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Abstract

We consider the problem of determining functions of an
image of an obje ct that are insensitive to illumination
changes. We �rst show that for an object with Lam-
bertian r e
e ctanc e there are no discriminative functions
that are invariant to illumination. This result leads us
to adopt a probabilistic appr oachin which we analyti-
cally determine a probability distribution for the image
gradient as a function of the surfac e's geometry and
re
e ctanc e.Our distribution reveals that the direction
of the image gradient is insensitive to changes in illu-
mination direction. We verify this empirically by con-
structing a distribution for the image gradient from more
than 20 million samples of gradients in a datab aseof
1,280 images of 20 inanimate objects taken under vary-
ing lighting condition. Using this distribution, we de-
velop an illumination insensitive measur e of image com-
parison and test it on the problem of face recognition.

1 Introduction

Changes in viewpoint and illumination [1] can dramat-
ically alter the appearance of an object. We focus here
solely on changes in illumination and ask: Are there
discriminative illumination invarian ts?If not, are there
local image measurements that are at least insensitive to
illumination changes? (The geometric analogue of this
problem has been considered extensively [29, 12, 6, 8].)

We show that ev en for objects with Lambertian re-

ectance [23], there are no discriminative functions of
images of objects that are invarian tto illumination.
This di�ers from earlier �ndings in that we do not as-
sume a homogeneous BRDF [21, 5], coplanarity [31], or
consider invarian tsbased on multiple images [40]. We
sho wthat for any tw oimages | whether or not they
are of the same object | there is always a family of
surfaces, albedo patterns, and ligh t sources that could
have produced them. Our proof on the absence of the il-
lumination invarian ts signi�cantly advances [27] in that
w epro vethis for objects composed of surfaces | not
freely 
oating planar facets in space.

This result suggests that in comparing images for
recognition, alignment, or trac king, one must fall back
on probabilistic measures of comparison. (Of course,
if one has multiple training images of the object under
varying illumination, one could extract invariants [40]
or construct representations for modeling the illumina-
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tion variation [35, 16, 4, 14].) We develop a measure of
image comparison by considering illumination to be a
random variable which gives rise to the apparent ran-
domness in local image measurements. Speci�cally, we
deriv e the probability distribution of the image gradient
of a point on a surface as determined by the di�eren-
tial geometric and re
ectance properties at thatpoin t.
Our distribution reveals that the direction of the image
gradient (which is perpendicular to the 
ow �eld [5])
is insensitive to changes in illumination direction. Us-
ing the image gradient distribution, we then develop a
illumination insensitive measure of image comparison.

Finally, w e verify our qualitative theoretical argu-
ments by empirically constructing both our distribu-
tion for the image gradient and our illumination insen-
sitive measure of image comparison. We do this using
a database of 1,280 images of 20 objects tak en under
varying illumination direction. We then test our illumi-
nation insensitive measure on the problem of face recog-
nition, and compare our performance on 450 images of
10 individuals to other existing methods.

2 Illumination Invariants?
Is it always possible to determine whether tw oimages
were created by the same object under tw o di�erent
ligh ting conditions { or by di�erent objects? While this
seems possible, in this section we show the contrary .

T oanalyze this question, w estudy the existence of
discriminative illumination invariants: functions of an
image which are invariant to illumination on the object
but vary with the object iden tity. Formally, let O be
some set of rigid objects, including their optical proper-
ties; S be certain illumination conditions; and I be the
set of all images, or the piecewise smooth nonnegative
valued functions ofO under S. Function Q : O�S ! I
giv es the imageI 2 I of object o 2 O under illumina-
tion s 2 S, i.e., I = Q(o; s). Note, function Q, de�ned
this way, may not be surjective.

We adopt the following de�nitions:

De�nition 1 A function � on I is invariant to illumi-
nation () �(Q(o; s)) = �(Q(o; l)), 8s; l 2 S; o 2 O.
De�nition 2 A n illumination invariant � is nondis-
criminative for object set O () �(I) = �(J), 8I 6= J ,
where I and J are in the range of Q. A nillumination
invariant is discriminative i� it is not nondiscrimina-
tive.

This de�nition implies � does not depend on o for
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nondiscriminative invarian ts.

Lemma 2.1 There are no discriminative illumination
invariants for O if for any two images I and J in the
range of Q, there is always an object o 2 O which under
some two lighting conditions in S could have produc ed
both image I and J .

