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Figure 1: Tracking enables artistic expression and physical simulatioortohvand-in-hand, as demonstrated in our animation of a character's
unfortunate event. We begite(t to right) with the artist's animation, automatically generate a set of Petrov-Galertifunctiongvisualized
as colored patches), and then solve the constrained Lagrangianmiuscbguations to esh out wrinkles and folds.

Abstract add ne-scale details without deviating from the artist's intentions.

The artist sets the scale of features to be left intact, and our solver
We combine the often opposing forces of artistic freedom and math- computes the equations of motion at the remaining ner scales.
ematical determinism to enrich a given animation or simulation
of a surface with physically based detail. We present a process
calledtracking which takes as input a rough animation or simula-
tion and enhances it with physically simulated detail. Building on
the foundation of c_onstrained_ Lagrar_lgian mec_:hanicsz we propose physical simulation and (b) adding
weak-form constraint®r tracking the input motion. This method : : :

. X ._physical detail to an animated character.
allows the artist to choose where to add details such as characteris-
tic wrinkles and folds of various thin shell materials and dynamical Coarse-to- ne design cycle To ac-
effects of physical forces. We demonstrate multiple applications celerate the simulation design process,
ranging from enhancing an artist's animated character to guiding a artists use large time steps and coarse
simulated inanimate object. geometry to generate rapid previews

before committing resources to a full-
CR Categories: 1.3.7 [Computer Graphics]: Three-Dimensional Graphics detail physical simulation (see Fig).

Motivating scenarios ~ Consider two
scenarios where tracking is important:
(@) eshing out a rough preview of

and Realism—Animation When the technical director approves a

Keywords: directable animation, tracking, rigging, Galerkin, thirekh promising preview, one might consider
reusing the parameters of the preview

1 Introduction in a full-resolution simulation; unfor-

tunately, an ordinary simulator's output

often doesnot resemble the preview. Our tracking solver, on the
other handguarantees similarity between input and output while
adding physically simulated detail at ne scales.

Simulating thin, exible materials often means giving up artistic
control, yet manually animating their ne folds and wrinkles is an
arduous task. How can we provide simultaneous artistic coatbl

ward colocatinganimated and physical behavior (see Rig. The
animation depicts a puppet-like character whose body consists of a
thin, exible material governed by the laws of physics. In this sce-
e-mail: f miklog sm2545eitarg@cs.columbia.edu nario, there is no distinct spatial or temporal boundary separating art
te-mail: wardetzky@mi.fu-berlin.de from physics. This must be contrasted with common instances of
disjoint couplings,e.g: skeleton-driven simulation, simulated fur,
or cloth over an animated body (spatially disjoint); and animated
keyframes interpolated by physics-based optimization (temporally
disjoint). To the best of our knowledge, the spatial and temporal
colocation of artistic animation and thin shell physics has not been
an explicit goal of prior work in the simulation literature.

We present a process calle@dcking which begins with a rough
animation already set by the artist and uses physical simulation to

1.1 A tracking solution

The scenarios we target in this paper have two main characteristics.
On the one hand, we focus on materials governed by the so-called



Figure 2: Rapid simulation design using coarse previewsast simulations with a low-resolution medhf() enable the technical director
to quickly iterate and improve on the setup of a physical simulation. Whegrdesover and nal production begins, an attempt to reuse
the setup with higher-resolution meshi@dle vividly justi es the usual disclaimer that “past performance is no gagee of future results.”
Tracking fight) ensures that the output performs as “predicted” by the preview-e-m@cisely, aprescribedby the coarse input motion.

thin shell equations thin shells are exible surfaces that evolve els, Platt and Barr1988 on constrained Lagrangian mechan-
in time via stretching and bending modes. On the other hand, weics, and Witkin and Kass1P8§ on spacetime constraints. In
assume a given rough input motion—tgeide trajectory which the subsequent two decades, numerous works developed meth-
our tracking solver enhances with missing material-speci ¢ phys- ods for guiding the course of a physical simulation. The direct-
ical detait. The material-dependent physical detail of thin shells ing of uid simulations was considered by McNamaraop4,
expresses itself in characteristic folds, wrinkles, and creases—time-Fattal 004, Rasmussen2004, Shi [2005, Angelidis [2004,
evolving geometry that is exceedingly tedious to model manually. Thirey [200§, and their respective co-workers. Other re-
Because these details are straightforward to simulate with mathe-search focused on controlling the movement of elastic solids;
matical models, thin shell problems present an ideal playground to see,e.g, [Smith et al. 2001 Capell et al. 2002Capell et al. 2005
explore the idea of tracking. Since thin shells wrinkle and fold at Kondo et al. 2005Sifakis et al. 200b

multiple spatial and temporal scales, we must address the question L o

of which physical scales to introduce over the given guide trajec- N contrast, work on directing plate and shell dynamics is compar-
tory; in general, the answer to this question may vary over space atively scarce. Cutleet al. [2003 and Bridsonet al. [2003 pre-

and time. We provide the artist with several intuitive controls to de- Sented techniques for prescribing wrinkles on worn garments. Re-

scribe thecoarsenessf the input trajectory and to set up the space Cently, Wojtanet al. [200§ applied the adjoint method to a cloth
of permissible physicaletails particle system; their work builds on ideas of control using space-
time constraints:

Method-in-brief ~ We propose a simple framework for tracking

solvers, ofTRACKSwhich enhances a given guide trajectory with  Control using multiple-pass and single-pass methods The
physically simulated detail. The framework consists of: spacetime constraintparadigm Witkin and Kass 198Basks for
a trajectory that minimizes the work required to satisfy user-
1. establishing a correspondence betwegnde (input) and provided keyframes Methods built on this paradigm can pro-
tracked(output) shapes (sed.1), duce convincing motion based on very sparse data (a few con-

2 creating weak-formaveraged constraintsusing Petrov- straints). The requisite solver—typically a form of multiple-
) Galerki% test functions (se(% 1andx4.2), and 9 shooting Witkin and Kass 1988Popovt et al. 2003 or gradient-
) s based optimizationNlcNamara et al. 20d4—-can be computation-

3. solving theConstrained Lagrangian Mechaniesjuations to ally expensive: each itergtion costs on the ord_er of one sim_ulation,
add physical detail while enforcing the matching constraints and the number of iterations grows with the size of spacetime
(seex3.2andx4.3). window Multiple-pass methods such as these may be intractable as

the complexity of the physical system increases. To alleviate these
The key feature that distinguishes our method from previous work problems, Coherlp94 and later Treuilleet al.[2003 applied win-
lies in our use of the weak form formulation to create constraints dowing and re nement strategies.
that force the guide and tracked trajectories to match in an overall
or averaged sense. To facilitate the creation of the required corre-Seeking to avoid these limitations, various authors proposed single-
spondence, we also provide a novel extension to Lloyd's algorithm pass approaches basedguide particlesRasmussen et al. 20p4
that automates the process. To the best of our knowledge, our solve@ndprescribed force eldgSifakis et al. 2005Capell et al. 200b
is the rstto esh out a given surface animation with simulated dy- Guide-particle methods have focused on uids, and we are not
namic detail, in a single pass, with artistic control over the scale of aware of an application to thin plates and shells that is free of
introduced details. However, our work builds on a large body of tugging or other artifacts (see Fid). In x3.2, we interpret our
preceding contributions, which we brie y survey below. method in the framework of a force eld approach by regarding
the constrained Lagrangian as a means to automatically determine
ctitious guide forces. Our work ts the single-pass paradigm: a
tracking solver has runtime cost on the order of an ordinary simu-
ation.

2 Related work

The roots of our work trace back to seminal papers by Terzopou- !
los et al.[1987 1988 on physical simulation of deformable mod-
Tracking Popovt et al. [2000 2003 and Kondoet al. [2009

IHere we use the tertnajectoryas the time-evolving shape and position ~ presented systems for rigid and deformable bodies in which a user
of the surface—as opposed to the path of its center of mass. sketches a trajectory and sets up key poses, and a physics solver




produces a conforming animation. Motivated by this work, we in- not passing through the anchor points. As shown in Bighe in-
troduce ideas from multiresolution, enabling our thin shell solver terpolating approach can lead to undesirable tugging artifacts. The
to add wrinkles and folds without disturbing the coarse motion. value of averaging in avoiding these artifacts is widely recognized
Employing multiresolution in a physical simulation was previously in the geometric modeling communitZ¢rin and Schbder 1998
considered inGrinspun et al. 2002 which adaptively re ned ba-

sis functions to represent geometric detail. In contrast, our work

uses test functions for de ning spatially-averaged constraints, ef-

fectively xing the spaceof permissible details. While both of

these works use multiresolution in a physical context, several re-

lated works do so in a geometric context:

Enriching surface animations Recently, Kircher and Gar-

land [2004 presented a multiresolution signal processing frame-

work for editing surface animations, which included superimpos-

ing detail on a moving surface. Hadap al. [1999 and Maet

al. [2004 added wrinkles to worn garments, and Lovisca20(q

presented a GPU-based method. These works adopgedraet-

ric paradigm suited to a wide array of interactive tasks. Galoppo Figure 4: Artifacts of pointwise constraints. As the guide

et al.[2004 introduced a physically based method for simulating Shape rapidly expands and contracts, pointwise constraints produce
high-resolution surface contact and collisions. However, we are not high-frequency tugging artifacts, whereas our averaged constraint
aware of prior work that uses physical simulation to add dynamic, method {nsej tracks smoothly.

material-dependent wrinkles and folds to an existing animation. In Fig. 4, we show a similar experiment for a 2D surface, with
Reuse and data-driven methods Our solver enables an artist Much the same results as in the 1D setting. This example uses more

to reuse a coarse animation in achieving many different pos- complicated averaged constraints than equating centers of mass. To
sible appearances for the output. Park and HodgRGOG better understand this, we make precise the notion of an averaged

acquired and then reproduced surface wrinkles. Cordier and constraint.

