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But let your communication be, Yea, yea; Nay, nay: for
whatsoever is more than these cometh of evil.

— Matthew 5:37



Engineering Works Because of Abstraction

Application Software COMS 3157, 4156, et al.
Operating Systems  COMS W4118
Architecture COMS w3827

Micro-Architecture COMS W3827

Logic COMS w3827
Digital Circuits COMS W3827
Analog Circuits ELEN 3331
Devices ELEN 3106

Physics ELEN 3106 et al.



There are only 10 types

of people in the world:
Those who understand binary
and those who don't.

thinkgeek.com
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Boole’s Intuition Behind Boolean Logic

Variables X, Y, ...

represent classes of things

No imprecision: A thing either is or is not in a class

If X is “sheep”

and Y is “white
things,” XY are
all white sheep,

XY =YX
and

XX =X.

If X is “men”
and Y is
“women,” X+Y
is “both men
and women,”

X+Y=Y+X
and

X+X=X.

If X is “men,” Y
is “women,” and
Z is “European,”
Z(X+Y)is
“European men
and women”
and

Z(X+Y) = ZX+ZY.



Simplifying a Boolean Expression

“You are a New Yorker if you were born in New York or
were not born in New York and lived here ten years.”

X =born in New York
Y = lived here ten years

X+(X-Y)

Axioms

X+Y=Y+X
X-Y=Y-X
X+(Y+Z)=(X+Y)+Z
X-(Y-Z)=(X-Y)-Z
X+(X-Y)=X
X-(X+Y)=X
X-(Y+Z)=(X-Y)+(X-2)
X+(Y-2)=(X+Y)- (X+2)
X+X=1
X-X=0

Lemma:

X-(X+X)
= X-(X4+Y)ifry=X
X
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“You are a New Yorker if you were born in New York or
were not born in New York and lived here ten years.”

X =Dborn in New York

Y = lived here ten years

X+ (X-Y)

= X+X)-(X+Y)

Axioms

X+Y=Y+X
X-Y=Y-X
X+(Y+Z)=(X+Y)+Z
X-(Y-Z)=(X-Y)-Z
X+(X-Y)=X
X-(X+Y)=X
X-(Y+Z)=(X-Y)+(X-2)
X+(Y-2)=(X+Y)- (X+2)
X+X=1
X-X=0

Lemma:

X-(X+X)
= X-(X4+Y)ifry=X
X



Simplifying a Boolean Expression

“You are a New Yorker if you were born in New York or
were not born in New York and lived here ten years.”

X =born in New York
Y = lived here ten years

X+ (X-Y)
= X+X)-(X+Y)
= 1-(X+Y)

Axioms

X+Y=Y+X
XY=Y-X
X+(Y+2)=X+Y)+2Z
X-(Y-Z)=(X-Y)-Z
X+(X-V)=X
X-(X+Y)=X
X-(Y+2)=(X-Y)+(X-2)
X+(Y-Z)=(X+Y)-(X+2)
X+X=1
X-X=0

Lemma:

X-(X+X)
= X-(X4+Y)ifry=X
X



Simplifying a Boolean Expression

“You are a New Yorker if you were born in New York or
were not born in New York and lived here ten years.”

X =born in New York
Y = lived here ten years

X+ (X-Y)

= (X+X)-(X+Y)
= 1-(X+4Y)

= X+Y

Axioms

X+Y=Y+X
X-Y=Y-X
X+(Y+Z)=(X+Y)+Z
X-(Y-Z)=(X-Y)-Z
X+(X-Y)=X
X-X+Y)=X
X-(Y+Z)=(X-Y)+(X-2)
X+(Y-2)=(X+Y)- (X+2)
X+X=1
X-X=0

Lemma:



Alternate Notations for Boolean Logic

Operator Math Engineer Schematic
Copy X X x— or x—>—x
Complement  =x X x—>—x
X_
AND XAy XyorX.-Yy |_]

Y

B
OR XVy X+Y XDX”




Expressions to Schematics
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Expressions to Schematics

XY +XY=F



Expressions to Schematics

XY +XY=F



The Decimal Positional Numbering System

Ten figures: 0123456789
7 x102+3x 101 +0x 10°=73019

9x102+9x 101 +0x10%=990;9

Why base ten?




