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Abstract. We present a brief introduction to the five articles that make up this special issue:Shock Graphs and
Shape Matching, The Bas-Relief Ambiguity, Incremental Focus of Attention for Robust Vision Based Tracking, What
Tasks can be Performed with an Uncalibrated Stereo Vision System, andVolumetric Deformation Analysis Using
Mechanics-Based Data Fusion: Application in Cardiac Motion Recovery. This introduction and accompanying
articles provide a by no means exhaustive, but hopefully representative sampling of the computational vision
research at Yale University.

1. Introduction

Research in computational vision is inherently inter-
disciplinary; at Yale University it spans seven de-
partments: electrical engineering, computer science,
diagnostic radiology, neuroscience, mathematics,

psychology, and statistics. The collection of articles
presented in this special issue were chosen because
they represent some of the core research in the areas
most relevant to this journal, and because they reflect
the interdisciplinary nature of the work. The papers ad-
dress questions ranging from vision to robotics; from
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theory to application; and from mathematics to systems
implementation.

These axes are only a low-dimensional projection
from a much richer web of interactions, and our goal
in this preface is to provide a glimpse of this richer
structure “from the papers out.” Each section below
introduces one of the papers, and uses this introduc-
tion to sketch a roadmap of the research that we are
building from it. Shock Graphs and Shape Matching
develops a theory of generic shape recognition.The
Bas-Relief Ambiguityconsiders ambiguities inherent
in reconstruction and object recognition under variable
illumination. Incremental Focus of Attention for Ro-
bust Vision-Based Trackingoffers an architecture for
coordinating multiple visual tracking algorithms.What
Tasks Can Be Performed with an Uncalibrated Stereo
Vision Systemstratifies the effects of camera calibra-
tion uncertainty on the performance of vision-based
control tasks.Volumetric Deformation Analysis Using
Mechanics-Based Data Fusion: Applications in Car-
diac Motion Recoveryconsiders the use of realistic
mechanical models for recovering deformable object
motion from multiple image sources, including struc-
tural information and noisy velocity estimates.

In the Section 7, we revisit the question of interac-
tions and attempt to outline several of the meta-level
questions.

2. Generic Shape Recognition and the Tangent
Hypothesis

While computer vision systems can be very effective
at recognizing a particular individual from a database
of individuals (Georghiades et al., 1998; and next sec-
tion), humans exhibit a complementary ability to rec-
ognize objects at what cognitive psychologists refer to
as a “basic level.” This organization is abstract with
respect to particulars, and plays a role in both gener-
alization over types of images (e.g., how can cartoons
and photographs of the same person be identified?) and
in organizing our memory for visual shapes (e.g., by
what criteria should memory be organized for rapid in-
dexing and retrieval?). It has even been suggested that
such generic descriptions support motor tasks, such as
gripping (see Section 5). In the first contribution on
recognition, we explore the application of the shock-
based theory of shape description to formally devel-
oping such basic level recognition strategies. In brief:
given the outline of a (2-D) object, allow it to evolve
according to a hyperbolic p.d.e. (Kimia et al., 1995).

The singularities of this evolution provide a discretiza-
tion of the space of continuous shapes into equivalence
classes; these singularities are called shocks. In the pa-
per by Siddiqi et al. (1999), it is shown that these shocks
enjoy a rich syntactic structure, and that this structure
can support recognition.

Taking the (projected) outline of objects as given
presupposes a solution to the problem of boundary de-
tection, to which we now turn. While this is a classical
problem, the classical approaches have not produced
satisfying solutions. As above we employ a mathemat-
ical abstraction, this time from differential geometry, in
which the goal of local “edge detection” is to return dis-
crete tangent approximations to the equivalence class of
curves that could pass through a (discrete) image point
with a (quantized) orientation. The difference from the
classical approach is that, rather than approaching edge
detection as a linear filter followed by a selective non-
linearity, we design non-linear filters that enforce con-
tinuity (from the limiting process inherent in defining
the tangent) and photometric conditions (Iverson and
Zucker, 1995). Consistency between such local mea-
surements is enforced by co-circularity in a relaxation
labeling process (Zucker et al., 1989), where tangents
are implicitly transported along the osculating circle.
In effect, the local tangents are consistent up to curva-
ture almost everywhere, and discontinuities are repre-
sented as multiple tangents at the same location.

