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Abstract 

In  this paper, we develop a Bayesian feedback 
method for  incorporating global structure into prior 
models for  binocular stereopsis. Since most stereo 
scenes contain either background continuation (large 
background surfaces continuing behind smaller fore- 
ground surfaces) or transparency continuation (small 
opaque patches on a transparent surface), highly non- 
local interactions are often present in the scene ge-  
ometry. The commonly used local prior models which 
impose piecewise smoothness constraints on the recon- 
structions do not capture the probabilistic subtleties 
of global 3-0  structures. Therefore, we develop a hy- 
bridized prior which balances the local properties of the 
scene geometry with the global properties. Experimen- 
tal results demonstrating the potential of this technique 
are provided. 

1 Introduction 

In Bayesian approaches to binocular stereopsis, 
most prior models share the same drawback: they have 
no way of modeling the global structures in the scene 
geometry. It is common to assume the disparity esti- 
mates are generated by Markov processes - processes 
with the property that the conditional distribution of 
the future, given the present states of the process, does 
not depend on the past (see [2]). While one can de- 
velop increasingly complicated prior models using the 
techniques of Gibbs’ distributions and Markov random 
fields (see for instance [6, 8, 5, 11, 15, 3, 4,  7, 12, 9]), 
these models are limited in that they only allow local 
interactions of the random variables. 

As an example consider the following Gibbs’ distri- 
bution for modeling the joint probability of the dis- 
parity values along an epipolar line. 

P(d 1 Fl, F,) = l e - E D - E P  Z (1) 

where 

ED = C(R(x* + d , )  - F,(x, - d , ) ) 2  + c o o  
I - 0  0 
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Figure 1: Background continuation: The figure 
illustrates a horizontal cross section of a spherical head 
in front of flat blackboard, as well as a graph of the cor- 
responding disparity function d ( ~ ) .  A Markov process 
can not model the probabilistic subtleties of continu- 
ing background surface. 

Ep = A* ( d , t l  - + Co. 
I -B- {n} B 

and where ( 2 0 , .  . .,xi,. . . , z,} are n evenly spaced 
sample points along a cyclopean epipolar line X; 
d = { d o , .  . . , d i ,  . . . , dn} are disparity values corre- 
sponding to the points {zO,, . .,xi,. . ., zn}; I is the 
index set { 1, . . . , n}; 0 c I marks the points zi which 
are occluded; B c I marks the points ci such that xi 
and zi+l are on different objects; FI and Fr are func- 
tions representing the features along the left and right 
epipolar lines; and (YO,  A, and a g  are preset constants. 
(This model is developed in detail in [l].) 

Note that,  according to the model in Eq. 1, the 
most likely disparity is the set d which maximizes 
P(d I Fl,F,.) or, equivalently, minimizes ED + Ep.  
The prior term E p  successfully models the fact that 
along the surface of an object there is often little varia- 
tion in disparity, but across the boundary of an object 
the disparity jumps discontinuously. Yet, this prior 
model had several shortcomings. Most notably, since 
occluded objects tend to disappear and reappear be- 
hind foreground objects, a phenomenon that we call 
“background continuation,” global interactions must 
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Figure 2: Transparent continuation - overhead 
view: The figure shows, on the left, a horizontal 
cross section of flat wall viewed through a store-front 
window with lettering, and, on the right, a graph of 
the corresponding disparity function d(x). A Markov 
process can not model the probabilistic subtleties of 
transparent surfaces. 

Fr 

also be present.’ Look around you; in almost any 
scene you will see background objects continuing be- 
hind smaller foreground objects. 

As an example, Fig. 1 shows a horizontal cross sec- 
tion of a spherical head in front of flat blackboard, 
viewed by a left, right, and cyclopean camera. For this 
scene the corresponding disparity function d(z )  is di- 
vided by the boundaries of the foreground sphere into 
three piecewise smooth regions. Although Markov 
prior models implicitly assume that the disparity in 
these regions is independent, we see from the figure 
that this is clearly incorrect: the fact that the dispar- 
ity is the same for the planar regions to the left and 
right of the foreground sphere is not a coincidence, but 
rather a result of the global structure of the scene. 

A closely related phenomenon to background con- 
tinuation is what we call “transparent continuation.” 
Here we have foreground objects which in some regions 
are opaque and in other regions transparent. (These 
types of scenes have proven to be difficult for com- 
putational stereo algorithms, even though the human 
visual system handles these correctly.) 

As an example, imagine looking through the let- 
tering of a storefront window at a wall in the back- 
ground. The letters of the words are opaque, but the 
glass sign on which they are written is transparent. 
If we take a horizontal cross section of this scene (see 
Fig. 2),  we see the corresponding disparity function 
d ( z )  is divided by the boundaries of the foreground 
letters into many piecewise linear regions - some re- 
gions corresponding to the foreground letters and the 
others to the background wall. As before the Markov 
prior model in Eq. 1 implicitly assumes that the dis- 
parity in these regions is independent, yet we see from 
the figure that this is again incorrect: the fact that 
the disparity clusters into two distinct lines is not a 
coincidence, but rather a result of the global structure 

t- 

‘We use the term “global” to mean highly non-local, i.e. 
existing on the scale greater than one-tenth of observed scene. 

