldata. Thesemodelsprovide exploratorytools for scienti ¢ analysesn
applicationswherethe obsenrationscan be representeds a collection of unipartitegraphs. The
nestedvariationalinferencealgorithmis parallelizableand allows fastapproximateinferenceon
largegraphs.
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Appendix A. General Model Formulation

In generalmixed membershigtochastidblockmodelscanbe speci ed in termsof assumptiongat
four levels: populationnode latentvariable,andsamplingschemdevel.

A.1 Population Level

Assumethat thereare K classesr sub-populationsn the populationof interest. We denoteby
f (Y(p;q) j B(g;h) ) the probability distribution of the relation measuredn the pair of nodes
(p; g), wherethe p-th nodeis in theh-th sub-populationthe g-th nodeis in theh-th sub-population,

inl;:::; K.

of the n-th nodeto the varioussub-populationsThe distribution of the obsened responseé (p; q)
giventherelevant,node-speci cmembershipg;pp;Pq). is then

K
Pr(Y(p;a) jpp:Pq:B) = % Pp(9) f(Y(p:a)j B(g:h)) pq(h):
gh=1

Conditionalon the mixed membershipsthe responseedgesyjnm areindependenbf oneanothey
bothacrosdistinctgraphsandpairsof nodes.

A.3 Latent Variable Level

Assumehatthemixedmembershiwectorsp, . arerealizationof alatentvariablewith distribution

D,, with parametewvectora. The probability of observingY (p;q), giventhe parameterds then
4

Pr(Y(pa)ja;B) =  Pr(Y(p;q)jPpPqg;B) Daldp):

A.4 Sampling Schemelevel

Assumethatthe M independenteplicationsof the relationsmeasurean the populationof nodes
areindependendf oneanother The probability of observingthe whole collectionof graphs,Y1.u,
giventhe parameterds thengiven by thefollowing equation.

NN
Pr(Yimja;B)= O O Pr(Ym(p;d)ja;B):
m=1pg=1

Full modelspeci cationsimmediatelyadapto thedifferentkindsof data,for example multiple
datatypesthroughthe choiceof f, or parametricor semi-parametrispeci cationsof the prior on
thenumberof clustershroughthe choiceof adistribution for theps, Dj.

Appendix B. Details of the Variational Approximation

Here we presentmore detailsaboutthe derivation of the variational EM algorithm presentedn
Section3. Furthermorewe addressa settingwhereM replicatesare available aboutthe paired
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measurement$z1m = (N;Yi:m), andrelationsYy(p; g) take valuesinto an arbitrary metric space
accordingto f ( Ym(p;0) j :: ). An extensionof the inferencealgorithmto addresshe caseor
multivariaterelations,say J-dimensionaland multiple blockmodelsB1.; eachcorrespondindo a
distinctrelationalresponseganbederivedwith minor modi cations of the derivationsthatfollow.

B.1 Variational Expectation-Maximization

We bggin by brie y summarizinghe generaktratgy we intendto use.Theapproximatevariantof
EM we describehereis oftenreferredto asVariational EM (Bealand Ghahramani2003). Recall
thatY denoteghedata.Rewrite X = (p1:n;Z ;Z ) for thelatentvariablesandQ = (a; B) for the
models parametersBrie y, it is possibleto lower boundthe likelihood, p(YjQ), making useof
Jensersinequalityandof ary distribution on thelatentvariablesg(X),

z
p(YiQ) = log « p(Y; XjQ) dX
z o
= log q(X)de (for any q)
, X a(Xx)
p(Y; XjQ)
« a(Xx) IogW dX (Jensers)

Eq[logp(Y;XjQ) logg(X)] =: L(g;Q)

In EM, thelower boundL (g; Q) is theniteratively maximizedwith respecto Q, in theM step,and
gin theE step(Dempsteretal., 1977).In particular atthet-th iterationof the E stepwe set

q® = p(Xjy; Q" y; (5)

thatis, equalto the posteriordistribution of the latentvariablesgiventhe dataandthe estimateof
the parameterstthe previousiteration.