Binary

Dec Bin

10
11
100
101
110
111
1000
1001
1010

QuLwo~NOOULPAWNEFEO

DEC PDP-8/I, c. 1968

[

PC = 0x2M1 41 x210 4 0x294+1x284+1x27+0x2°%+
1x2°+1x2%+1x23+1x224+0x21+1x20

= 146919



Binary Addition Algorithm

10011
+11001




Binary Addition Algorithm

1
10011
+11001




Binary Addition Algorithm

11
10011

+11001

00

1+1 =
1+1+0 =
1+04+0 =

10
10
01

+ 01

0| 0001
1| 0110
10 | 1011



Binary Addition Algorithm

011
10011
+11001
100

1+1 = 10
1+14+0 = 10
1+04+0 = 01
0+0+1 = 01




Binary Addition Algorithm

0011
10011
+11001
1100

1+1 = 10
1+14+0 = 10
1+04+0 = 01
0+0+1 = 01
O+1+1 = 10




Binary Addition Algorithm

10011
10011

+11001

101100

1+1 = 10
1+14+0 = 10
1+04+0 = 01
0+0+1 = 01
O+1+1 = 10




Arithmetic Circuits



Arithmetic: Addition
Adding two one-bit

numbers:
1 )
A and B
A \
S
Produces a two-bit result: B—"—)D
cS Half Adder

(carry and sum)

HFROO|>
RroOoOroOo W
HOOO| 0O
OO W0




Full Adder

In general,
you need to
add three
bits:

111000
111010
+ 11100
1010110

0+0=00
0+1+0=01
0+0+1=01
0+1+1=10
1+1+1=11
1+1+0=10

C/AB

000
001
010
011
100
101
110
111

O
)
W

PFRPRRPRPORFROOO
POORrRORrKHFHO

Ci

) >

Co

Db



A Four-Bit Ripple-Carry Adder

le— >
l«—

Co <

le— C;

U <

-

S4

As B3 As By A1 By Ao Bo
| | | | | | | |
FA FA FA FA |« 0
| | | |
S3 Sz S1 So



PONG

PONG, Atari 1973

Built from TTL logic gates; no computer, no software

Launched the video arcade game revolution



Horizontal Ball Control in PONG

PFRRFROOOO|X

HRPOORHFHOO| M~

RPFORORORFRO|XD

XPFRPRRFREXXO0OO0OX|>

XPRPOXXRrRRX|

The ball moves either left or right.

Part of the control circuit has three
inputs: M (“move”), L (“left”), and R
(“right”).

It produces two outputs A and B.

Here, “X” means “l don’t care what
the output is; | never expect this
input combination to occur.”



Horizontal Ball Control in PONG

Assume all the X's are 0’s:

A =MLR +MLR
B=MLR+MLR+MLR

3inv + 4 AND3 + 1 OR2 + 1 OR3

PFRRFROOOO|X
PFRPOORKREOO|™~
RPFORORORFRO|XD
OrRrHFHOO0OO0OO0OO| >
OrRrO0OO0OCORrRRrLRO| W




Horizontal Ball Control in PONG

Choosing better values for the X’s:
A=ML+ MR

B=MR

3 NAND2

PFRRFROOOO|X
HHROOKRMKHOO|™~
PORrRORRORLO|X
HFRRPROOOOO|D>
OrRrORRKFKHFRFRKF|I




Horizontal Ball Control in PONG

Being even more clever:
A=M

B=MR

1 NAND2

PFRRFROOOO|X
HHROOKRMKHOO|™~
PORrRORRORLO|X
HHRMRERREROOOO|D
OrRrORRKFKHFRFRKF|I




The Actual Pong Circuit

2y
.} = |
.51 '@——— " w__hﬁ Pong,
- Atari, 1972
“Ltiay i
U e - ~Ba

o\
Ly G# o
ol s , A7 p—522 4 Winner,
' Pl ' Midway, 1973
e
, G-74
—e &
HORIZONTAL DIRECTION



Karnaugh Maps

Basic trick: put “similar” variable values near each
other so simple functions are obvious

M L R A B

8 g (1) ?)( i( The M’s are already
01 0 0o 1 arranged nicely

0 1 1 X X

1 0O X X

1 0 1 1 O

1 1 0 1 1

1 1 1 X X




Karnaugh Maps

Basic trick: put “similar” variable values near each
other so simple functions are obvious