Figure 3: Feedback Schematic: In the feedback 
scheme, the previous estimate is analyzed for global 
structure and the results are used to influence the cur- 
rent estimate by adjusting specific terms in the prior 
model. 

of the scene. (For more discussion of transparency see 

It seems that local prior models can not prop- 
erly model stereo scenes of this type. Thus, pre- 
vious Bayesian approaches to binocular stereopsis 
[ l l ,  15,3,  7, 121 made no consideration of global struc- 
ture. (Although [14] does not have explicit mecha- 
nisms for handling transparency and background con- 
tinuation, the disparity gradient limit does seem to im- 
plicitly accommodate for these types of scenes.) What 
is needed is a prior model that balances local smooth- 
ness with global structure. 

In this paper we argue that t o  incorporate global 
interactions into the prior model, we can to  develop 
a Bayesian feedback algorithm in which the prior is 
iteratively adapted using the previous estimate. Here 
the previous estimate is analyzed for global structure, 
and the results are used to influence the current esti- 
mate by adjusting specific terms in the prior. Figure 
3 shows a simple schematic diagramming the flow of 
the feedback algorithm. 

P O I . )  

2 Deriving the Feedback Prior 

The Markov prior for the Bayesian model in Eq. 1 
can be written as 

P ( d )  = 
Z P  

In this section, we develop an alternative feedback 
prior P(dk I dk-’) which biases in favor of global 
structure. Yet, what considerations should be made in 
choosing the new prior model? How are we to incor- 
porate long range interactions of the random variables 
without ignoring the strengths of Markov priors? To 
do this, we introduce a hybridized model which bal- 
ances the local prior in Eq. l with the global priors 
developed here. 

Assuming independence of the local and global pri- 
ors, we write our feedback prior as 

P(dk 1 dk-l)  = PL(dk)PG(dk I d“’) 
where PL(dk) is local smoothness priors and 
P;(dkldk-l) is a dynamic, global prior which is 
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adapted after each iteration. For the purpose of our 
discussion, let us simplify the development and look 
only at the disparity along a single epipolar line. (Nat- 
urally, all of these ideas generalize to  2-D.) For evenly 
spaced samples of the disparity along a single epipolar 
line, we can write the global prior 

PG(dk I dk-’) = PG(dk I dk-l) 

where dk is the vector of sampled disparities at iter- 
ation k. Finally, let us assume that,  given the vector 
of the previous disparity estimates dk-’, the current 
disparity estimates for the global prior are all inde- 
pendent. So we rewrite 

n 

PG(dk I dk-l) = JJ PG(d! I dk-’) 
i = l  

where d! is the disparity estimate a t  point zi for the 
current iteration. 

Empirically, we have found that for the global prior 
to be effective, it needs to satisfy three criteria. First, 
the global structures it looks for must have a simple 
representation and be common to  most images. Sec- 
ond, the influence of the random variables of the global 
prior can not be truly global (i.e. the interaction of 
the random variables is independent of the spatial dis- 
tance separating them), but rather must be localized. 
By this we mean that the influence of the random 
variables in the global prior should fall off with the 
spatial distance separating them. Finally, the prior 
should give a level of confidence or probability (as op- 
posed to a yes or no), as to  whether a point lies on a 
particular global structure. 

An Example: Planar Structure 

Before we can choose PG(df I dk-’), we must know 
what sort of global structures to  look for in the scene 
geometry. Note that for both of the above mentioned 
scenes, a good portion of the surfaces are clustered into 
common depth planes. In the scene from Fig. 1, all 
of the background points lie in the plane of the black- 
board. And in the scene from Fig. 2, this phenomenon 
is even more exaggerated: every point in the scene 
lies in one of two distinct planes. Note also that for 
these scenes, the clustering exists even though many 
of the points are separated by either foreground oc- 
cluding objects or transparent regions. In fact, due to 
background and transparency continuation, this type 
of planar clustering is present (at some scale) in most 
stereo images (see also [13]). (Because we restrict our 
discussion to  disparity estimates along a single epipc- 
lar line, this planar clustering reduces to linear clus- 
tering.) 

Therefore, we develop a global prior to accomplish 
precisely what our local prior could not - to look for 
and bias in favor of linear structures which may be 
interrupted by either foreground occlusion or trans- 
parent regions.’ To do this, we develop a measure 

’Naturally, this method could be generalized to include other 
structures, both parametric and non-parametric. 
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Figure 4: Localized Hough space array: The 
figure shows the localized Hough space histogram 
(LHSH) for a point along the epipolar line in Fig. 2. 
On the left of the figure is the disparity function, with 
the center point for the LHSH marked. On the right 
of the figure is the corresponding LHSH. The gray bin 
corresponds to the foreground letters; the black bin 
corresponds to the patterned wall. 