Such a scheme is radical in several respects. First,
it suggests operating at a mathematical level abstract
with respect to images, and places the tangent bun-
dle in a central position. Of course, this bundle must
be extended to handle the discontinuities. Second,
a biological substrate is suggested (identify an ori-
entation hypercolumn with orientation fibre in the
above bundle, and the endstopped property of neu-
rons with curvature representation (Dobbins et al.,
1987). The relaxation process can then take place
within cliques of pyramidal cells (Miller and Zucker,
1999), and particular neural computations can be for-
mulated by relating relaxation labeling to polymatrix
games (Miller and Zucker, 1992). Such models may
be interesting to computational theorists not concerned
with neurobiology, because they suggest how reliabil-
ity can be achieved in a way that utilizes redundancy
to increase accuracy; for related uses of game theory,
see Section 6.

One measure of the strength of a theory lies in its
predictions; we mention recent psychophysical tests
of boundary (Elder and Zucker, 1998) and shape
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(Siddiqi et al., 1999a, 1999b) features. These latter ex-
periments are remarkable, in that the shock abstraction
reveals aspects of human shape perception. This mo-
tivated a search for more biologically-plausible graph-
isomorphism mechanisms to support matching (Pelillo
et al., 1998), and for dynamical systems other than
curve evolution that can solve the p.d.e.’s (Siddiqi
et al., 1999). In a technical sense these dynamical
systems connect to the tangent information supplied
above, while, in the larger context of curve evolu-
tion, the Hamiltonian re-formulation may have much
wider application. But in a sense what is most ex-
citing are those connections that are developing in
intermediate-levels of vision between the tangent ab-
straction and the shape abstraction (Dubuc and Zucker,
1995; August et al., 1999a; August et al., 1999b). This
suggests a much richer view of intermediate-level vi-
sion, and the principles driving perceptual organiza-
tion. With this support indexing experiments now can
be performed (Shokoufandeh et al., 1999), and we are
developing extension to the full 3-D problem.

3. Generative Models for Object Detection,
Tracking, and Recognition

The complex issues associated with developing a
generic description of shape (as described above) are
quite different from those arising in the design of a
system for the recognition of rigid objects from a pre-
described database. These differ in the sense that in the
former, one considers the problem of generalization
and related issues of categorization, while in the latter,
one restricts the problem to recognition within a given
category or collection of objects. The problem of gen-
eralizing to categories of objects from a collection of
exemplars and recognizing new instances of a category
seems to require extracting suitable abstractions from
the images. In contrast, more concrete representations
of an object’s appearance may be needed to recognize
specific objects within a category.

In either case, a significant obstacle in the devel-
opment of recognition systems is the variability of an
object’s appearance from one image to the next. In par-
ticular, with slight changes in lighting conditions and
viewpoint often come large changes in the object’s ap-
pearance. In an effort to tame the variability in the
images of the same object seen under different con-
ditions, researchers in computer vision and robotics
have long searched for representations that are invariant

to lighting configurations and viewing direction of the
camera.

Only recently have “appearance-based” approaches
been developed in an effort to use intensity information
to model or learn a representation that captures a large
set of the possible images of an object under pose and/or
illumination variation (Murase and Nayar, 1995; Pent-
land et al., 1994; Poggio and Sung, 1994; Sirovitch
and Kirby, 1987; Turk and Pentland, 1991; Tagare
et al., 1998). These methods have gone a long way in
demonstrating the advantages of using much richer
descriptions than simply sparse features like edges and
corners for recognition. Still, a drawback of these ap-
proaches is that in order to recognize an object seen
from a particular pose and under a particular illumi-
nation, the object must have been previously imaged
under the same conditions.