Proof. The proof follows immediately from the above
de�nitions. 2

The existence of discriminative invarian ts depends on
the speci�c set of illumination and objects. It is obvi-
ous that for large enough class of illuminations, there
are no suc h invarian ts. F or example, a movie projec-
tor can create arbitrary images by projecting carefully
designed patterns on any given object with no zero re-

ectance. The larger the set of illumination conditions
w e admit, the smaller the set of invarian ts will be.Lik e-
wise, for purely specular convex surfaces, it is again ob-
vious that there are no discriminative illumination in-
varian ts. However these cases are clearly extremes in
illumination and re
ectance. We next consider in de-
tail the case of Lambertian surfaces under the illumina-
tion of point ligh t sources. What is surprising is that
there is no discriminative illumination invariants ev en
here. (While it is not clear that the above statement
holds when interre
ections are considered, our simula-
tions show that their additive e�ect is often negligible
when considered in the context of this problem [7].)

Theorem 2.1 Discounting interre
ection, all illumi-
nation invariants for objects with Lambertian r e
e ctanc e
under point light sour ces at in�nity are nondiscrimina-
tive.

Proof. Let � be an illumination invariant. Given tw o
arbitrary images I; J in the range of Q, by Lemma 2.5
below, there always exists a Lambertian surface of an
object o and tw o ligh t sources at in�nity s and l, such
that I and J are images of o under s and l, respectively,
or I = Q(o; s) and J = Q(o; l). By Lemma 2.1, � must
be a nondiscriminative invariant. 2

Note that for the above theorem and proof we require
objects to be composed of surfaces | not freely 
oating
planar facets in space as in [27]. In fact, [27 ] concedes
that \clearly real objects consist of surfaces rather than
patc hes."

We begin the outline of our proof of Theorem 2.1 with
the following notation. Let ~r be a vector, then r̂ is the
unit vector in the direction of ~r. Set the camera optical
axis as the z-axis; the object is viewed from the direc-
tion (0; 0; 1). We can therefore represent the object by
a graph of a function z = f(x; y). A point light source
at in�nity is represented by a single 3-vector in the op-
posite direction of light ray, with the magnitude of the
vector equal to the pow erof the source. Suppose the
tw o imagesI and J are generated by f under two point

ligh t sources~s= (sx; sy; sz) and ~l = (lx; ly; lz). Exclud-
ing interre
ection, the images I and J of the Lambertian
surface are respectively

I(x; y) = �(x; y) ~s � n̂(x; y); (1)

J(x; y) = �(x; y) ~l � n̂(x; y) (2)

where �(x; y) is the albedo of object o, ~n =

(�@f
@x
; �@f

@y
; 1) is a normal vector to the surface f of

o, n̂ is the unit vector for ~n, and ~s and ~l are chosen
to be linearly independent. I(x; y) = 0 or J(x; y) = 0
if (x; y) is in the cast shadow under eitherof the light
sources.

Our goal is to show that there always exists a con-
tinuous and piecewise smooth solution in a compact re-
gion to the partial di�erential equations (PDE's) given
in Eq.'s 1 and 2, which in turn leads to Theorem 2.1. We
should point out that this section builds on the ideas of
[19]. However [19] does not consider the broader ques-
tion of illumination invariance. Neither does it provide
conditions and the proof of the global existence of con-
tinuous solutions. The major problems we need to ad-
dress are the exclusion of the stagnation and bifurcation
of the characteristic curves; the treatment of discontinu-
ities and zero-valued regions in the images; the assign-
ment of boundary conditions; and the exclusion of cast
shadows so as not to destroy the local di�erential de-
scription of the surface in Eq.'s 1 and 2.

T o handle regions in the images that may be in
shadow or have albedo equal to zero, we divide the do-
main of in terest into tw oparts: the region D1, where
both I and J are equal to zero, and the regionD2, where
they do not vanish simultaneously. As we shall see be-
low, there are many continuous and piecewise smooth
solutions in each region. Continuous global solutions
over the whole domain, if they exist, are formed by
stitching solutions from D1 and D2 continuously across
their shared boundary, see [7].

Finding a solution to the system of PDE's in region
D1 is simple. If � 6= 0, then Eq.'s 1 and 2 in turn become

~s � n̂ = ~l � n̂ = 0 which implies f is any plane parallel to

~s and ~l. If � = 0, then f may assume arbitrary values,
provided that the surface casts no shadow outside this
subregion. Thus, in the region D1 where the images I
and J are both zero, we have a solution to the PDE.