P ~ ( d f  I d”l) that biases the disparity df to lie on 
one of the linear structures found in the previous dis- 
parity estimates dk. While there are many methods 
that one might use to construct P ~ ( d 4  I d”’), we use 
a variation on the standard Hough transform method 
for detecting lines.3 

In the standard Hough method, one transforms 2-D 
search space into a space tuned to  detecting straight 
lines. To do this, note that a point ( z j ,  d j )  in the 
disparity space has all of the lines m z j  + c = d j  pass- 
ing through it.  These lines correspond to  the single 
line z .m - d j  = -c in the Hough space. So for each 
sampfed disparity dj  along the epipolar line, we draw 
a line in Hough space. If divide up our Hough space 
into square bins, then we can count the number of lines 
which are drawn through each bin. (We call this 2-D 
array of bins the Hough space histogram.) After we 
have done this for every sampled disparity, the size of 
the count in each bin reflects the strength of presence 
of the corresponding line in disparity space. While 
this technique is effective at  finding linear structures 
in the disparity space, it  is not spatially localized (i.e. 
all points in disparity space contribute equally to  the 
Hough space histogram). 

We improve on this technique by constructing what 
we call a “localized Hough transform” and the cor- 
responding localized Hough space histogram Hi [m] [c] 
(LHSH) at each sampled oint xi along the epipolar 
line. To construct Hi[m][cyat a point zi, we draw, as 
before, a line in Hough space for each sampled dispar- 
ity d j  (at the point z j )  along the epipolar line. How- 
ever, we weight the counts in each bin by an amount 
w j  which falls off with the distance 12. - xi]. Thus, 
the farther a sampled point xj is from the transform’s 
center point zi, the less weight it is given in the local- 
ized Hough space. We take the weights t o  be given by 
the normal distribution 

While Hough transform methods have come under fire of 
late, few researchers are aware of the their relation to maximum 
likelihood estimation (MAP). 
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Figure 5: Result: (a) Transparent surface - left and right images. (b) Image of depth without using feedback. 
(c) Image of depth using feedback. 

where CT is inversely proportional to the rate of falloff. 
As an example, Fig. 4 shows, on the left, the dispar- 

ity space for an epipolar line in the transparency scene 
from Fig. 2, and, on the right, the LHSH correspond- 
ing to the marked point. The black bin corresponds 
to the place of intersection of all the lines drawn for 
points sampled from the background wall. The gray 
bin corresponds to the place of intersection of all of the 
lines drawn for points sampled from the foreground 
letters. (So in this figure, dark corresponds to more 
counts in the Hough space array, and light corresponds 
to less.) As might be expected, the LHSH identifies 
the two linear disparity clusters, even though they are 
interrupted by transparent regions. 

From the LHSH, we wish to construct our density 
for the global prior. We take the simplest route and 
define the density to be the normalized histogram 

where A = { ( m , ~ )  I ( z a , d i )  is on the line (m,c)}, and 
H![m][c] is the LHSH for the kth iteration. 

3 The Feedback Model with Results 

In the last section, we derived the feedback prior 
model. In this section, we write down the resulting 
posterior distribution and present results demonstrat- 
ing its effectiveness. The new posterior distribution is 
given as 

(2)  

where ED is as previously stated, but where Ep is the 
sum of the local and global prior terms. Specifically, 

P(d I Fl, F,.) = l e - E D - E p  Z 

EP = EP, + EPG 
where Ep, is the prior from Eq. 1 and, ignoring con- 
stants, 

EpG = - log H f  [m] [C]. 
A 

To illustrate the effectiveness of this feedback 
method, we choose a stereo pair with transparency. 
Figure 5a shows a stereo pair of small pieces of paper 
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stuck to a transparent Plexiglas window. The window 
is placed in front of a planar background which falls 
away from the viewer as you move from left to right. 

When the stereogram is fused, the viewer clearly 
sees the pieces of paper floating within the same in- 
visible plane, several inches in front of the background 
plane. Figure 5b contains the results obtained by max- 
imizing the posterior distribution in Eq. 1. In this re- 
sult no feedback was used. While the result is fairly ac- 
curate, notice that in the transparent regions between 
many of the foreground pieces of paper, the depth re- 
construction degenerates. This negative result is due 
to the fact that  there is not enough information in the 
small background regions to independently determine 
the depth. And, the local priors are unable to propa- 
gate the background depths into the small transparent 
regions between the pieces of paper. However, Fig. 5c 
contains the results obtained by maximizing feedback 
posterior distribution in Eq. 2. Here we use the same 
local prior as before. Note that,  except in two or three 
places, this feedback corrects the previous mistakes. 
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