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Lecture 10: Compressed Sensing: Iterative Hard Thresholding

Instructor: Alex Andoni Scribes: Xi Yang, Kang Sun

1 Review

Given « € R"”, think of it as large as a signal of an image, and the main idea to measure it is to
use the "measurement matrix” A which greatly reduces dimensions. A matches something from n-
dimension to m-dimension where m < n. If we want to recover the information of x using just a few
measurements, we need the structure with k-sparsity. Think of x to be k-sparse, or ’almost’. We can
define Errf(z) = ming sparse a/ern ||2 — 2'||1.

y = Azx € R™, m < n ,which is the 'measurement’.

f1-min: mingscgrn ||2*|[1  s.t. Az* = y , where x* is the approximation of x. This problem is in
fact a linear programming problem. We can show it in the LP form:

n
minZti
i=1
st. Azt =y, —t; <x; <t;

in unknown variables {z; };, {t; }i

Minimizing the #; norm is equivalent to finding the optimal solution to LP problem. t; will be the
absolute value of z7.

Linear programming problem can be solved in polynomial time n®®). The goal today is to find faster
algorithms.

2 Completing the proof from last lecture
Definition 1. A is (k,€)-RIP if Yx € k-sparse:
|Az|2 = (1 £ €)[|z]|2

We are trying to recover x, which is k-sparse. If x can not be approximated by k-sparse vectors, the
error will be sufficiently large.

Theorem 2. 3A is (k, ¢)-RIP for m = O(klog %)

Note that a matrix A, with a weaker bound on m, already follows from existence of OSE matrices (as
proved last lecture); existence of good OSE matrices follows by the problem on problem set 2.

Theorem 3. If A is (4k,€)-RIP, then the x* from ¢1-min satisfies:

||z — 21 < C- Err’f(a:)



where C is a constant.

x* is the optimal solution from ¢1-min. ||x — x*||1 is vector difference meansured in €1 norm. This
01 norm is as good as whatever the best k-sparse vector can recover in €1 norm. So this is called (1 /0y
quarantee.

We can use l3/¢1 guarantee to get a tighter bound.

Errf(z)
Vk

lz —a|la < C-
Note: ly/l1 guarantee = {1/ guarantee.
Definition 4. A satisfies (k,€) - null space property if Vn € R™, T C {n} of size k
An=0= |nlh < (A +e)lln-rlh
< il < e-lln-rlh
Lemma 5. If A is (24 1)k, €) - RIP = A satisfies (2k, \/2/7 - g) - null space property.
For the proof of this lemma, see the link on the class website.

Lemma 6. If A satisfies (2k,€) - null space property, for e < 1/2, then:

N 1+4+e€
||z —x*|]) <2 . Err'f(:n)

Proof. Let n=x — x*, i.e. "residual” vector. We want ||n||; to be small.
An = Ax — Az* = 0 since z* satisfies [1- min = ||n7||1 < e-||n_7||1, for T = k largest entries of x.
Since z* is the optimal solution of ¢1- min problem,
= |la*[r <zl = [laz[l + [lzZpll < [Jerll + llz—rlh
where [[o/[1 = |27 — (o7 — 23)[|1 = ozl — lInrll

and ||[22p[| = [|lz—7 — 227 —21llL = |In-7lli = |lz—7[h

So [[zr|lt + [laZr|lv < [lzr|l + [[z-7lh

= [lerlls = llnzrlls + ln-rll = ezl < {lzzll + [lz—rlh

Notice that ||z7]||; is the recovered signal and it is canceled in both sides. ||z_7||1 is Errf(z). So we can
get

In—rlly < |lnrll +2- Errf(z) < e |In-rll1 + 2 Errf(z)

2
= [|n-r[h < :ETT’f(iﬂ)



Relating ||n||1 to ||n—7||1, we get

2 1+e€
olly < (L4 €) - == Brrl(e) = 2 Brrl(2)

3 Iterative Hard Thresholding

Note: In the section, we adopt the notation of L for matrices and vectors as transpose symbol, mainly
because transpose T would conflict with the iteration number T

So far, we have been approaching Compressed Sensing via £; — min, which is also refered to as ”Basis
Pursuit”. ¢; — min has a time complexity of n®®), and our hope is to reduce the time complexity to
roughlythe size of matrix A, which is O(nm).