How ev er, �ndinga solution to the system of PDE's
for region D2 is somewhat more complicated. We mul-
tiply the left of Eq. 1 with the right of Eq. 2 and the
right of Eq. 1 with the left of Eq. 2. We then divide the
resulting equation by � (� cannot be zero by the def-
inition of D2) to obtain the follo wing �rst order linear
partial di�erential equation:

(I~l � J~s) � ~n= 0: (3)

The characteristic curves ~r(t) of Eq. 3 satisfy

d~r

dt
= I~l � J~s: (4)

2
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We no wdevelop a series of lemmas needed to com-
plete the proof of Theorem 2.1. (The trusting reader
may want to skip ahead to Section 3.) We focus our at-
ten tion on Eq. 4 in regionD2. We assume that I and J
are continuous. (Note that this assumption is not nec-
essary to guarantee continuity of f , but it does slightly
simplify the argument.) All the proofs for the following
lemmas are relegated to a technical report [7].

We claim that for a vector �eld uniformly bounded
from below, there is a characteristic curve in the XY-
plane through each point in D2 with both ends lying on
the boundary @D2.

Lemma 2.2 L et
 be a compact subset of IR2. Suppose

I; J 2 C(
) (continuous on 
), I; J � 0, and jI~l�J~sj >
c for some c > 0. Let ~� denote points in the XY-plane.
Then through an arbitr arily given point q in 
, ther e
exists �q 2 R and a characteristic curve ~�(t), t 2 [0; �q ]
in 
 homeomorphic to [0; �q], such that ~�(0); ~�(�q) 2 @
.

The above Lemma 2.2 shows the global existence of the
characteristic curves within D2.

Lemma 2.3 L et the hyp othesis of L emma 2.2 be sat-
is�ed. In addition, I and J are analytic in 
. The
char acteristic curve in the XY-plane passing through an
arbitray point is then unique. Moreover, the XY-plane
char acteristic curve is analytic with resp ect to t and its
initial p oint.The characteristic curve is Ck if I and J
are Ck.

The uniqueness of the characteristic curves provided by
Lemma 2.3 removes the ambiguity and potential con-

ict, enabling the later construction of a smooth surface
instead of a multiv alued function. It also guarantees
the needed smoothness for the characteristic curves, al-
though not yet the surface.

The smooth surface can then befabricated b y care-
fully assigning smooth boundary conditions to appro-
priate subintervals | so as to cover the whole region 

and avoid any contradiction | of the boundary.

Lemma 2.4 L et the hypothesis of Lemma 2.3 be satis-
�ed, moreover I and J are (real) analytic in 
, and @

is a piecewise analytic Jor dan curve. There is a Ck or
analytic surface f on 
 satisfying Eq. 3.

Our task w ouldbe much simpler if there is a sur-
face that does not cast shadow on itself. Otherwise the
local PDE in Eq. 3 does not completely describe the
surface. F ortunately, Lemma 2.5 dispels that concern.
By judiciously choosing the boundary condition, we can
generate smooth surfaces with no cast shadows.

Lemma 2.5 L et the hypothesis of Lemma 2.4 be satis-
�ed. There is, for a family of initial Cauchy data curves
g, a family of surfaces f that have no cast shadows.

3 A Probabilistic Approach
In the previous section, we concluded that for Lamber-
tian and purely specular surfaces there are no illumina-
tion invariants. Thus, we must settle for something less:
a weaker, probabilistic form of invariance. T o this end,
we will show that even if the direction of the light source
is uniformly random, the direction of the image gradi-
ent is not. We �rst analytically construct the probability
distribution for the image gradient as a function of the
surface curvature and re
ectance. We will eventually
verify this empirically by constructing a distribution for
the image gradient from a database of real images.

Consider a point on a surface whose tangent plane is
parallel to the image plane. Set up a perpendicular coor-
dinate system at that point. Let (u; v) be coordinates on
the surface such that (x(u; �); y(u; �); f(x(u; �); y(u; �)))
and (x(�; v); y(�; v); f(x(�; v); y(�; v))) are lines of curva-
ture, with u; v being the length of the lines. F or sub-
sequent development, let �u and �v be the principal
curvatures of the surface in principal directions û and
v̂, respectively. We adopt the tangents of the lines of
curvature along with the surface normal as the local
Cartesian coordinate system and call this the u-v-n co-
ordinate system.