Unfortunatelywe cannotcomputethe posteriorin Equation5 for theadmixtureof latentblocks
model. Rather we de ne a direct parametricapproximationto it, § = gp(X), which involvesan
extra setof variational parametes, D, andentailsan approximatdower boundfor the likelihood
Lp(g; Q). At thet-th iterationof the E step,we then minimize the Kullback-Leiblerdivergence
betweerg® andq(Dt), with respecto D, usingthedata’ The optimal parametricapproximationis,

in fact,aproperposteriorasit depend®nthedataY, althoughindirectly, q(Dt)(Y)(X) = p(XjY).

B.2 Lower Bound for the Lik elihood

Accordingto the mean- eldtheory(Jordanetal., 1999),0necanapproximateanintractabledistri-
bution suchasthe onede ned by Equation(1) by afully factoreddistribution q(p1:n; Zi ;i Zym)
de ned asfollows:

AP1N; Zim: Zomienn: F s Faw)
= O Q1('ppfgp) OO QZ(”Z?l qffg} q1l) (:12('22;I qj’fgl qal) ,
p

m pq

whereq; is a Dirichlet, ¢ is a multinomial, andD = (en.n;F 1 F 1) representhe setof free
variational parametes needto be estimatedn the approximatedistribution.

7. Thisis equivalentto maximizingthe approximatdower boundfor thelikelihood,L p(q; Q), with respecto D.
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Minimizing the Kulback-Leiblerdivergencebetweerthis q(p1:n; Zi . Z144iD) andtheoriginal
pPP1N; Zi: Z1v de ned by Equation(1) leadsto the following approximatdower boundfor the
likelihood.

Lo Q) = Eq 10gO O pilYm(pi)izh 427 4B)
m pq
+ Eq 10900 P gppi) +Eq 1090 O P gD
m pq m pq

+ Eq log® pstppia)  Eq O aulppity)
p p

Eq 10000 w@ t0 41 Eq 10gO D w4t ;1)
m pq m pq

Working on the singleexpectationdeadsto

Lo(a:Q) q;gf?)1 ah f Ym(p;a);B(g;h)

_..,
=3

b qg Y (o) V(A %)
g

_.Q_)ogmo gg)o
—
T3

> Qo o Qo 2 Qo
—
=3

ah Y (Gn) Y (8 o)
h

093§ a AlogGa+ a(ak 1) y(gow y(ékgp;k)

p:k p;k
Qo) + é logG(gpik) é ok D y(gpw Y(é Op:k)
pik p;k k
afy L LA a ééfg] gnogfy gn
g m p;g h

a
k
093 @
k

3Q0 5 Qo 5 Qo 3Q0 3o 3 Qo
Qo p:

e

i
where

f (Ym(p;);B(g;h) )= Ym(p; @) logB(g;h)+ (1 Ym(p;g))log(1 B(g;h));

- dlogG(x)
thelog-gammafunction, —5>=.

B.3 The ExpectedValue of the Log of a Dirichlet Random Vector

The computationof the lower boundfor the likelihood requiresus to evaluateEq [ logp, ] for

canbewritten as

p(xja) h() c(a) expf A (@) t(x)g
k

h(x) expf & k(@) t(x) logc(a) g:
k

Omitting the nodeindex p for corveniencewe canrewrite the densityof the Dirichlet distribution
ps asanexponentialfamily distribution,
- ° OxGax)
a) = ex ak Dlog(py) log—i— ;
ps(pja) = exp e}( ) log(p) 9G& . an
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with naturalparameterg(@) = (ax 1) and naturalsufcient statisticsty(p) = log(pk). Let

(Schervish,1995)we nd that
Eqllogpk] = Ejllog( 1=y (ak) vy (& ak);
k

. . . dlogG(x)
wherey (x) is the derivative of thelog-gammafunction, —5>=.

B.4 Variational E Step

The approximatelower boundfor the likelihood Lp(g; Q) can be maximizedusing exponential
family amgumentsandcoordinateascen{WainwrightandJordan 2003).