Here we introduce the Iterative Hard Thresholding algorithm (1). The main idea of this algorithm is
to try to determine which coordinates matter when producing k-sparse vector. Note that the function

Py(2) = argmin ||z — 2|
z!:k—sparse€R"

picks the k£ most significant coordinates from vector z and set the values of remaining coordinates to 0.

Algorithm 1 Iterative Hard Thresholding
Require: y (= Ax), T
Ensure: z7*! which is a k-sparse approximation of x
zl <« O"
fort+ 1toT do
ot P2t + Al (y — Azt))
end for
return z

T+1

Here’s the intuition why we use Py (z). If we define a'™! = 2zt + A1(y — Ax'), we can see although

z! is guaranteed to be k-sparse (by induction), At(y — Aa?) could introduce nonzero values on other

t+1 to xtJrl_

coordinates. By using Py (z) function, we can restore the k-sparsity and project a

In a sense, we can see an analogy between IHT algorithm and projection methods in constrained
optimization. In constrained optimization problem, we start with a feasible solution and find another
solution that yields slightly better objective function value; if that solution violates the constraints, we

project it back to the allowed region defined by the constraints.

Now we proceed to proving IHT algorithm works.

Theorem 7. [Blumensath-Davies ’09]
A is (3k,€)-RIP matriz, where e < . Let y = Az +e (e as the error term), then VI > 1, IHT iterate
T+ satisfies:

[T —zlla < O1) - |27 - [Jall2 + + llell2



Today we prove a simpler version of the theorem, where we assume zero error and the z is precisely
k-sparse.

Theorem 8. Following the notations from Theorem 7, suppose x € R™ is exactly k-sparse, e = 0, then
" —zfly < O@277) - [|2]l2

Proof.

Observation 9. Fizr k-sparse vector z € R, ||Az||2 € (14€)||2||3, which means z+- At Az € (1+€)2T 2 =
2L (ATA -1z € (—€,€) - ||2]|2. We can see A A ~ I when operating on k-sparse vector z.

We first define r® = o — 2! to be the residual, our goal is to prove ||rt||2 decreases exponentially when
t iterates from 1 to 7.

We have a't! = 2! + At(y — Ax') (note the second term might not be k-sparse). Intuitively,
attt = gt 4 AL gt ORI e g
Define B! = support(x) U support(z!). Sicne both z and z! are k-sparse vectors, |B!| < 2k.
Let B = B! and B~ = B'.

[

= [lz =" l2

= |lzp — 252

triangle ineq

<z —apll2 + |l — 25 ]2

t+1 t+1

- < |fzp —ag |l

t+1 t+1H2

Since by definition 5™ = arg min,+1.4 gparse ||@ z't||2, we have ||a’y " —

Therefore ||rit!||s < 2]|xB — at+1||2

adt = [at + AT At p = oy + (AT Art)p = 2ty + A5 Art. Here we define Ap to be the matrix where
all columns not in set B zeroed out while entries with columns in B have the same value as in A. Then
we can continue work on

T2 = llep — 2’z — ApAr'||2
= HTB - AﬁA"’tHZ

= [|rp — ApAprs — ApArt )2

|z —a

triangle ineq

< U = AgAp)rpll2 + ||ApArt pll2

Observation 9

1l
ellrpllz + [[ApArL |2
= €|Ir5ll2 + [|ApAp-\57"l]2
note the last equation comes from the fact that we have r! 5 = rtB_\ p and Ar%_\ 5= 4B\ grt.
Claim 10.
A5 Ap-\5ll2 < 2¢

Not done during the lecture. Let C = B~ \ B. Consider unit-norm pp, supported on B, and unit-norm
qc, supported on C. Then HAﬁAB*\B||2 = max,, . [PBATAqc|.



Consider the quantity ||pp — qc||? = 2. Then ||A(ps — qc)||* > 2 — 2¢ by RIP property of A. At the
same time, [[A(pp — qo)||* = | Aps|* + | Agcl* — 2ppA*Age < 2 + 2¢ — 2p, AL Age (again, by RIP).
Hence, pp A+ Aqc < 2¢ and the claim follows. O

Therefore we get

T2 < 2llap — a2
< 2(e+||AgAg-\5ll2) - Ir']]2

Claim 10

I

IN

6el 1]l
1

< _ t

< Slllls

SO
[7*]l2 < 07" - [Ir!]]2 = O27")[2]]2

O]

Theorem 7 and Theorem 8 tell us that the error of the k-sparse approximation x! decreases exponen-
tially with T'.



