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Abstract A great deal of work has studied the tractability of approximating (in the
L,-norm) functions belonging to weighted unanchored Sobolev spaces of dominat-
ing mixed smoothness of order 1 over the unit d-cube. In this paper, we gener-
alize these results. Let r and s be non-negative integers, with » < s. We consider
the approximation of complex-valued functions over the torus T¢ = [0,277:}" from
weighted spaces H}"l (T?) of hybrid smoothness, measuring error in the H'(T¢)-
norm. Here we have isotropic smoothness of order s, the derivatives of order s
having dominating mixed smoothness of order 1. If r = s = 0 , then H%!'(T?) is
a well-known weighted unachored Sobolev space of dominating smoothness of or-
der 1, whereas we have a generalization for other values of r and s. Besides its
independent interest, this problem arises (with » = 1) in Galerkin methods for solv-
ing second-order elliptic problems. Suppose that continuous linear information is
admissible. We show that this new approximation problem is topologically equiv-
alent to the problem of approximating HIS-_r’1 (T?) in the Ly (T%)-norm, the equiva-
lence being independent of d. It then follows that our new problem attains a given
level of tractability if and only if approximating H}fr‘l (T?) in the Ly(T%)-norm has
the same level of tractability. We further compare the tractability of our problem to
that of L, (T¢)-approximation for qu’l (T?). We then analyze the tractability of our
problem for various families of weights.
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1 Introduction

Much recent research in information-based complexity has dealt with the issue of
tractability. To what extent is it computationally feasible to solve this problem? To
get an idea of the scope of this area, see the three-monograph series [7, 8, 9]. Most
of the work in this area has dealt with the integration problem (which was the initial
impetus for studying tractability in the first place) and the approximation problem
(mainly in L,-norms, with most of the work for the case p = 2). This paper deals
with the latter.!

It has long been known that the L-approximation problem for the unit ball of
H*(I?) over the unit d-cube I¢ has nth minimal error @ (n~/¢), so that @ (e~/%)
information evaluations are necessary and sufficient for an €-approximation. Were
it not for the ®@-factors, this would imply that this problem suffers from what Richard
Bellman [1] called “the curse of dimensionality”, i.e., an exponential dependence on
the dimension d. It turns out that things are not quite as bad as this. To avoid some
technical difficulties, we’ll use spaces H*(T¢) defined over the d-torus T, rather
than over the d-dimensional unit cube 7¢. Kiihn et al. [5] showed that the ®@-factors
decay polynomially in d, and that this problem does not suffer from the curse of
dimensionality.

However, we would much prefer something stronger; in particular, we would
like to have polynomial tractability, with nth minimal error at most Cd?¢~? for C
p, and ¢ independent of € and d or (better yet) strong polynomial tractability, with
nth minimal error at most Ce¢~? for C and p independent of € and d. However, the
results in [5] imply that the aforementioned problem is not polynomially tractable.
So if we want a better tractability result, we need to change the space of functions
being approximated.

Now the spaces H*(T?) are isotropic—all variables are equally important. This
has led many authors to use anisotropic spaces. In particular, we have used weighted
spaces that (algebraically) are tensor products of H'(I), with the weight family I"
entering into the norm. These are weighted versions of spaces having mixed smooth-
ness, as per [6]. In [11], we were able to find conditions on certain weights fami-
lies I" that were necessary and sufficient for the L, (T¢)-approximation problem to
be (strongly) polynomially tractable.

We would like to extend these results to weighted spaces of hybrid smoothness,
see [10]. These are weighted versions of the spaces H®!2 (’]I‘d), the members of
which being periodic functions having isotropic smoothness of order s; and domi-
nating mixed smoothness of order s;.

In this paper, we make a first step in such a study. We will consider spaces H}’l (T%).
Functions belonging to this space have Sobolev derivatives of order s, said deriva-
tives themselves having one derivative in each coordinate direction. The weights
only apply to the anisotropic part of the H*!(T¢)-norm. We measure error in the
H ’(’]I‘d )-sense. Here r and s are non-negative integers, with r < s.

! This introduction is merely an overview. Precise definitions are given in Section 2.
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We have an ulterior motive for studying these particular spaces. Suppose we
are trying to solve the elliptic problem —Au + qu = f over T¢, with f,q in the
unit ball of H%!(T%). Suppose further that we have an elliptic regularity result,
saying that u € Hf:l (T?) for f,q € qu’l (T%). Then the error of a Galerkin method
using an optimal test/trial space will roughly be the minimal error for the H'(T¢)-
approximation problem over H>!(T?). This explains our interest in the H"(T%)-
approximation problem for HISJ1 (T?) with » = 1 and s = 2. In this paper, we study
the general case (with r < s), which is as easy to handle as the special case r = 1
and s = 2. In addition, we expect the results of this paper to hold for negative r; this
is important because the case r = —1 occurs in non-regular second-order elliptic
problems, see (e.g.) [3] for further discussion.

The overall structure of this paper is as follows. In Section 2, we precisely define
the terminology surrounding the problem we’re trying to solve. The results we seek
depend on spectral information of a particular linear operator on HPl(Td ), which
we give in Section 3. Finally, Section 4 gives the tractability results for our approx-
imation problem:

1. If Appr g has a given level of tractability, then Appr . has at least the same
level of tractability, and the exponent(s) for Appr s are bounded from above by
those for Appr g ¢-

2. Under certain boundedness conditions, Appr ., has a given level of tractability
iff Appr has at least the same level of tracfability. We give estimates relating
the exponents for these two problems.

