
W4281 - Introduction to Quantum Computing

Homework 4
due date: Thursday 7/14/2005

Exercise 1 (10 points):

In class we discussed the Quantum Fourier Transform

| j〉 −→ 1√
N

N−1

∑
j=0

e2πi jk/N |k〉

and its circuit, which is shown in figure 5.1 in the textbook.

Derive a circuit for the Inverse Quantum Fourier Transform and prove its correctness.

Exercise 2 (10 points):

Prove the convolution theorem for the Quantum Fourier Transform F2n defined as

F2n

2n−1

∑
j=0

α j | j〉 =
1

2n/2

2n−1

∑
k=0

2n−1

∑
j=0

α je
2πi jk/2n |k〉 .

The convolution of two states |α〉 = ∑2n−1
k=0 αk |k〉 and |β 〉 = ∑2n−1

k=0 βk |k〉 is defined as

1
2n/2

2n−1

∑
j=0

2n−1

∑
l=0

αlβ j−l | j〉 ,

where for j− l < 0 we define β j−l := β2n+ j−l. It is a way to compute how much two
states |α〉 and |β 〉 “have in common” and is used widely in signal processing.

Convolution theorem: Let |α〉 = ∑2n−1
k=0 αk |k〉 and |β 〉 = ∑2n−1

k=0 βk |k〉 be arbitrary n
qubit states with Fourier transforms

F2n |α〉 =

2n−1

∑
k=0

γk |k〉 and F2n |β 〉 =

2n−1

∑
k=0

δk |k〉 .

Then

F2n

[ 1
2n/2

2n−1

∑
j=0

2n−1

∑
l=0

αlβ j−l | j〉
]
=

2n−1

∑
j=0

γ jδ j | j〉 . (1)

Hint: instead of (1) show

1
2n/2

2n−1

∑
j=0

2n−1

∑
l=0

αlβ j−l | j〉 = F
−1
2n

[2n−1

∑
j=0

γ jδ j | j〉
]
.
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Exercise 3 (10 points):

Write a program to simulate the Quantum Phase Estimation algorithm.

The input should be given as

• The number of qubits m ∈ N.

• A matrix U given by 2m ×2m complex numbers.

• An eigenvector |u〉 of U , given by 2m complex numbers (you do not have to
check that it actually is an eigenvector).

• A precision 2−n for the result given by an integer n. The phase ϕu of the eigen-
value e2πiϕu of |u〉, i.e. e2πiϕu |u〉 = U |u〉, should differ from the output ϕ̃u of
your algorithm by less than 2−n, i.e.

|ϕu − ϕ̃u| < 2−n, (2)

• A probability ε > 0 of failure for which equation (2) does not have to hold.
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