The BRDF � is a function of (u; v), the direction of

the incident light î, and the direction of outgoing light
ô in this local coordinate system. The radiance from a
point on a piecewise C2 surface in the camera direction
ĉ (in u-v-n coordinate system) is then

L(u; v; ĉ) =

Z



�(u; v; î(u; v; ŝ); ô(u; v; ĉ)) n̂(u; v) � ~sdŝ

= n̂ �
Z



� ~sdŝ (5)

where 
 denotes the solid angle of light seen at the point
of concern and ĉ.

We analyze the in
uence of the di�erential geometric
and re
ectance properties by examining the scene radi-
ance under a single light source at in�nity. The scene
radiance in Eq. 5 becomes

L(u; v; ĉ) = �(u; v; î(u; v; ŝ); ô(u; v; ĉ)) ~s � n̂(u; v): (6)

Suppose w ehave a patc h of a Lambertian surface
with constant albedo and principal curvatures ku and
kv . If jkuj 6= jkvj and the direction of light sources
are distributed spherically uniformly, the gradient of the
scene radiance is most likely in the direction in which
the magnitude of the curvature is maximal. As a second
example, let us consider a planar patch of surface with
nonhomogeneous BRDF. For any BRDF, the direction
of the gradient of the scene radiance always points in the
direction of the spatial gradient of the BRDF. These ob-
servations suggest that if the light source directions are
distributed uniformly, the distribution of the gradient of
scene radiance will be biased by the underlying geome-
try and re
ectance.

We shall expound on these observations in tw o steps.
First, we deriv e the relation betw een the gradient of the

3
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scene radiance ~rL and the surface's local geometry and
re
ectance. Second, w eimpose a probability distribu-
tion on the ligh t source ~s and determine the resulting

distribution on the gradient of the scene radiance ~rL.
(Note that for simplicity we are doing our analysis in the
tangent plane of the surface, whereas the image records
the projection of scene radiance from the surface down
to the x-y plane. Thus, our analysis ignores the e�ects
of projection.)

In the following derivation, ~r is understood to be the
gradient taken in the tangent plane, or u-v plane, at a
point on the surface. A short calculation shows that the
gradient of the scene radiance

~rL = �(~s � ~r)n̂+ (~r�)~s � n̂: (7)

Equation 7 teases out tw ofactors that determine the
gradient of the scene radiance. The �rst term, called
the geometric gradient, is the contribution from geo-
metric changes; the second term, called the re
ectance
gradient, is the contribution from changes in the BRDF.

Consider the geometric gradient term:

(~s � ~r)n̂ = û �usu + v̂�vsv (8)

where �u and �v are the tw o principal curvatures, and
su and sv are the u and v components of the light source
in the u-v-n coordinate system.

Consider next the re
ectance gradient term:

~r� = û
@�

@u
+ v̂

@�

@v
(9)

where, after a little calculation,

@�

@u
= ~rĉ� � @ĉ

@u
+ ~rŝ� � @ŝ

@u
+ û � ~r�

= �uv̂ �
�
~rĉ�� ĉ+ ~rŝ�� ŝ

�
+ û � ~r�;

@�

@v
= �vû �

�
~rĉ�� ĉ+ ~rŝ�� ŝ

�
+ v̂ � ~r�

where ~rĉ is the gradient taken with respect to ĉ and ~rŝ

is gradient taken with respect to ŝ.

We combine the geometric and re
ectance gradients

to get an overall expression for ~rL:
~rL = (û �usu + v̂ �vsv)| {z }

geometric gradient

+

h
(�u û v̂ + �v v̂ û) � (~rĉ�� ĉ+ ~rŝ�� ŝ) + ~r�

i
~s � n̂| {z }

re
ectance gradient

:

(10)
(Note that û v̂ and û v̂ are tensor products of the vec-
tors; the associative rule applies here; and the �rst term
in the square bracket, although classi�ed as part of the
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Figure 1: Distribution �u;v for constant albedo as de-
scribed in Eq. 13 in polar coordinates (r; ').

re
ectance gradient, is induced by the rotation of the u-
v-n coordinate system along the lines of curvature.) If
the BRDF is Lambertian, the above expression becomes