Isolating termscontainingfrg} %9 andfg‘ ah We obtain Lf%] q;g(q;Q) and Lfg] q;g(q;Q). The
naturalparametersyy , andgyy' 4 correspondindo the naturalsufcient statisticslog(zy 4) and
Iog(i'g‘ o) arefunctionsof the otherlatentvariablesandthe obserations.We nd that

98 qo = Iogpp;g+ér}z’g‘ an | (Ym(pi0)iB(g:h) );

ng7)1 g;h = |09pq;h+ ég. Zg} a;9 f (Ym( p; Q), B(ga h) )1

f (Ym(p;@);B(g;h) )= Ym(p; ) logB(g;h)+ (1 Ym(p;a) ) log(1 B(g;h)):

This leadsto thefollowing updatedor thevariationalparameterg¢f i} ;%' ), for apair of nodes
(p; @) in them-th network:

ng} a9 u eEq[g?)] q;g]
= eEdllogppg] @ &nf§ g Eolf(Ym(pia)B@M)]
fm
= eEq{lngp;g] é B(g; h)Ym(p;q) (1 B(g; h))l Yo(pig) P q’h;
h
f?;l Q'h u eEQ[gE)n q;h]
= eEdllogpan] ¢ &gTH qg Ealf(Ym(pia):B(gh)]
fg} g9

= efllogra]l &) B(gh)PA (1 B(gh))* PO ;
g

indicatorst i}  andf}y'  needoenormalizedto malesureékfg“l!_ gk = akfP g =1
Isolatingtermscontaininggp,x we obtangp;k(q; Q). Setting ﬂ;‘_’;(k equalto zeroandsolvingfor
Ok Yields:
A~ o O o O
Gr=axtaafpy graafy qu
m q m q

The t-th iteration of the variational E step is carried out for x ed valuesof Q¢ 1 =
(@t ;B D) and nds theoptimalapproximatdower boundfor thelikelihoodLp (q; Qt ).
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B.5 Variational M Step

Theoptimallower boundLp (gt D Q) providesatractablesurrogtefor thelikelihoodat thet-th
iterationof the variationalM step. We derive empiricalBayesestimatedor the hyperparameters
Q thatarebaseduponit.® Thatis, we maximizeLp (g ?;Q) with respecto Q, given expected
sufcient statisticscomputedusingLp (gt 2;Q D),

Isolatingtermscontaininga we obtainL,(qg; Q). Unfortunately a closedform solutionfor the
approximatemaximumlik elihoodestimateof @ doesnot exist (Blei etal., 2003). We canproduce
a Newton-Raphsomethodthatis linearin time, wherethe gradientandHessiarfor the boundL 5
are

1L S 2 2
T; = N y(aak) y@ +a Yo Y(adk) ;
k k P k
L 2
V;kz = N lgg=kp Y¥ak) ¥ ak ak)

IsolatingtermscontainingB we obtainL g, whoseapproximatemaximumis

B(g:h) = lé 8pgYm(Pid) fH qof ' gn
MG (@ 1) &pgfl gof B an

’

for everyindex pair (g;h) 2 [1;K] [1;K].

In Sectiorn2.1weintroducedanextraparameterr , to controltherelatveimportanceof presence
andabsencef interactionsn likelihood, thatis, the scorethat informs inferenceand estimation.
Isolatingtermscontainingr we obtainL,. We maythenestimatethe sparsityparameter by

8pq(l Ym(pd)) (&gnfh gof b gn)
<'glp;qglg;hf?)1! qgfrr;1 gh

-
1

a
m

Z

Alternatively, we can x r prior to the analysis;the densityof the interactionmatrix is estimated
withd = & mpyg Ym(P; q)=(N2M), andthesparsityparameteis setto f = (1 oT). Thislatterestima-
tor attributesall the informationin the non-interactiongo the point mass thatis, to latentsources
otherthanthe block model B or the mixed membershiprectorsps.n. It does,however, provide a

quick recipeto reducethe computationaburdenduringexploratoryanalyses.
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