3. For the unweighted case, Appr ,.; is quasi-polynomially tractable, with exponent
2/1n2 = 2.88539. '

4. For bounded product weights:

a. Appr ., is always quasi-polynomially tractable. We give an estimate of the
exponent.

b. We give conditions on the weights that are necessary and sufficient to guaran-
tee (strong) polynomial tractability, along with estimates of the exponents.

5. For bounded finite-order and finite-diameter weights, Appr- ., is always polyno-
mially tractable. We give estimates for the exponents.

2 Problem Definition

In this section, we define the approximation problem to be studied and recall some
basic concepts of information-based complexity.

First, we establish some notational conventions. We let N denote the strictly pos-
itive integers, with Ny = NU {0} denoting the natural numbers. (As usual, we let
7 denote the integers.) Next, we let T denote the torus [0,27], so that T is the d-
torus. We identify opposite points on the d-torus, so that for any f: T¢ — C, we
have f(x) = f(y) whenever x —y € 21 Z¢. In this sense, functions on the d-torus
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are periodic. We denote points in R by boldface italic letters, and points in Z¢ (in-
cluding multi-indices) by boldface roman letters. The unit ball of a normed space X
is denoted by #X. Any product over the empty set is defined to be the appropriate
multiplicative identity.

We now describe some Sobolev spaces, see (e.g.) [4, 5, 10, 13] for further dis-
cussion. Let L, (T¢) denote the space of complex-valued square-integrable functions
over T¢ and let r € Ny. Then

H(T) = {feLz(Td): D™f € Ly(T9) for |m| gr},

is the (classical) isotropic Sobolev space of order r, which is a Hilbert space under
the usual inner product

<fag>H’(']1'd) = Z <DmfaDmg>L2('ﬂ'd)'

Im|<r
Here, form = (my,my,...,my) € N&, we write
d ™M d - 4
m __ m _ J —
D —HW and Zz —HZ] VZ—(Z],...,Zd)EC,
j=1 Xj =1

as well as |[m| = Z?:, m;. Here, the partial derivative d/dx; is in the distributional
sense.
For s € Ny, we define the space2

HYY(TY) = {v € H(T?) : dyv € H*(T?) for all u C [d] }
of hybrid smoothness, which is a Hilbert space under the inner product

(VW) st (pay = Y (9w, FuW) s (1) Yv,we Hlsil('ﬂ‘d).
uC[d]

Here, we write

where [d] :={1,2,...,d}.
Our final Sobolev space is a weighted version of the space H*!(T¢). Let

I'={y.,>0:uC[d],d N}

be a given set of non-negative weights Y, ,,, with ¥, ¢ = 1 for all d € N. Then we let
H'(T?) be H*'(T¢), but under the inner product

2 The superscript 1 in H*!(T?) means that we are taking dominating mixed derivatives of order 1.
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(v, W)H;J(Td) =Y y;i(&uv, FuW) pys (14 NATATS HIS—’I("JI‘d). (1)
d
)

Clearly H}"l (T¢ ) is a Hilbert space under this inner product.

We now describe the problem we wish to solve. Let r, s € Ny, with < s. Our goal
is to approximate functions from %’Hf-’l(’]l'd) in the H"(T¢)-norm. This approxi-
mation problem is described by the embedding operator App, - ,.: HIsil(’]I‘d) —
H'(T¢), which is defined as

A
Appyrf=f  VfeH: (T?.
Remark 1. We note some special cases of this problem:

1. Suppose that r = s = 0. Then App, - ,.; = ApP, 10,0, and our problem is that of

approximating functions from H 1(2"1 (T4) in the Ly (T%)-norm. This problem is
analogous to the problem that was extensively covered in [11], the main differ-
ence being that [11] dealt with functions defined over the unit cube, rather than
the unit torus.

2. Let I'(0) be given by

1 ifu=0
You=4 . 1" vucCld,deN.
’ 0 otherwise.

Allowing a slight abuse of language, we call I"(0) empty weights. Then App, - s =
ApPy °(9),rs» and our problem is that of approximating functions from ZH S(T?)
in the H"(T%)-norm. This problem was studied for the case r = 0 in [5, 13] and
for arbitrary r > 0 in [10].

3. Let I'(UNW) be defined as

Yau = 1 YuC [d]

Then App, .y = APPa 1 (unw),r,s a1d We are trying to solve the unweighted case.
Our problem is now that of approximating functions from ZH*!(T%) in the
H'(T¢)-norm. A non-periodic version of this problem (over the unit cube, rather

than the torus) was discussed in [11, Section 4.1.1].
4. If I'(I) is a set of weights defined by

Yau=[]r; VYuCld,deN, (2)
JEU
where
Ya1 = Y2 = > Yaa >0 Vd €N, 3

the I"(IT) is said to be a set of product weights. We may refer to the set {7y, ; :
Jj € [d],d € N} as being the weightlets for I (IT).
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5. We say that I'(FOW) is a family of finite-order weights if there exists ® € Ny
such that
Yau =0 for all d € N and u such that |u| > o.

The smallest @ for which this holds is said to be the order of I'(FOW). As a
special case, we say that I'(FDW) is a family of finite-diameter weights if

Yau=0 for all d € N and all u with diam(u) > g¢.

The smallest ¢ for which this holds is said to be the diameter of I'(FDW). O

Remark 2. We can slightly simplify the sum appearing in (1), as in [12]. If we adopt
the convention that 0/0 = 0, we can write

(v, W>HP1(T‘1) =Y y(;fl<8uv, duWgsray Vv we H:(T?),
uC[d]

provided that we require
dyw =0forany u C [d] such that y;,, =0  Vwe Hf-’l (T%).