M L R A B
0O 0 O X X Let’'s rearrange the
0O 0 1 0 1 L’'s by permuting two
0 1 0 0 1 pairs of rows
0 1 1 X X
1 0O X X
1 0 1 1 O
1 10 1 1
1 11 X X
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Basic trick: put “similar” variable values near each
other so simple functions are obvious
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Karnaugh Maps

Basic trick: put “similar” variable values near each
other so simple functions are obvious

M L R A B

0O 0 O X X Let’'s rearrange the

0O 0 1 0 1 L’'s by permuting two
0 1 0 0 1 pairs of rows

0 1 1 X X

1 1 0 1 1

1 1 1 X X

1 0O X X

1 01 1 0




Karnaugh Maps

Basic trick: put “similar” variable values near each
other so simple functions are obvious

M L R A B

0 0 O X X TheR’s are really
0 01 0 1 crazy; let’s use the
010 0 1 second dimension
0 1 1 X X

1 1 0 1 1

1 1 1 X X

1 0O X X

1 0 1 1 0




Karnaugh Maps

Basic trick: put “similar” variable values near each
other so simple functions are obvious

M L R A B

0O 00 0l >6 X.L The R’s are really
crazy; let’s use the

O0 ]1 0l (B( ]X second dimension
L% X K
L% X %




Karnaugh Maps

Basic trick: put “similar” variable values near each
other so simple functions are obvious

M L R A B

000001 X0 X1 TheR’sarereally

crazy; let’s use the
001101 O0X 1X second dimension

111101 11X 1X

110001 X1 XO




Karnaugh Maps

Basic trick: put “similar” variable values near each
other so simple functions are obvious

M L R A B
000001 X0 X1

001101 OX 1X
MR

/

111101 |1X|1

110001 [X1) XO

M




Maurice Karnaugh’s Maps

The Map Method for Synthesis of

Combinational Logic Circuits

M. KARNAUGH

NONMEMBER AlEE

HE SEARCH for simple abstract

techniques to be applied to the design
of switching systems is still, despite
some recent advances, in its early stages,
‘The problem in this area which has been
attacked most energetically is that of the
synthesis of efficient combinational that
is, nonsequential, logic circuits,

be convenient to describe other methods
in terms of Boolean algebra. Whencver
the term “algebra” is used in this paper,
it will refer to Boolean algebra, where
addition corresponds to the logical con-
nective “or,” while multiplication corre-
sponds to ‘“‘and.”

The minimizing chart,? developed at

co Fig. 2.  Graphical
60 o 1 10 i of
BC the input conditions
00 o1 n__ 10 o0 for three and for four
variables
[ o1
AB
1 1
10
(R (6

Transactions of the AIEE, 1953



The Seven-Segment Decoder Example

b ¢ d e f g

a

w X Y Z

OCOHHHMHMHOHHXXXXXO

HOOOHHHOHMHXNXNXXXO

HOH1O0OO0OOHOHOXXXXXO

HOHHOHHOHOXXXXXO

HHO A A HHHHX XXX XO

HeA A A A OO HHMHXXXXXO

HO A HOAHAHHMHXNXXX X O

O OO -HO-HO-HOHOHO

OO 11000000

OO0 O 11O 0O0O

[eNoNeoNolNoNoNoNol o B B B B B B B




Karnaugh Map for Seg. a z

PFHRPRPPRPRPHRPRPOOOOOOOO|S

HHEHRFROOOORREHEEFEOOOO| X

FHOORHROORRFROORROO|

HFORORFROFRORRORORFROROI|N

OXXXXXRFRRPRRPRRFRPFEFORFFOR|Q

x|

H X O =
= X = O
X O Rr K
X X = =

"

Y

The Karnaugh Map
Sum-of-Products Challenge

Cover all the 1's and none of the 0's
using as few literals (gate inputs) as
possible.

Few, large rectangles are good.

Covering X’s is optional.