~rL = (û �usu + v̂ �vsv)| {z }
geometric

+ (~r�)~s � n̂:| {z }
re
ectance

(11)

Now that we have expressions for the gradient of the
scene radiance in terms of the di�erential geometric and
re
ectance properties of the patch of surface, we deter-
mine the distribution for scene radiance by imposing a
distribution on light sources. We consider only the light
sources seen by the surface patch, i.e., sn > 0. A reason-
able assumption for the distribution of lighting ~swould
be that the direction of the source is symmetric in the
upper hemisphere. We felt it is important for this initial
discussion to choose a distribution that does not favor
any particular direction on the hemisphere, even though
it may prove useful at some later point. In addition, let
the components of the source su, sv, and sn be chosen
independently. With these assumptions, it can be shown
that probability density for ~s is given b y

�s(~s) =
1

(
p
2��)3

e�
1

2�2
(s2
u
+s2

v
+s2

n
); sn 2 [0;1): (12)

The expression for the resulting probability densit y

function on ~rL can be found in [7]. Here we consider
tw o special cases which we feel are the tw o determining
factors for the distribution for the image gradient.

Case I: Constant Albedo

If the surface patch has spatially homogeneous re-

ectance (constant albedo), then @�

@u
= @�

@v
= 0. In co-

ordinate system u-v-n, probability density function for
~rL is then

�u;v(u; v) =
1

�
3

2 �2�u�v
e
� 1

2�2

�
( u

�u
)
2
+( v

�v
)
2
�
: (13)

Note that the lev el curves of this function are concen-
tric ellipses and that there is a ridge along the larger

4
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Figure 2: Distribution �u;v for planar surface as de-
scribed in Eq. 14 in polar coordinates (r; ').

of the curvature directions. In polar coordinates (r; '),

where r =
p
u2 + v2 and tan' = v

u
, there are tw o equal

ridges at ' = 0 and ' = � along the direction of r-

axis whenever j�uj
j�vj

6= 1 as shown in Fig. 1. The ridges

grow sharper as the ratio deviates farther aw ay from 1.
The existence of these ridges imply that the gradients
are more likely to point in the larger principal curvature
direction.

Case II: LocalPlanarit y

In this case, �u = �v = 0. The two curvatures are the
same, so there is no preordained orientation for the u-v
coordinate system. We may simply choose the direction
of the albedo gradient as the positive u axis. The prob-
abilit y density function for the gradient is then simply

�u;v(u; v) =

p
2

��
e�

1

�
2 ( u

�u
)
2

�(v)�(u); (14)

where �u = @�
@u
, � is the Dirac delta function, and �

is the Heaviside theta function (or step function). The
distribution in the u-v coordinate system is one thin slice
along the positiv eu axis. In polar coordinates (r; '),
there is only one sliceat ' = 0 along r as depicted in
Fig. 2. Therefore, the image gradient is always directed
along the albedo gradient, regardless of the direction of
the light source.

We want to develop an illumination insensitive mea-
sure of image comparison encompassing the above tw o
factors. If w eare given in adv ancethe directions and
magnitudes of principal curvature along with the na-
ture of the BRDF, then w ecan use this densit yfunc-
tion to determine, in a probabilistic sense, how faithful
an yimage is to the giv en v alues.The problem we are
in terested in is sligh tlydi�erent: w ew an tto compare
tw o images and determine the likelihood that they have
been produced by the same object. F or this problem,
the magnitudes and directions of surface curvature and
the BRDF are unknown. We must then look at the
joint density for gradients of scene radiance as given in

tw o images, (as they are the only observables amongst
the previously introduced quantities) and integrate out
the unknown nonobservable quantities, i.e., the magni-
tudes and directions of the principal curvatures and the
re
ectance parameters.

F urthermore, w edo not know the variation in the
strength of the source, i.e., the standard deviation � in
Eq. 12. This variation in the strength of the light source
is, of course, carried into large variation in the magni-
tude of the gradient. Because of this, we elect to inte-
grate out the magnitude of the image gradient as well,
distilling the discriminative pow er of the distribution.