Of course, if dy,v = 0, then d,w = 0 for any superset v of u. This imposes the natural
condition

Yau=0 = Y, =0 for any v C [d] for which v D u. %)

In the remainder of this paper, we shall assume that (4) holds. Now suppose that
Y4,j = 0 for some j € [d] and d € N. Using (4), we see that y;,, = 0 for any u con-
taining j as an element, and so the variable x; plays no part in the problem App, - ,. .
So there is no essential loss of generality in assuming that

Ydﬁj>0 VjG[d],dGN. 5)

In the remainder of this paper, we shall also assume that (5) holds for product
weights. 0O

An approximation is given by an algorithm A, r . , using at most 7 linear func-
tionals on H}’l (Td ). That is, there exist continuous linear functionals L, L; ..., L,
on H3:'(T4) and a function ¢, : R" — H"(T¢) such that

Aarrsn(F) = 0 (Li(f) Lo (), La(f) ¥ f € BHE(TY).
The worst case error of Ay s is given by

e(Ad,F,r,s,n) = sup Hf_Ad,F.,r,s.,anH’(T‘/)‘
femHy' (Td)

For simplicity’s sake, we measure the cost of an algorithm by the number of infor-
mation evaluations it uses.
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Let € > 0 be a given error tolerance. An algorithm yields an €-approximation
if its error is at most €. We define the information complexity n(&,App, ) as

the minimal number of linear functionals defined on Hl‘i’l (T?) needed to find an
algorithm whose error as most €.
As in [11], we have || App, 1, || = 1. Hence it follows that

e(O’Appd,F,r,s) = e(Ad»E-Ya()’Appd,F,r,s) = 1?

where Ay ;.0 is the zero algorithm defined by
Aarrsof =0 Vfe HISJI (TY).

Thus n(&,App, ;) = 0 for € > 1. So in the remainder of this paper, we assume
that € € (0, 1), since the problem is trivial otherwise.

It is well-known that there exist algorithms with arbitrarily small error iff the
operator App, 7 is compact. Since we want to find €-approximations for any € €
(0,1), we shall assume that App, I,rs 18 compact in the remainder of this paper. This
compactness holds if either » < s (by Rellich’s Theorem, see e.g. [2, pg. 219]) or if
at least one of the weights ¥, ,, is positive (from the results in [11]).

Let {(/'Ld’,,,ed_n) }HGN denote the eigensystem of Wy, = AppZI_m Appdﬁm,

with HIS—’1 (Td)-orthonormal eigenvectors e, , and with the eigenvalues A4, forming
a non-increasing sequence

Aig=1>A2>--->0,

Then the algorithm

M:

An(f) = L Afreai) st payeai = Zxd, (freai)ymareai  Vf € BHE(T?)

i=1

minimizes the worst case error among all algorithms using n linear functionals

on H' (T¢), with error
E(An) =\ A’d,n-‘rla

n(€,Appy ;) = inf{n € No: 44, > e’y (6)

so that

We are now ready to describe various levels of tractability for the approximation
problem Appr . = {App, 1, }aen- This problem can satisfy any of the follow-
ing tractability criteria, listed in decreasing order of desirability, see [7] for further
discussion.

1. The problem is strongly (polynomial) tractable if there exists p > 0 such that

1\?
n’(stppd:F,rﬁs) SC(S) Vee (Oal)adEN (7)
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When this holds, we define

p(Appr ) = inf{p > 0:(7) holds}

to be the exponent of strong tractability.
2. The problem is (polynomially) tractable if there exist non-negative numbers C,
p, and ¢ such that

1

P
n(E,Appd’F_’r,s)gC(g) d?  VYee(0,1),deN. (8)

Numbers p = p(Appr ;) and ¢ = q(Appr- ) such that (8) holds are called -
and d-exponents of tractability; these need not be uniquely defined.

3. The problem is quasi-polynomially tractable if there exist C > 0 and ¢ > 0 such
that

n(e,Sy) < Cexp (t(1+Ine ')(1+1Ind))  Vee(0,1),YdeN. (9)

The infimum of all ¢ such that (9) holds is said to be the exponent of quasi-
polynomial tractability, denoted 9PV

4. Lett; and 7, be non-negative numbers. The problem is (¢1,#,)-weakly tractable if
non-negative numbers, with

. In n(SaAppd,F,r,s)
lim @———

Lm TS > 0. (10)

The problem is said to be weakly tractable if it is (1,1)-weakly tractable, and
uniformly weakly tractable if it is (11 ,t;)-weakly tractable for all positive #; and #,.
For more details, see [10].

5. The problem is intractable if it is not (f1,1,)-weakly tractable for any non-
negative f; and ;.

6. The problem suffers from the curse of dimensionality if there exists ¢ > 1 such
that®

n(&,Appy ) > VdeN. (11)

3 Spectral Results

If we want to follow the prescription for determining minimal error algorithms for
our problem, we clearly need to know the eigenvalues and eigenvectors of Wy r ..
That’s what we’ll be doing in this section.

First, a bit more notation. Let i = /—1. For k = (ky,ky,...,kg) € Z¢ and x =
(x1,%2,...,%¢) € T9, let k- x = ¥4, kjx;. Define

3 We follow [5, (5.3)]in using 1+ ¢ with ¢ > 0 rather than ¢ > 1.
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1 .
eqx(x) = an)ie exp(ik-x) Vxe T

For any f € H(T¢), we have

D"f =Y (ik)"cax(f)eax  for|m|<r,
kezd

where
cax(f) = /Tdf(x) exp(—ik-x)dx
is the kth Fourier coefficient of f and convergence is in the Lz(’JI‘d )-sense.