This raises the question: Is there some underlying
“generative” structure to the set of images of an object
under varying illumination, pose, and shape such that to
create the set, the object does not have to be viewed un-
der all possible conditions? We have focused research
on modeling the set of images of an object under all
sources of variability from a small number of exam-
plars. In the process we have considered a number of
questions: What is the set of images of an object under
all possible changes in illumination (Belhumeur and
Kriegman, 1998), pose (Hager and Belhumeur, 1998),
and shape? What is the connection between the im-
age changes due to illumination and image changes
due to pose (Hager and Belhumeur, 1998; Belhumeur
et al., 1997)? And, finally, how can we design computer
vision algorithms for object recognition (Georghiades
et al., 1998), 3-D reconstruction (Georghiades et al.,
1999), visual tracking (Hager and Belhumeur, 1998;
Belhumeur and Hager, 1999), and human/computer in-
terfaces (Belhumeur and Hager, 1999) that take advan-
tage of the answers to these questions? We have applied
these solutions largely in the context of face recognition
(Belhumeur et al., 1997; Georghiades et al., 1998) and
face tracking (Belhumeur and Hager, 1999), though
the resulting techniques can be readily applied in other
application domains.

This section introduces a paper that arose out of our
characterization of the set of images of an object un-
der varying illumination conditions. In Belhumeur and
Kriegman (1998) were able to show that for a fixed
pose the set of images of an object under all possi-
ble illumination conditions is a convex cone in the im-
age space. For objects with Lambertian reflectance, we
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also showed that this illumination cone can be gen-
erated from as few as three properly illuminated im-
ages of the object. Since the illumination cone is the
complete set of images of an object under all possible
lighting conditions, it is natural to ask: When do two
objects of differing shape possess the same illumination
cone and, thus, are indistinguishable from a particular
vantage point?

The paper presented here—The Bas-Relief Ambi-
guity—considers this question showing that there is
a three parameter family of transformations (general-
ized bas-relief transformations) on shape and a cor-
responding family of transformations on albedo that,
when viewed orthographically, preserve the illumina-
tion cone of an object with Lambertian reflectance. For
each image of the object illuminated by an arbitrary
number of distant light sources, there exists an identical
image of the transformed object illuminated by simi-
larly transformed light sources. This result holds both
for the illuminated regions of the object as well as
those in cast and attached shadows. (Shadow ambigu-
ities and perspective projection are further explored
in (Kriegman and Belhumeur, 1998)). Thus from a
fixed viewpoint with varying unknown lighting, one
can neither distinguish objects differing by generalized
bas-relief transformations, nor determine an object’s
precise Euclidean shape.

4. Visual Tracking

Given these attempts to formulate object characteri-
zations from static imagery, we now turn to develop-
ing models and algorithms for time-varying imagery.
Although these are traditionally rooted in vision prob-
lems such as estimating optical flow and/or ego-motion,
many techniques have evolved to be closer to the theory
of dynamical systems. This is pleasing given that ob-
serving cameras and the observed world are governed
by a set of well-understood physical principles, and
that these principles already emerged in the previous
section characterizing the variation of images due to
changing illumination.

More generally, we feel the core in visual tracking is
the development of effective models for the variation
of images over time—models that include the effect of
illumination (Hager and Belhumeur, 1998) and pose
(Belhumeur and Hager, 1999). However, the ultimate
goal of such modeling is to develop efficient and robust
algorithms by explicitly taking advantage of the time
varying properties of images. For example, we have

shown that the visual tracking problem can be posed
as one of (dynamically) stabilizing image variability
over a class of allowed changes in images over time
(Hager and Belhumeur, 1998). The result is an efficient
class of tracking algorithms with provable performance
properties.

In addition to basic questions in modeling and algo-
rithm design, we are interested in developing effective
software systems for visual tracking: systems that are
portable, practical, and well-targeted toward this prob-
lem domain. The XVision system (Hager and Toyama,
1998) was our first attempt in this direction (Hager
and Toyama, 1998). XVision abstracts the notion of a
“tracked object” as a state-based system, and allows
objects to be combined in a natural manner using inter-
object constraints, much as in current animation sys-
tems. The Frob system (Peterson et al., 1999; Reid
et al., 1999) is an example of work on a new generation
of languages for visual tracking and control, in which
new application-specific functional programming tech-
niques are utilized.

