COMS E6998-9: Algorithms for Massive Data (Fall’23) Oct 9, 2023

Lecture 10

Instructor: Alex Andoni Scribes: Hantao Yu

Recall our Iterative Hard Thresholding algorithm: given input y = A-x € R™, z € R",
e Set ' = (0,...,0),
e Fort=1,...,T,set 2/t = P(at + AT (y — Azt)),

e Return 271,

where Py(r) :=arg min ||z’ — z|.
k—sparsex’

Theorem 1. Let x € R™ be k-sparse and A is (3k,e = %)—RIP, then
2" = zlla < 27T ||2lo,

where T 1 is the output of the Iterative Hard Thresholding algorithm.

Proof. First observe that ||Az||3 € (14 ¢€)|/z||3 because A is (3k,e = $)-RIP. Since ||Az|]3 = 2T AT Az
and ||z|2 = 2" Iz, we have ||Az|% — ||z]|3 € +e||z||3, which implies 2T (AT A — Iz € +¢||z|3.

We define r := z — 2%, a"™! := 2’ + AT (y — Az"). We will show that |[r'™||s < 3||r!||2, which suffices
to prove our theorem. The intuition of the proof is that we can write

at =2t + ATy — Axt) =2t + AT Az — 2b)

and this is an approximation of = because AT A ~ I.
Let B! := supp(z) Usupp(z?) 2 supp(r?) (|B?| < 2k). Denote B := B'™!, B~ = B'. We now have

I 2 = flz = 212

= |lzp — 2|2

<llzp — ai 2 + laf™ — 25 l2.
Since x**! is the best k-sparse approximation to a’*1, ||z — a2 < ||z — a%f |2, which implies that
|7+ |s < 2|z — a5 2. Let Ap = A with columns not in B zeroed out, we have

alf' = ol + (Ap) T Al — o),



which implies (let —B := B* — B)

les — aifls = llzp — 2 — AR A
= |Irly — AR A,
— |Irly — AR Arly — AL Ar" gl
< (1 = AL AW llo + | AR ArL 51l

< ellrisll2 + [ A5AT pll2,
where the last inequality follows from the following observation (using the RIPness of A):

I(I— AgA)rsle = |(Ip — ApAB)rslle < max  u'(Ip — ApAp)v- |Irhllz < €llr|l2-

wv:lull=[v[|=1
Next, we claim that | A5 A_pl|l2 < 2¢. This is because

|ALA gl < max plALA pq.
llpll=]q|l=1
supp(p)CB
supp(q)C—B

By RIP of A, we have ||[A(p — q)||3 > 2(1 — ¢). As a result,
2(1—e)<(p—q) AT Ap—q)

= ||Apl3 + || Aqll3 — 2p" AT Aq
<(14e)+(1+e)—2p' AT Aq,

which implies pT AT Ag < 2e.
Finally, we can upper bound
7 |2 < 2]l — aff Iz

< 2(ellrpllz + 2¢)r'|l2)
< 6el|rt|2 assuming & < -

1
< Sl

An induction argument will finish the proof of ||r*! ||y < 27|72 = 27| ||2.