Theorem 1. For k € 74, let

Adxr s = gd’r’i Oy kI (12)
d.s,
where .
Og k= ( )y YJin?) (13)
uCld] - jeu
7d,u>0
and
Bork= Y, K™ (14)
|m|<r
Then the following hold:

1. The vectors {eq x }xcza form an orthogonal basis for HISJ1 (T9), with
leasl et pay = Faser Passe ke 2%, (15)
2. The vectors {eq  }xega form an orthogonal basis for H "(T9), with
leaxzirpa) = Barx Yk ZC. (16)
3. The eigensystem of Wy r ¢ is given by {(ld,k,p_,r,s7 ed,k) }kEZd’ so that
War rseax = Adxrs€dx vk e 7. a7
4. The information complexity is given by
n(e, AP, 1 ) = | {k € 21 Aascrs > €. (18)

Proof. For part 1, we need to show that that {e;k}ycz« is an orthogonal basis
for H:'(T9). Let v € H' (T¢). Now for any k € Z¢ and any u C [d], we have
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d
&quedJ( = H —lk —lk " €dk = (—i)‘ulﬂm‘kmed’k
JEU j=1

and so we may integrate by parts and use periodicity to see that

(OuD™V, 0uD™ eq ) ray = (= )M (v, ZD™eq k) 1 ()

(bl 2+ m) (H k§> K (i) o

JEU

- <H"5) K20, €010 (1)

JjEu
Hence for any k € Z¢, we have

(v,eax) H (1) = ) Ydu (Ouv, duea k) ps(Ta)

uCld]
Yd u>0
= Y % Y (0uD™,0uD™eq ), 10
ucCl[d] [m|<s
Yd u>0 (19)
(L wlE) () oenm
uCld] Jjeu [m|<s
Ydu>0

—1
= 0y 1 Bas{v,eax) , (ra)-

In particular, we see that
(edpr€ak) s 51 (1d) = Oéd]ip Ba,sk Op Vk,p € Z°, (20)

with 8 p being the Kronecker delta. Hence {egk }ycza is an H}"l (T4)-orthogonal
set, the norm of whose elements being given by (15). To see that this set is a ba-
sis, we need only show that this set is HISJI(Td)—complete. So let v € HIS-’l(’IFd)

satisfy (v,eq) () = 0 for all k € Z%. Once again using (19), it follows that

(veak)p,(ra) =0forallk € Z4. Since {eq k bz is an orthogonal basis for L, (T¢),
it follows that v = 0. Hence {e4 k } 74 is H}"l (T9)-complete, as required.

Setting I' = I'(0) in part 1, we immediately have part 2.

To see that part 3 holds, note that

<WdFrsedkvedp>Sl(Td) (€axedp)yrray = Ba.rk Op Vk,p € Z¢,

the second equality following from part 2. Since {ey k }ycz« is an orthogonal basis
for H;‘l (T%), it follows that War rseqx must be a multiple of ey, which means
that esx is an eigenvector of Wy r 5. Thus Wyr ,seqkx = Adkr rseak for some
)Ld,k,l—',r,x > 0, with
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||ed,k||]2.1r('ﬂ*d)

Ak Iors = , (1)

2
||ed’kHHPl<Td>

as usual. Part 3 follows once we use (15) and (16) in (21).
Finally, part 4 follows immediately from (6), along with the remaining parts of
this theorem. a
As a special case, let s = r. Then the problem App, -, is equivalent to the
problem App, 00

Corollary 1. The following results hold for the problem App, - .,

1. The operators Wy r . and Wy r o0 both have { (edyk, (Xd"kf) }keZd as their eigen-
systems.

2. Minimal errors, minimal error algorithms, and levels of tractability are the same
Jfor our problem App, - ., and for the problem App, . O

Just as we have reduced the problem App, - .., to the problem App, - o o, We can
also reduce the problem App, -, to the simpler problem App, i ¢ ;. Let

d
Nax =1+ Y &2, (22)
Jj=1

We then have

Theorem 2. Let r,s € Ny, with s > r.

1. The eigenvectors of Wy s are given by {eqx : k € Z4}.
2. The eigenvalues of Wy r s satisfy the inequality

1 I &k r

m Adxr0s—r <

O k.
= < Aak s <8 ——- <s!'Agxros—r (23)

PR
: T Max Nax

forallk € 7.

Proof. Letd € N and k € Z¢. As in [5], we may use the multinomial theorem to see
that

Biox <Mk <0 Bacx.  VLEN,.

We then have

| !
1 < 1Y7r < Ba.rx < i;r < s
r! (S - I’) ! ﬁd,sfr,k r! nd,k ﬁd,s,k nd,k ﬁd.,sfr,k

This result now follows from Theorem 1 and (18). a
From Theorem 2, we see that minimal errors for our problem App,, - ,.; and for
the simpler problem App, - ;_, are essentially the same.
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4 Tractability Results

We now compare the tractability of our problem Appr, . = {App, -, }aen With
the problem Appr oo = {App,ro0}den. The papers [11, 12] studied this latter
problem, except for functions defined over the unit cube instead of the unit torus.

4.1 General Weights

We first give tractability results that hold for any weights, regardless of their struc-
ture (or lack thereof), depending only some boundedness conditions. Our main re-
sult is that our approximation problem Appr- . . has the same level of tractability as
the problem Appr- o, Which is the periodic version of the problem studied in [12].
In what follows, we let

M; = max< 1, max ; and mg = min . 24
d { je[d]%t{]}} a = run Y, u (24)
Yd‘u>0

Clearly both M,; and m, are positive numbers.
First, we compare the information complexity of these problems.