Although visual tracking problems often admit clean
and clear solutions in the abstract, in the real world ro-
bust visual tracking is elusive. The article by Toyama
and Hager (this volume) is one approach to developing
robust tracking methods. The ideas that motivate this
approach are simple: first, algorithms that compute
more information about an object tend to be more sen-
sitive to imaging conditions; and second, collections
of tracking algorithms with different failure modes and
sensitivities can often be combined using a switching
logic to produce something more robust than any of the
pieces individually. The result is a layered architecture
in which simple, robust tracking algorithms are used
to “prime” more complex ones. It is encouraging that,
although simple, this idea leads to an intuitive algo-
rithm design strategy that enjoys a principled means of
mathematical evaluation.

There are many other approaches to robust visual
tracking. For example, combining multiple cues within
an estimation framework can greatly improve the per-
formance of tracking (Rasmussen and Hager, 1998).
Likewise, the extra information available when em-
bedding vision within an application can be used to
improve tracking performance. For example, in vision-
based control (see Section 5), we can often use the fact
that we know the control inputs to the controlled system
as feed-forward to the tracking algorthm.

All of these ideas ultimately reflect our initial thesis:
visual tracking is ultimately a problem in the design



Computational Vision at Yale 9

and analysis of time-varying systems for estimation and
control. The research at Yale is indicative of a larger
movement in this direction (Kriegman et al., 1998).

5. Vision-Based Control

While attempts to link computer vision with actuated
systems go back to the roots of the field, many of the
early approaches separated vision from control: vision
was used as a means to reconstruct a geometrically ac-
curate model of the environment, and this reconstruc-
tion was then used as a basis for robot control.

While conceptually simple, this approach has the
drawback that it relies on extremely general, robust,
and accurate solutions to the reconstruction problem.
An alternative that has become far more popular over
the last decade is to integrate vision with control, and
to develop feedback laws that work directly from im-
age information with no intervening 3D representation.
Developing practical vision-based feedback algorithms
of this sort that have provable performance properties
poses a number of problems not encountered in the
design of more conventional sensor-based systems. In
particular, because video signals are inherently a non-
linear, i.e., derive from a two-dimensional projection
of a three-dimensional world, many conventional con-
trol paradigms (e.g., set-point regulation via error feed-
back) do not readily apply to vision-based feedback
systems.

Our research is concentrated on several fronts. The
first, represented by the article in this volume, is to de-
velop a formal, structured basis for vision-based con-
trol. In particular, the reason to use vision in a feedback
loop is to eliminate positioning errors that would oc-
cur in an open-loop system. However, as it turns out,
many approaches to vision-based control (for exam-
ple, those employing reconstruction) are themselves
subject to positioning errors if the underlying camera
system and/or actuator is not well-modeled. The arti-
cle in this issue addresses exactly this issue—namely
what tasks a given image-based servoing framework
can perform with precision, even if the underlying cam-
era and/or robotic system are mis-calibrated.

One interesting outgrowth of this characterization is
a structured representation for visual serving tasks. As
a result it is possible to develop an algebra of “per-
formable” tasks which, in turn, forms the natural basis
for a vision-based programming environment (Dodds
et al., 1999; Toyama et al., 1996). A similar line of
research is being followed for vision-based mobile

systems (Rasmussen and Hager, 1996; Hager et al.,
1998). Here, the problem is not so much the design
of a class of control algorithms, as it is the design of
robust algorithms than can handle the field of view lim-
itations that occur as a mobile system moves through
the world.

Finally, we note that a key limiting factor in vision-
based control can berobust vision(Vincze and Hager,
1999). As a result, many of the ideas behind the lay-
ered vision architectures described above find applica-
tion in vision-based control (Dodds et al., 1999). It is
interesting to speculate whether these layered architec-
tures have counterparts with those in biological vision
systems. And more abstractly, it is interesting to ques-
tion whether generic visual descriptions (Section 2) are
relevant to manipulation strategies; i.e., should all parts
be “grippable?” We expect these and similar develop-
ments at other institutions to be fundamental to the
development of effective, practical, yet well-founded
vision-based control systems.

