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Problem 1 Show that there is a domain X such that for any integer d > 0 there is a concept
class C over X of VC dimension d such that for any m > 0 there is a set S ⊂ X of m points such
that |ΠC(S)| = Φd(m).

Problem 2
(a) Let C1 be the class of unions of k intervals over the line. Determine the exact value of the VC
dimension of C1.

(b) Now let C2 be the class of axis parallel rectangles (i.e. boxes) in <n. (For example, the concept
c = {(x, y, z) : 1 ≤ x ≤ 3,−4 ≤ y ≤ −2 and 5 ≤ z ≤ 6} is an example of an axis parallel rectangle
in <3.) Determine the exact value of the VC dimension of C2.

Problem 3 Recall that a parity function is a function which tests the parity of some subset
S ⊆ {x1, . . . , xn} of the input variables. The value of fS(x) is 1 if an odd number of the variables in
S have value 1 and is 0 otherwise. The class of parity functions is P = {f | f = ⊕xi∈Sxi, where S ⊆
{x1, . . . , xn}}.
Prove that any PAC learning algorithm for the class of parity functions over variables x1, . . . , xn

must require Ω(n/ε) examples.

Problem 4 A concept class C over a domain X is said to be linearly ordered if (i) C contains at
least two concepts; and (ii) for any c1, c2 ∈ C either c1 ⊆ c2 or c2 ⊆ c1.

(i) Show that if C is linearly ordered then the VC dimension of C is 1.

(ii) Show that if the VC dimension of C is 1 and ∅ ∈ C and X ∈ C then C is linearly ordered.

(iii) Let H1,H2, . . . ,Hs be a sequence of concept classes, each of which is linearly ordered over X,
and let H = {h1 ∪ . . .∪ hs | hi ∈ Hi}. Show that the VC dimension of H is at most s. Hint: How
many size-1 subsets of a set S can be induced by intersecting with H?

Problem 5 A set S of points in Euclidean space is said to be convex if the line segment joining
any pair of points of S lies entirely in S (i.e. for all x ∈ S, y ∈ S and all 0 ≤ γ ≤ 1, the point
γx + (1 − γ)y is also in S). Prove that the class of all convex subsets of [0, 1]2 has infinite VC
dimension.
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