Theorem 3. Forall d € N and € € (0,1), we have

s—r\1/(2(s—r+1 S—r
n(€, Appy ) > 1 ((r!Md ) /@ls=r+1)) 1/( +1)aAppd,F,0,O) , (25)

my

) 1/(2s=r+1))

n(&,Appyr ,s) <1 (( 81/(SrH)’APPd,F,o,o) , o (26)

s!
and

n(€,Appyr.s) < n(€,APP,r00)- (27)

Proof. We first show that (25) holds. Let k € Z¢. From (5), (13), (18), and (22), it
follows that

cikez Vs = Vi) S 2w (10 L) =0t
J=

Since nd]i > MJl 0y x,r» we may use Theorem 2 to see that

I ogxr L i
s—r = s—r d kI
r! n 'Md )

Ay s > —

Using part 4 of Theorem 1 and the previous estimate, we now have
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n(&,APPyr rs) = ‘{k €7 Ayxr s > € }‘

1
>erZ": a‘”“>82}‘
= s—r 2d kI
M

= Hk c74. Ok > (r!MtSi*rez)l/(s_rH) H

—n ((r!Mj")l/(z(S_rH)) 81/<S_r+1)vAppd,F,0,O) ’

as required.
The proof of (26) is similar to that of (25), except that we start with the bound

adill(’r: Z }’Jink?gmgl Z Hkigmllﬁd,l,k:mglﬂd#'

uC[d] JEU uCld] jEu
Yd,u>0 Yd,u>0
Finally, (27) follows from (18) and Theorem 1. a

We now show that the level of tractability of our problem Appr- . is often the
same as that of the problem Appr- g .

Theorem 4. If Appr o has a given level of tractability, then Appr . has at least
the same level of tractability, and the exponent(s) for Appr ., are bounded from
above by those for Appr ( o. Moreover, recalling the defintion (24) of My, we have
the following: '

1. If
M :=supM, < o (28)
deN

then the following hold:
a. Appr . is strongly polynomially tractable iff Appr o is strongly polynomi-
ally tractable, in which case the exponents of strong tractability satisfy the
inequality
1
s—r+1

P(ApPro0) < P(APPF ;) < P(APPro0)- (29)

b. Appr s is quasi-polynomially tractable iff Appr  is quasi-polynomially
tractable, in which case the exponents of strong quasi-polynomial tractability
satisfy the inequality

1
9P (A < 1Pl (A :
max {S* 7, %IH(F!MSir)} +1 ( ppF,0,0) = ( ppF,r,A) (30)
<papely (ApProo)-
2. If
supd IMy < o 3D

deN
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Jor some q > 0, then Appr . is polynomially tractable iff Appr ¢ is polynomi-
ally tractable.

Proof. The first statement in the theorem follows immediately from (27).

For part 1, suppose that (28) holds.

We first prove part 1(a). From the first statement in the theorem, it suffices to
show that if Appr- . is strongly polynomially tractable, then the same is true for
Appr 0. and that the first inequality in (29) holds. So let Appr .., ben strongly
polynomially tractable, so that for any p > p(Appr ) there exists C > 0 such that

n(&,App,r,;) <Ce?  Vee(0,1),deN.

Set ‘
gd _ (r!M‘Sifr)1/(2(“7r+1))8]/(87r+])7 (32)

so that '
el = (rinay ) e Y,

Using (25) and (32), we see that

n(€4,Appyr00) < n(€,Appyr,,) <Ce P =C (M;—rr!)l)/z Sd_(s_rH)p
< C (Msfrr!)P/z gdf(“‘*r*l)ﬂ'
Varying € > 0, we see that €; can assume arbitrary positive values here. Since p may
be chosen arbitrarily close to p(AppF’,’s), we see that Appr o is strongly polyno-
mially tractable, and that (29) holds, as required.
We now prove part 1(b). It suffices to show that if Appr-, is strongly quasi-

polynomially tractable, then so is Appr g, and that the first inequality in (30)
holds. So suppose that Appr is quasi-polynomially tractable. Then for any

t > 19PN (Appr ), there exists C > 0 such that
n(&,Appy ;) < Cexp (¢(1 +Ineg ")(1+1nd)) Ve e (0,1),d eN.
Once again, define &; by (32) and use (25) to see that

n(€a, APP4,r0,0) < (€, APPy 1) < Cexp (t(1+1Ine™")(1+1Ind))
=Cexplt(1+(s—r+1)Ing; '+ IIn(r!M}")) (1 +1Ind)] (33)
<Cexp|t(1+(s—r+1)Ing; ' + in(rM* ")) (1+1nd)]

Define g: [0,00) — [0,0) as

I (s—r+1)8+ %]n(r!Ms’r)

We find that
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zg%g(é) = max {g(O),glgrolog(é)} =max {s—r, 3 In(rIM*")} + 1.

From (33), we now see that
n(€4,ApPy.r.00) < Cexp (11 (1+1ng; ') (1+1nd)),

where
1 =tsupg(lng; ') =1 (max {s—r, A In(r!M* ")} +1). (34)
deN
Arguing as in the strongly polynomial case, we see that Appr-  ( is quasi-polynomially
tractable, with

tqp()ly(Appr,r,s) < (max {s—r,3In(r!M*")} +1) fquIY(APPF,0,0)7

as required.