The gradients are observed in a �xed x-y coordinate
system. Given the angle 
 betw eenx̂ and û, the princi-
pal curvatures denoted by �'s, and the albedo gradient
~r�, the probability density of observing a gradient with
magnitude r and angle ' from x̂ is �r(r; 'j
; �; ~r�) =
r �(u;v)(r cos(' � 
); r sin(' � 
)). (The scaling of �
by r comes from the Jacobian from Cartesian to polar
coordinates.) Noticing the angular dependence is only
on the di�erence of the angles '� 
, we can also write

the density as �r(r; '� 
j�; ~r�). Now, the joint proba-
bilit y density of observing tw o scene radiance gradients
(r1; '1) and (r2; '2) under two independent and identi-
cally distributed light sources is

�(r1; '1; r2; '2)

=

Z
�r(r1; '1 � 
j�; ~�)�r(r2; '2 � 
j�; ~�)

dP (
; �; ~�);

where ~� = ~r(u;v)�, P (
; �; ~�) is the probability mea-
sure on the nonobservable random variables, and the
integration is over the whole sample space. Furthermore
if azimuthal symmetry holds for P , then the densit y�
above can be rewritten as a function of three variables

�(r1; ' = '1 � '2; r2)

=

Z Z �


=��

�r(r1; ('1 � '2)� 
j�; ~r(x;y)�)

�r(r2;�
j�; ~�) d
dP (�; ~�): (15)

Azimuthal symmetry is almost intrinsic for an y set of
reasonably random image samples: the unrestrained rel-
ative rotation of the objects and the camera along the
optical axis of the lens would almost surely render the
azimuthal angle indistinguishable. Equation 15 implies
that the joint densit y depends on the angle betw een t w o
image gradients or the absolute value of ' = '2 � '1.
It is an even function with respect to '.

Figure 3(a) shows a graph of the join t probability
�(r1; '; r2) where w e have pre-chosen the parameters
specifying the distributions. F or this graph w echose
� = 1:7, �u = 7, �v = 1:7, au = 17, P (Case I)= 0:2,
and P (Case II)= 0:8. We chose these values simply to
illustrate the nature of the shape of the density. Di�er-
ent values will, of course, yield di�erent densities, but
their underlying shapes remain qualitatively the same.

5
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Now, integrate � overr1 and r2,

�'(') =

Z Z
�(r1; '; r2) dr1dr2: (16)

Clearly, �' inherits from �(r1; '; r2) the property of hav-
ing a unique maximum at ' = 0.

This joint distribution could be used as an illumina-
tion insensitive measure. Under this distribution, w e
w ouldexpect high probability assigned to tw oimages
of the same object (di�ering only in illumination, not
viewpoint) and low probability assigned to tw oimage
of di�erent objects. Yet, w e are hamstrung in that we
do not know the probability distribution for the nonob-
servables (curv aturesand albedo gradients) and, thus,
cannot perform the integration in Eq. 15. F urthermore,
all of the above analysis is done in the tangent plane of
the surface, and consequently ignores the e�ects of the
projection into the image plane.

T o circumvent this di�culty and for pragmatic rea-
sons, in the next section w ewill empirically construct
the distribution in Eq. 15 from real images of objects
under varying illumination.

4 Empirical Joint Density
Using a geodesic dome with 64 photographic 
ashes, we
gathered a database of 1,280 images of 20 objects. The
64 
ashes are positioned on the dome to cover slightly
more than a hemisphere of directions. The objects in-
cluded folded cloth, a computer keyboard, cups, an um-
brella, plants, a styrofoam mannequin, etc.1 We esti-
mate the density �(r1; �; r2) in Eq. 15 by a histogram of
the image gradients.

A slice of the joint probability density as a function of
the gradient magnitudes and angle is shown in Fig. 3(b).
As expected from Sec. 3, the distribution has all the
features depicted in Fig. 3(a). It is symmetric with re-
spect to the plane ' = 0. There is a prominent ridge
at ' = 0 and it is the unique global maximum on the
line of arbitrarily �xed r1; r2. The spike in Fig. 3(b) at
r2 = r1; ' = 0 arises from the concentration of ligh ts
near the camera's optical axis. With purely uniform
sampling of the ligh t source direction the spike disap-
pears. This shows that the statistical regularity of scene
radiance gradient does re
ect the intrinsic geometric and
re
ectance properties of surfaces and this regularity can
be exploited. In Sec. 5, we will demonstrate this on the
problem of face recognition under varying illumination.