4

Karnaugh Map for Seq. a ol

PFHRPRPPRPRPHRPRPOOOOOOOO|S

HHEHRFROOOORREHEEFEOOOO| X

FHOORHROORRFROORROO|

HFORORFROFRORRORORFROROI|N

OXXXXXRFRRPRRPRRFRPFEFORFFOR|Q

000D
([0 BB

XXOX}W
LA X X

Y

(=)=
(=)=)

The minterm solution: cover each 1
with a single implicant.

a = WXYZ+WXYZ+WXYZ+
WXYZ+WXYZ+WXYZ+
WXYZ+WXYZ

8 x 4 = 32 literals
4 inv + 8 AND4 + 1 ORS8



Karnaugh Map for Seq. a

PFHRPRPPRPRPHRPRPOOOOOOOO|S

HHEHRFROOOORREHEEFEOOOO| X

FHOORHROORRFROORROO|

HFORORFROFRORRORORFROROI|N

OXXXXXRFRRPRRPRRFRPFEFORFFOR|Q

XX()X
XX

Y

fw

Merging implicants helps
Recall the distributive law:
AB+AC=A(B+ ()
a = WXYZ+WY+
WXZ+WXY
44+ 2+3+3=12 literals

4inv + 1 AND4 + 2 AND3 + 1 AND2
+ 1 OR4



Karnaugh Map for Seq. a

PFHRPRPPRPRPHRPRPOOOOOOOO|S

HHEHRFROOOORREHEEFEOOOO| X

FHOORHROORRFROORROO|

HFORORFROFRORRORORFROROI|N

OXXXXXRFRRPRRPRRFRPFEFORFFOR|Q

UJ
XX()X
(1]1) X X

Y

fw

Missed one: Remember this is
actually a torus.

a = XYZ+WY +
WXZ+WXY

3+2+3+3=11 literals
4 inv + 3 AND3 + 1 AND2 + 1 OR4



Karnaugh Map for Seq. a

PFHRPRPPRPRPHRPRPOOOOOOOO|S

HHEHRFROOOORREHEEFEOOOO| X

FHOORHROORRFROORROO|

HFORORFROFRORRORORFROROI|N

OXXXXXRFRRPRRPRRFRPFEFORFFOR|Q

XX()X

Y

}W

Taking don’t-cares into account, we
can enlarge two implicants:

a = XZ+WY +
WXZ+WX

2+2+3+2=09 literals
3inv+ 1 AND3 + 3 AND2 + 1 OR4



Karnaugh Map for Seg. a Z

PFHRPRPPRPRPHRPRPOOOOOOOO|S

HHEHRFROOOORREHEEFEOOOO| X

FHOORHROORRFROORROO|

HFORORFROFRORRORORFROROI|N

OXXXXXRFRRPRRPRRFRPFEFORFFOR|Q

Can also compute the complement
of the function and invert the result.

Covering the 0’s instead of the 1’s:

a = WXYZ+XYZ+WY

4 +3+2 =09 literals

5inv + 1 AND4 + 1 AND3 + 1 AND2
+ 1 OR3
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Karnaugh Map for Seq. a

a

w X Y Z

HOHHOHMHMHMHHXXX X X O

O OO HOHOHOHOAO

OO 100" —HOOA OO

OO0 O 10000

OO OO OO0 OO




Decoders



Decoders

Input: n-bit binary number

Output: 1-of-2" one-hot code

2-to-4 3-to-8 decoder 4-to0-16 decoder

in out in out in out
00 0001 000 00000001 0000 0000000000000001
01 0010 001 00000010 0001 0000000000000010
10 0100 010 00000100 0010 0000000000000100
11 1000 011 00001000 0011 0000000000001000
100 00010000 0100 0000000000010000
101 00100000 0101 0000000000100000
110 01000000 0110 0000000001000000
111 10000000 0111 0000000010000000
1000 0000000100000000
1001 0000001000000000
1010 0000010000000000
1011 0000100000000000
1100 0001000000000000
1101 0010000000000000
1110 0100000000000000
1111 1000000000000000




The 74138 3-to-8 Decoder

G2A

G2B



A '138 Spotted in the Wild

A2

" -8
o
felsle
626261 lo__ DIFEW
10 FHT
RIW 3
c iy 311 RO
aB? 2l 4 L2 WOR
741.5138
-CER y it
olls

Pac-Man (Midway, 1980)




Multiplexers
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Two-input Muxes in the Wild