For part 2, suppose that (31) holds, so that M := sup,nd~ 9My < o. Suppose
also that Appr ., is polynomially tractable, so that there exist positive C, £, and p
such that such that

n(E,Apde—?O’O) S Cdlgip Vd e N,g S (0, 1)
Once again defining &; as in (32), we have

n(€a, Appyr ) <Cd'e ™V = cd' (rims )2

¢ —r\p/2 o= (s—r+1)p
<cd'(rim P2, .
Hence Appy is polynomially tractable. a

Remark 3. The non-trivial results in Theorem 4 hold when the boundedness condi-
tions (28) or (31) are satisfied. Suppose that we allow unbounded weights. Although
the tractability of Appr- . is no worse than the tractability of Appr o, we can say
nothing in the opposite direction in this case. As an extreme example, we show
a choice of (unbounded) weights such that Appr ., to be strongly polynomially
tractable, but for which Appr- o suffers from the curse of dimensionality.

Define our weight set I" as.

1 ifu=0,
Yau=1 (14+¢)?? ifu={1},
0 otherwise.

This is actually a sequence of univariate problems, for which
Ak = (H—(H—c)*z‘i) K and nhk:l—i—kz.

From Theorem 2, we see that the eigenvalues of Wy . satisfy
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1k s! s!
kI < ]
— (1+k2)s7r

o !
A < s! =
T T I+ (4 o) X1+ 1)) (1R

Hence we may use (23) to see that

| |
n(s,Appd_’p’,_’S)SHkEZ:(1_’_2'2)“>£2H2\‘ <:2)1J1
-0 (el/(‘“’)),

and so Appr ., is strongly polynomially tractable, provided that r <'s. On the other
hand, we have

n(€,Appyro0) = k€ Z:onpr > € ={keZ: 14+ (1+c) 2k > €}

—2|(1+aVe—1]~1=0 ((1+c)%e!),

and so Appr o suffers from the curse of dimensionality. O

Remark 4. If we are willing to live with an upper bound that depends on d, we
can improve the e-exponent in Theorem 4. (This is an example of the tradeoff of
exponents, as described several places in [7].) To be specific, suppose that Appr- g
is strongly polynomially tractable,. Then for any p > p(Appryo_O), there exists C >0
such that '

n(€,Appyroo) <Ce™? Vee (0,1),d eN.

Choosing such a p, d, and €, let

s—ry 1/(@2(s—r+1))
m
€= ( Sd‘ > 81/(s7r+1)’

where my is defined by (24). Using (26), the previous inequality tells us that

o\ P/Cs=r+1)
) g P/l (35)

n(evAppd,F,r,s) < n(gdaAppRO,O) <C (msr
d

Let m = inf ey my. There are two cases to consider:

1. Suppose that m > 0. Then the H}:' (T¢)-norms are equivalent to the H*'(T¢)-
norms, with equivalence factors independent of d. As we shall see in Sec-
tion 4.2, the problems Appr(yyw),.s and APPr(ynw),0,0 are both quasi-polyno-
mially tractable, each having exponent 2/In2 = 2.88539. Hence the same is true
for the problems Appr ., and Appr q o. Thus part 1(a) of Theorem 4 never comes
into play when m > 0, and so the estimate (35) does not apply.

2. Suppose that m = 0. Then the bound (35) truly depends on d. To cite two exam-
ples:

e Suppose that my > Cyd™ % for some ¢ > 0 and Cy, > 0. Using (35), and letting
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o\ P/2s=r1)
Cl = C < sr) ?
Cu

we see that
I’l(E,Apde rs) <C dotp(s—r)/(Z(s—r—H)) 8—p/(s—r+1).

Since p can be chosen arbitrarily close to P(APPF.O,O)’ this is a polynomially-
tractable upper bound on n(&, App, - ,.;), With

a(s—r) P(APPF,O.O)

P(AppF,QO)
2(s—r+1) '

and £~ -exponent:
s—r+1

d-exponent:

e Suppose that for any o > 0, there exists Cy > such that my > Cqd—*. (For
instance, this holds if m, is bounded from below by a power of log d.) We
now see that the results of the previous case hold for positive &, no matter
how small. Hence we find that Appf- , ; is polynomially tractable for such I',
with

d-exponent: 0 and e! -exponent: (App 1—,0,0) .

s—r+1p

This is close to, but not identical to, a strong polynomial bound for which

P(APPr ) = (ApProo)- (36)

s—r+1p
We might describe such a bound as being almost strongly polynomial. O

Remark 5. From Remark 4 we see that the left-hand inequality in (29) cannot be
improved. However, this fact does not imply that there are problems for which (36)
holds. To see that such problems do exist, suppose we choose our weights as

1 ifu=0oru={1},
Yd,u = .
0 otherwise.

We claim that (36) holds for this problem. Indeed, the eigenvalues of Wy r o0 are
given by 1/(1+k?) for k € Z, so that Theorem 2 tells us that the eigenvalues
of Wy are bounded from below by 1/(r!(1+4?)*~"!) and from above by
s!/(14K*)*~"*1 It now follows that n(e, Appr o) = © (¢~ ') and n(e, Appr ) =
©(e!/7rt). Since p(Apprg) = 1 and p(Appr ) = 1/(s —r+ 1), we see
that (36) holds, as claimed. O -

Remark 6. Note that Theorem 4 doesn’t mention (ry,r;)-weak tractability. That’s
because (ry,ry)-weak tractability simply never arises. To see this, we distinguish
between two cases:
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1. Suppose that we allow I" to contain an unbounded sequence of weights. Using
Remark 3, we can find a case in which Appr- ( suffers from the curse of dimen-
sionality, but Appp ., is strongly polynomially tractable.