6. Model-Based Medical Image Analysis

Medical image analysis can no longer be considered
simply an application area for computer vision. The
distinctive nature of the problems encountered have
led to the development of a significant body of work
addressing such issues as fully three-dimensional data,
nonrigid models for motion, deformation and compar-
ison, and the statistical variation of normal and abnor-
mal structure. Of particular note has been the devel-
opment and use of physical models both for enforcing
continuity and smoothness conditions, as well as truly
modeling the underlying tissue properties. While this
area of research derives its relevance from the clini-
cal applications, which must be well understood, the
methodologies encompass an array of techniques that
have advanced computer vision independently of the
application.

A broad range of work in this area has been pursued
at Yale. A variety of methodologies for the segmenta-
tion of anatomic structure, such as the heart and the
brain, using deformable models (Staib and Duncan,
1992; Wang and Staib, 1998; Zeng et al., 1998) have
been developed. A key theme has been the incorpora-
tion of prior information of shape as constraints or
biases and the integration of multiple information
sources (Chakraborty et al., 1996; Chakraborty and
Duncan, 1999). Such information is key to the solu-
tion of medical image segmentation problems in the
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face of noise, ambiguity and structural complexity.
It is interesting to note the interplay between these
particular segmentation solutions and those developed
for more generic tasks (Section 2). Finally, by using
the strategy of deforming templates along orthogonal
curves, it is possible to obtain globally optimal fits of
doformable templates to data (Tagare, 1977a).

The tracking and modeling of the non-rigid motion
of the heart has been a major effort here at Yale (e.g.
Duncan et al., 1998; Tagare, 1997, 1999). An impor-
tant facet of this work has been the development of
realistic physical models. The article by Shi et al. (this
volume) approaches this problem using a continuum
mechanical model of the heart integrating shape-based
estimates of displacement with velocity estimates
measured using phase velocity magnetic resonance
imaging. The problem is solved in a finite element
framework. The integration of shape with direct, dense
measurements of three-dimensional velocity provides a
powerful set of constraints on the interpretation of mo-
tion from image data. We are applying similar ideas in
soft tissue modeling to the computation of brain defor-
mation during neurosurgery (Škrinjar et al., 1998) and
well as further developing the heart model to include
muscle fiber directions (Papademetris et al., 1999).
Finally, we are using a point matching approach
(Rangarajan et al., 1997) incorporating a spline-based
deformation to perform non-rigid mapping of anatomic
brain volumes (Rangarajan et al., 1999; Chui et al.,
1999).

Throughout our work, we have endeavored to take
advantage of all available information both from prior
knowledge of physical properties, geometric con-
straints or statistical variation as well as imaging data
from various modalities. Medical imaging problems
typically lie in a well-defined domain. The challenge
is to take best advantage of the given domain to solve
the often complex and subtle problems posed.

7. Summary

The selection of articles in this special issue provides
an instantaneous cut through five research projects at
Yale, and indicates some of the dimensions along which
inter-relationships occur. The first two papers, on ob-
ject representation and recognition, raise differences
between generality and specificity, and exemplify the
very different mathematical techniques implied. The
next two papers raise questions about vision and con-
trol, and highlight the importance of image sequences

and feedback. The final paper, in biomedical image
analysis, exemplifies the important differences be-
tween 2D, 3D, and 4D data. There is no doubt that
recent computer and imaging hardware advances have
made the experiments and analysis in many of these
papers feasible.

Any overview of research such as this provides a
forum for raising more questions than are answered.
What representations are appropriate for object recog-
nition? How are the dynamical systems that arise in
relaxation labeling related to those that arise in feed-
back control theory? Even though a matching problem
involves discrete representations, are continuous tech-
niques appropriate? Are techniques that are effective
on 2D image data appropriate for 3D or 4D data gath-
ered using different imaging modalities? What is the
role of biology in stimulating computational theory, or
of applications in stimulating mathematical questions?
The list is endless.

Perhaps the final inference that one can draw from an
overview of research such as this relates to the style and
personality of an institution. We hope we have provided
a suitable picture of research in computational vision
at Yale, and we invite all readers to visit our web pages
(http: //cvc.yale.edu ) for a constant update and
paper archive.
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