Two-bit image Visible
color from ROM WKxsp
lf RM1 Vertical RE4 & oy
. ®33/220
Blanking % 2
741500 —_4_ 5 O { U Jerue
2 4« = cous B R13/ 220
¥
palete —I14 ] LS Sl core wl, Sodwelt
number @ 3 Wi, 220
= el 3 N S T £ ] weo
38 2
RAM . 3 E1 DY 1 COL O 10} QED’ R18| 1K
L s] 13] - ~ poik
—ﬁi—u _tw | ] '*‘jf—a
i =
= 3 Ll e Color PROM
Four-bit e 3| |; 2 4-bit color number
sprite —] ool w7 to 8-bit RGB.
color “zals Siop V)
from buffer T gt (S8 T a2
RAMs by 958 ¢
— oaaha LY IO Pl
ety 2l @
~‘t15
Sprite/
background
T color Four-bit sprite color
.| select to buffer RAMs

741520

Quad 2-to-1 mux 3B selects color from a sprite or the
background

Pac-Man (Midway, 1980)



I'M AFRAID THE ONLY
ANSWER 1S A TWO-STATE
SOLUTION.

State-Holding Elements



Bistable Elements

el

Equivalent circuits; right is more traditional.

Two stable states:

= B



A Bistable in the Wild

No. {12
COINY | Gg\
NCJ1T |

This “debounces” the coin switch.

Breakout, Atari 1976.



SR Latches in the Wild

1 5&6

M RESET

V RESET |12 |E

Generates horizontal and vertical synchronization
waveforms from counter bits.

Stunt Cycle, Atari 1976.



Atari Space Race, 1973




Atari Space Race PCB

Back (mirrored)




Implementing ROMs

Add. Data
00 011
01 110
10 100
11 010

A1 —]
Ao —

1p

2-to-4

Decoder
2

0

Wordline 0

Wordline 1

Wordline 2

Wordline 3



Implementing ROMs

Add. Data
00 011
01 110
10 100
11 010

1

2-to-4

Decoder
2

C )o

Wordline 0

Wordline 1

Wordline 2

Wordline 3



Atari Space Race Schematic

B(W)

21-e8
22K

5V

(22

ATARI SPACE RACE
1973

s BY AL ALCORN,

OF PONG




The 1971 DEC M792-YB Bootstrap Diode Matrix

32-word, 16-bit (64-byte) ROM diode matrix



Color PROM in Pac-Man

®33/220

X s
07, (v _JsrLue
1 he ool R34] 470
= T 137220
= cou3 nl Ly R1322 76 ] GREEN
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LTRENNAL AP O  BEYVLLLL —{7 Jreo
2 R17] 470
—_coue 10L,u e] 1k
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HIGH SCORE
4500
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TMS9918 Video Display Processor

EXTERNAL VDP

BACKDROP PLANE

A et RITE 31
Ay SPRITE 3

SPRITE 8 <N,

ISPHITE T

[ SPRITE 6

<<

LsmeE 3 25

[sPHITE 2

[ SPRITE 1 [}

SPRITE O

A




TMS9918 Video Dis

1 01 1408 v1vO N
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REGISTER
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SHIFT REG
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SHIFT REG.

oLvuINID
%901

VDS
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;
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owNCNTR|

PATT SHIFT
REGISTER
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Nintendo NES/Famicom

LP=[‘>1&

8 39
[
9 OVER FLAG |REGISTER 0
. o T I 21
12-2 -~ [fOTTON PICTURE M IRTBUTE TARLE] | .2 W “""Gf 4
64 CHARAS. X 29 BITS PICTURE

1.856 BITS — ADDRESS
REGISTER

5
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4
8
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S (READ OUT BUFFER
[ 8
8 241 E 20-2 8 25
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TM59918 Pattern Generatlon PATTERN POSITION O

766
767

PATTERN POSITION 1
PATTERN

POSITION 31

PATTERN

POSITION
N
— lg- 24 POSITIONS

BASE ADDRESS 0
1
2
BASE
ADDRESS
= L— 8M PATTERN =
- am+718 BYTES)
PATTERN 2046
NAME TABLE 2047
PATTERN

e (M/8) I 5 [COLORD

GENERATOR TABLE

3N

PATTERN
CULOR TABLE

N

PATTERN PLANE

ATTERN
POSITION
767



TMS9918 Sprite Generation

VRAM

SCREEN

PATTERN
MAP

SPRITE
ATTRIBUTE
TABLE

[/

W/

SPRITE

VAN

SPRITE
GENERATOR
TABLE




TMS9918 Sprite Attribute Table Entry

BYTE

BIT

3 4 5 6

VERTICAL POSITION

HORIZONTAL POSITION

NAME

EARLY
CLOCK
BIT

o COLOR CODE