2. The alternative is to suppose that the weights are uniformly bounded, with

M = sup ey maxyc(g) Yau < eo. We claim that Appr is always (at least) quasi-
polynomially tractable in this case, so that the same is true for Appr,, by
part 1(b) of Theorem 4.
Indeed, to see that Appr o with weights bounded by M is always (at least)
quasi-polynomially tractable, note that this problem is no harder than the prob-
lem Appr o for which ¥, = M. From Theorem 1, we see that the eigenvalues
of this latter problem are given by

N
dk[,00 = Qd kT /I;Il 1445

As in Remark 4, this latter problem is quasi-polynomially tractable.. Hence
Appr 0 is at least quasi-polynomially tractable, as claimed. O

The right-hand inequality in Theorem 3 may be summarized as saying that
our approximation problem App, . is no harder than the approximation prob-
lem App, oo studied in [11]. The left-hand inequality tells us that App, - ., may
be easier than App, 10.0- Despite this gap, we find that these two problemé some-
times share the same level of tractability, as we shall see in what follows.

4.2 The Unweighted Case

If we specify the structure of the weights, we can get more detailed results. We first
look at the unweighted case I' = I'(UNW), see item 1 in Remark 1. Our main result
is that this problem is quasi-polynomially tractable.

Theorem 5. Suppose that ' = I'(UNW). Let

1
f = 144270 37
T2 37

* l/T*
- .
c1=<’2 (1+k2) ) =2.09722.
J=—o0

n(€,APP r(uxw).rs) < c1exp (20°(1+1Ind)(1+1ng™ ")),

and

Then

and s0 ApPr(ynw),rs IS quasi-polynomially tractable. Moreover, its exponent is

£ 3 2 :
tquly(AppF(UNw),r,s) =27 = E = 2.88539.
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Proof. From [7, Theorem 23.2], we have

lquly (AppF(UNW),r,s) =2 inf{ T>0:C < oo}’

where

Cr =supCry,

deN

with

1 (1+Ind) /e

T n
Cra= zﬂ( Z Ak rs )
keZd

Moreover,

n(€, ApPr(uxw) rs) < Crexp (27(1+1ng™")(1+1Ind))

19

for any 7 > 0 such that C; < . It suffices to show that T* is the minimal 7 for which

CT<°°’

Choose 7 > 0 such that C; < oo; we must show that T > t*. For any p > 0,

Theorem 2 tells us that

1 b O k,I" (UNw) g
> K,
kéd d k,I'(UNW), <(s—r)!> ke{%]}d( n;ir

But for k € {0,1}%, we have

d
Max=1+Y k5 <1+d
j=1

and

d

1 1\ [{j€ld]:kj=1}|
O kI (Unw) = H 2= (i) :
=1 14K

Hence for any p > 0, we have

1 P j€ld)k;=1
> 1yPlEldlk=1}]
Z d kI (UNW), <(s—r)( +d) ) ke{%.,’l}d(z)

kezd
:<<s—r) <11+d> )i(i) (2"
<(S—r)(1+d) )P[”@)"]d-

Let p = 7(1 +1nd) and take logarithms. Then

in| ¥ 2kri. Jzam 1+ @) - w1t man(s -t +ay)
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Since In(1+6) > 6 — %62 for § > 0, we have
11’1 |:1 + (l)f(1+lnd):| > (l)f(]%’lﬂd) (1 - (l)f(1+lnd)+l>
2 Z\2 2 :

Since d € N and 7 > 0, we have (Z)T(Hl“d)“ < (1)”1 <1

In [1+ (l)r(1+lnd):| > 1 (l)’c(lJrlnd) —27(T+1)d7ﬂn2
2 —2\2 = .
Without loss of generality, let d > 2, so that
7(1 +lnd)ln((S—r) (14+d)* ’)
1 2 1
— — - M) _
(H—l 2) In d—l—r(l—i— 1n2> (n(s—r)!+(s—r)Ind].

Thus

1 \2
[ o 0 e
&, In2

<1+112> In(s— 7)1+ (s —r)Ind),

and so

NCrg=1" lln[z A L ] —2Ind
kezd

2 T—12—(T+1)d1—’fln2

(1+112>21n2d—|— [3+112(s—r)} Ind + <1+112>ln(s—r)!] .

Since sup,c Cr,¢ must be finite, we see that the exponent of d must be non-positive.
Hence we must have

1

T>1T" =
- In2

= 1.44270,

as required.
It remains to show that C;+ < . From (27), it suffices to show that Cy+ < oo
for Appr o o- Suppose first that d = 1. Again using (27), we see that

1
llyk,F(UNW) ns = ll &, (UNW),0,0 = 1442’

and so

5

oo 1 T
Cr*1<01 —2/11kFUNw)00: Z (1+k2> :

k=—oco
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Since the terms in the series are @(k’zr*), with T = 1.44270, the series converges;
using Mathematica, we find that ¢; = 2.09722.
Now suppose that d > 2. Since

d
Ak, C(unw)rs < Ak, C(unw),0,0 < Ok I (unw) H

kz’
we have
(tnd) d 7*(1+Ind)
n
r*d—dzz/ldkrww 007d2z Z : (HlJrkZ
kezd k\ELkyeZ deZ j (38)
1 . 1 *(14+Ind)7 d
AL () |
Since d > 2 and 7* = 1/In 2, we have
. *(14+Ind o
Z ( 1 )T (I+n ): Z (de)—ln(1+k2)/ln2
L\ 1R k=—oo
L i —In[(14k%)/2]/In 2
de =
o (39)
Z —In[(14+k%)/2]/In 2
B i i 2 1+1/In2
_dek:ﬂo 1+ k2 '
Since the terms in the series
o ) 1+1/In2
= — 40
2 ,(_Z_m(ukz) (40)

are @ (j2(141/1"2)y and 2(1+41/1In 2) > 1, the series converges; again using Math-
ematica, we find that ¢, = 7.70707. Combining (38)—(40), we find that