5 Application to Face Recognition
Given an object o seen in images I and J under tw o
di�erent lighting conditions, the probability of observing
the gradients of I and J is assumed to satisfy

P (6 ~rI; 6 ~rJ) =
Y
i2M

�(6 ~rIi; 6 ~rJi)

1All databases used in this paper are available for do wnload
from subdirectories \hrlfaces," \yaleAselected," and \objects" at
ftp://plucky.cs.yale.edu/ftproot.
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Figure 3: Model (a) and empirical (b) joint probability
densities of the tw oimage gradients �(r1; '; r2 = 50),
expressed as a function of the magnitude of one gra-
dien tand the angle betw eenthe tw o,with the other's
magnitude set to 50.

=
Y
i2M

�'('(i)):

where,M is the set of pixel indices and ' is the angle be-
tween the tw o gradient vectors. We treat the points on
the surface as independent, ignoring correlations arising
from spatial proximity.

We apply this scheme to face recognition. Given a

testing image I of a face, we compute P (6 ~rI; 6 ~rJ) for
every training image using an empirically collected prob-
abilit y database as described in Sec. 4.The one training
image having the highest P value is deemed the likeli-
est to ha vecome from the same face or object as the
testing image I . Fig. 5 shows the result of a face recog-
nition test and compares it to other methods. Images of
10 faces each under 45 di�erent lighting conditions are
used. One image of each face under frontal illumination
is tak en as a training image. The recognition test is
then performed for the rest 440 images. The results are
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Method
Error Rate (%) vs. Illumination
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1 & 2 3 4

Correlation 0.0 11.7 65.0
Eigenfaces 0.0 16.7 69.3
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Linear subspace 0.0 1.7 12.9
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Gradient Angle 0.0 0.0 1.4

Cones-cast 0.0 0.0 0.0

Figure 4: Each of the methods is trained on images with
near frontal illumination (Subsets 1 and 2). This graph
sho ws theerror rates under more extreme light source
conditions.

Subset  1 Subset 2

Subset 3 Subset 4

Figure 5: Images of one of the 10 individuals under the
4 subsets of lighting.

grouped into 4 subsets according to the lighting angle
with respect to the frontal or camera axis. The �rst tw o
cover angles 0� � 25�, third 25� � 50�, and the fourth
50� � 77�. We compared our method with those tested
and reported in [15]. The image gradient method clearly
outperforms all other methods except for that of Cone
Cast.

It should be pointed out that all the other methods
use all the images of Subset 1 and 2 for training, there-
fore they have almost by de�nition zero error rates for
Subset 1 and 2. Our method, on the contrary, is at a
disadvantage for using only one fron tal image for each
individual. Y et, the result is still better.Also note that
Cone Cast is the Illumination Cone method in [14] in
which Subset 1 and 2 images are used to construct per-
son speci�c illumination representations. In contrast,
our method is muc h simpler using only local image com-
parisons.

It is worth while to note that the probability distribu-
tion used to perform the test is gathered from images
of objects rather than human faces. The distributions
collected from di�erent categories of objects or faces are
remarkably similar. This is expected from the analysis
in Sec. 3.

6 Conclusion
In summary, this paper presents tw oresults: �rst, il-
lumination invariants do not exist for Lambertian sur-
faces; and second, the angle (or direction) of the image
gradient is insensitive to changes in illumination direc-
tions. Note that the latter statement is not inconsistent
with the conclusion in [1] of the nonexistence of linear
�lter for image comparison, since the gradient angle is a
nonlinear function of the image. How ev er, w e hope that
the reader does not conclude that image edges are good
measures of image comparison underv arying illumina-
tion | quite the contrary is true. Most edge detection
methods are highly sensitive to the magnitude of the im-
age gradient. And, as we can see from the distributions
in Fig. 3, the magnitude of the gradient varies quite dra-
matically with the change in the direction of the ligh t
source.

In a sense, this paper looks at tw o extremes.First, we
look for measures of illumination invariance and prove
there are none. As a consequence, we back way o� and
look for illumination insensitivities in local measures,
i.e., image gradients. Y et,our assumption about pixel
independence implicit in Eq. 17 is, of course, not true
| the light sources are �xed for all pixels in a given im-
age, and neighboring surface points tend to have similar
geometric and re
ectance properties. We hope to rem-
edy the crudeness of our independence assumption by
exploring how spatial dependencies [2] in pixel values
can be exploited to produce ev en more discriminating
measures of the images.
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