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Algorithms

 An algorithm is a clearly specified set of simple
instructions to be followed to solve a problem.

* Algorithm Analysis — Questions:
e Does the algorithm terminate”
e Does the algorithm solve the problem? (correctness)
 What resources does the algorithm use?

 Time / Space



Contents

1. Sequences and Series

2. Proofs



SEQUENCES

 What are these sequences?
e 0,2,4,0,8, 10, ...
e 2,4, 8,16, 32,64, ...

e 1,1/2,1/4,1/8, 1/16, ...



Sequences

* What are these sequences? Arithmetic Sequence

/ 0 =a+(i—1)d
.+ 0,2,4,6 8 10, ...

e 2.4.8 16,32, 64, ...

e 1,1/2,1/4,1/8, 1/16, ...



SEQUENCES

* What are these sequences? Arithmetic Sequence

/ a; =a+ (¢t —1)d
* 0,2,4,0,38, 10, ...

e 2.4 8,16, 32,64, ... _ Geometric Sequence
/ a; =a- A
e 1,.1/2, 1/4, 1/8, 1/16, ...



Arithmetic Series



Arithmetic Series

e Arithmetic Sequence of length N, with start term
a and common difference d.
{a,a+d,a+2d,---,a+ (N — 1)d}



Arithmetic Series

e Arithmetic Sequence of length N, with start term
a and common difference d.
{a,a+d,a+2d,---,a+ (N — 1)d}

* Series: The sum of all elements of a sequence.

N

Y a+(i—1)d

1=1

=a+(a+d)+(a+2d)+---4+(a+ (N —1)d)



Sum-Formulas for Arithmetic
Series

l , 2a + (N — 1)d

e |n particular (for a=1 and d=1):

N 2
N+1 N

Ei:N il ~ —
2 2




GGeometric Series



GGeometric Series

 (Geometric Seqguence with start term s and
common ratio A.

{s,5-A,5- A2, ... 5. AN}



GGeometric Series

 (Geometric Seqguence with start term s and
common ratio A.

{s,5-A,5- A2, ... 5. AN}

e (Geometric Series:
N

S‘Ai:3—|—3-A—|—3.A2_|_..._|_S.AN
1=0



GGeometric Series

 (Geometric Seqguence with start term s and
common ratio A.

{s,5-A,5- A2, ... 5. AN}

e (Geometric Series:
N

S‘Ai:3—|—3-A—|—3.A2_|_..._|_S.AN
1=0

e Often0<A<1 orA=2



Sum-Formulas for Finite
Geometric Series

N
8—8-AN+1

Z.Zs-Ai: =




Sum-Formulas for Finite
Geometric Series

N
S—S-AN+1

Z.Zs-Ai: =

* |n particular, if s=71

N N+1
ZAZ:A 1
i=0 A—1



Sum-Formulas for Finite
Geometric Series

N . AN+

i S8—8
Z.Zs-A— =

* |n particular, if s=71

N N+1
ZAZ:A 1
i=0 A—1

* |n Computer Science we often have A =2

N

Z 9i _ oN+1 _ 1
1=0
38



Sum-Formulas for Infinite
Geometric Series

o0

Vs A= only if <A<
1— A y

1=0




Sum-Formulas for Infinite
Geometric Series

o0

Vs A= only if <A<
1— A y

1=0

* In particular, it s=7

Z =74 and ;Aél—A



Sum-Formulas for Infinite
Geometric Series

o0

dos- A= — only if 0<A<1

1=0

* In particular, it s=7

iAi— : EN:Ai< :
2 —7_41 and 24 =174

e For Iinstance,

1, &1 1 1
;(5)_25_1| |4|
1 1




Analyzing the Towers of

Hanol Recurrence
T(N)=2-T(N —1)+1
=2-(2-T(N—-2)+1)+1=2*-"T(N-2)+2+1
=2-(2°-T(N-3)+2+1)+1
=2 .T(N—-3)+2*+2+1=2°-T(N —1) +2% +2' +2°

:2N—1 T(].)—|—2N_2—|—2N_3—|_20

N—-1
=) 2F=2"_1
k=0

base case: T(1) =1
geometric series
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The End of The World




The End of The World

TV =2 —1=0(2")



The End of The World

TV =2 —1=0(2")

204 _ 1 = 18,446,744,073,709, 551,615 seconds
— 307, 445,734,561, 825,860 minutes
— 213,503, 982, 334, 601 days
= 584,942,417, 355 years
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Contents

1. Sequences and Series

2. Proofs
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Types of Proofs

* Proof by Induction
* Proof by Contradiction

* Proof by Counterexample
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Proofs by Induction

 We are proving a theorem T. (“this property holds for all
cases.”).

e This proves that T holds for any k.
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Proof by Induction - Example




Proof by Induction -
Inductive Ste




Proof by Counter-Example

 We are proving that theorem T is false. (“this
property does not hold for all cases.”).




Proof by Contradiction

 We want to proof that T is true.




Proof by Contradiction -
Example