1 (6) d 1 2 2
etz () -5 (2) e

where ¢3 = 0.502423, which is finite, completing the proof for the case d > 2. Com-
bining the results for d = 1 and d > 2, we see that

Cr+ = supCre g = max{cy,e3} /™ = 1.67089,
d>2

as needed to prove the theorem. a
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Remark 7. Note that the exponent of quasi-polynomial tractability is 2/1n 2, inde-
pendent of the values of rand s. O

4.3 Product Weights

In this section, we look at product weights I' (IT), which are defined by (2), subject to
the condition (3) on the weightlets. As was the case for the space studied in [11, 12],
@d

we find that HIQ)(IH) (T?) = [HIQ’(lm (’]T)} has a tensor product structure for product
weights, with

L Yy d

Ok = - Vk e Z°.
,Ul Ya.j + K

In what follows, we shall assume that the weightlets y; ; are uniformly bounded,
i.e., that there exists M > 0 such that

;<M  Vjeld,deN. (41)

Remark 8. What happens if (41) does not hold? If we allow weightlets that are not
uniformly bounded, then Appy ¢ can suffer from the curse of dimensionality. One
such instance is given by choosing 7y, ; = d for all j € [d] and d € N. For a given
deN,let

1 1
&= ~ as d —» oo.

2/ (s—r)!(1+d)ysr(1+d 14  2./(s—r)led"

Following the approach in [12, Section 5.2], we can show that Ay x s > 83 for any
k € {0,1}. Since [{0,1}4| =24, it follows that n(g4, Appf- ;) > 2. O
4.3.1 Quasi-Poynomial Tractability

We claim that our approximation problem is always quasi-polynomially tractable
for bounded product weights. Indeed, let II); denote product weights for which

Ya,j =M. Then Appr () . s no harder than Appr g, .. since
d 1
o, < = | | —_—.
d k() = Qg k() 1 1+k§/M

It is now easy to see that Appr (g, s 18 quasi-polynomially tractable, whence
Appr(m) 18 also quasi-polynomially tractable. The exponents of quasi-polynomial
tractability satisfy
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2

1P Oly(AppF(H),r,s) < fqpo}y(APPr(nM),r,s) = TSN

Moreover, the bound in this inequality is sharp, being attained by choosing equal
weightlets IT = Iy;. To see why this is so, simply reiterate the proof of Theorem 5,
replacing kf by kf /M and % by 1+ 1/M and making sure to use the upper bound

Nax < 1+d*/M.

4.3.2 Polynomial and Strong Polynomial Tractability

From Theorem 4, we see that since our weights are bounded, our approximation
problem Appr .. is (strongly) polynomially tractable iff the same is true for the
approximation problem Appr (. We now look at (strong) polynomial tractability
in more detail:

Theorem 6. We have the following results for bounded product weights.

1. Appr ., is strongly polynomially tractable iff there exists T > % such that A¢ < oo,
where

d
T
Ar=sup )’ i
deNj:1

a. The exponent of strong polynomial tractability satisfies the inequality

1
7 P(APPr o) } aP(APPF,o,o)] :

A )€ 1
p( ppF,r.A) {max{ ) r+

Hence when pa°l (Appr ) = 1, we have

quOIy(AppF,r,s) = PquIY(APPno.o)-

b. Let
P(Appr,oﬁo) =271,
where
T =inf{1>}:A; <o} > 1.

Then for all T > t*, we have

n(&,Appyrs) < n(&,APPsr0) < € *Texp (20(27)n *A:),

where -
C(s) = Z =

j=1 J°

denotes the Riemann zeta function.

2. Appr ., is polynomially tractable iff there exists T > % such that By < oo, where
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1 d
B; =i — T
T 12nj:p lndj;%i,,

When this holds, then for any q; > By there exists a positive C; such that
n(e,8;) < Crd¥ e ?™  VYee(0,1),deN.

3. For product weights independent of d, i.e., such that y; ; = y; for all d € N, strong
polynomial tractability and polynomial tractability for Appr ,.; are equivalent.

Proof. Follow the proof of [12, Thm. 5.3]. Take account of the following changes:

1. The factor 72 in [12, Thm. 5.3] does not appear.
2. The expression (k; — 1)? in [12, Thm. 5.3] becomes k?.

3. Sums are over Z¢ or Z, rather than over Ng or Ny. O

4.4 Bounded Finite-Order and Finite-Diameter Weights

As seen in Remark 3, if we allow unbounded weights, then we can run into situations
in which App- . is strongly polynomially tractable, but Appr , suffers from the
curse of dimens/iyonality. So we're only interested in bounded finite-order and finite-
diameter weights, so that there exists M > 0 such that

M :=sup sup Yy < oo
deNuC[d|

Now Theorem 3 tells us that our problem App, ., is no harder than the prob-
lem App, 1 ¢o- So we may follow the approach in the proof of [12, Theorem 5.4],
which relies on [11, Theorem 4.1], to see that for any T > 0, there exist C; ¢ > 0
such that

n(€,Appr ;) < Cr.oM™?d%e™". (42)

Thus Appr, is always polynomially tractable for finite-order weights. Finally,
since finite-diameter weights are a special case of finite-order weights of order 1,
we may substitute @ = 1 in (42) to get a polynomially-tractable upper bound
for Appr ., with finite-diameter weights.
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