Magnenat-Thalmann2D05 developed an interactive cloth sim-

ulator that reuses wrinkles learned from ofine simulations. 3.1 Constraint formulation

Both of these methodseuse geometric information; they be-

long to a broader category of approaches that encode andConsider the guide and tracked con gurations evolving over time
reproduce surface geometry relative to a subject's pose (seein 3-space, given respectively by

[Singh and Kokkevis 20Q00Sumner and Popo#i2004 and refer-

ences therein). Similarly, reuse of motion sequences was consid- q:W R! R® and qg:W R! R3:

ered bye.g, [Zordan and Hodgins 200&leicher et al. 2003

HereWis the so-calledeferenceor material domairof the elastic
body,q is the deformation mapping of tlgriidecon guration, and

g is the deformation mapping of thewckedcon guration from the
material domain into 3-spac®lplvern 1969. We assume that the
guide con guration,q( ;t), is given, whereas we view the tracked
con guration, q( ;t), as the temporally-evolving con guration of a
physical system. For the remainder of this section, we focus on a
xed instant in time and omit the time argument.

3 Control via Petrov-Galerkin constraints

In this section, we explain our central idea: matching the tracked
output trajectory to the user-provided input trajectory by using
Petrov-Galerkin constraints. We start with a simple 1D example,
showing the difference between pointwise (interpolating) and weak
(averaged) constraints. k3.1, we make precise the formulation of
weak constraints, and 8.2, we show how to enforce these con-  We subject the tracked physical systemhwonomic constraints
straints using the framework of Constrained Lagrangian Mechanics. by restricting its motion to the space of permissible con gurations,
fg2 Qjg(q) = Og, for some con guration spac® and objective
function g [Lanczos 198p In other words, we only consider so-
lutions satisfying the constraint equatig(g) = 0 at all instants in
time. Below, we de ney(q), and inx3.2we explain how to enforce
g(q) = 0 during simulation.

In choosingg we encapsulate the requirement that the tracked and

guide shape interpolated averaged interpolated . - A
guide shapes match at certain coarse spatial scales. We dsete a

Figure 3:Interpolating vs. averagingStarting with a guide shape ~ S B N
(left), interpolating and averaging approachesnger, respectively of vector-valued constraintg™; g ::g by

both produce pleasing results in the absence of dynamics. Adding i z z

a sharp acceleration, however, results in tugging artifacts for the g(@=_a(xfi(x)dx afi(x)dx: 1)
interpolating approactright), while the results obtained via aver- w w

aging are unchanged. This is a set of Petrov-Galerkin equalities, formed by choos-

Motivation ~ We begin with the experiment shown in Fig, in Rg [Strang and Fix 1973 For everyf;, we constrain separately
which we deform a rubber bande, an elastic curve governed by the three coordinate functions of the embeddiggsdg. Simply
bending and stretching forces) to “look like” the given guide shape. stated, each equation requires a weighted average of positions on
Theinterpolatingapproach forces the rubber band to pass through the guide surface to match a weighted average of positions on the
certain anchor points (shown in red) on the guide shape. On thetracked surface, usin(x) as the weighting function.

other hand, theweragingapproach asks for certain mean quan-
tities (such as the centers of mass of corresponding segments be
tween anchors) to be equal, which leads to an approximating curve

We call attention to some of the properties of these averaged con-
straints: (i) they ardinear in the unknown positionsy; (ii) they



depend explicitly on time since the guide shape moves over time; 3.2 Constrained Lagrangian Mechanics
and (iii) the space of permissible con gurations is closed under si-

multaneous rigid transformation of the tracked and guide shapes. TRACKSakes as input a user-provided guide to the object's motion
From aPetrov-Galerkinperspective, 1) requires aweakidenti - a_md produces_as outp_ut a physically detailed re nement of that mo-
cation of tracked and guide coordinate functions under the nite- tion. Ateach instant in time, the solver evolves the tracked shape
dimensional test space spannedflfyg. However, whereas clas- under its governing equatlons, which include phyanal forces as well
sically the space of test functions is chosen based on differen- @S averaged constralnts._Tc_J enfor(_:e these constraints, we (_:hose the
tiability requirements and then held xed throughout the compu- method ofLagrange multlp_llerswhlch is particularly well suited
tation [Strang and Fix 1973 we consider the support and prole  for a Constrained Lagrangian Mechanics (CLM) approach.

of the test functions as variable in space and time. Indeed, the
choice of test functions is a problem iter design, if we consider

that (1) requires the low-pass Itered version of the guide geometry
to match the low-pass Itered version of the tracked geometry. The
Iter size and shape are linked to the support of the test functions:
the proximity of the tracked to the guide shape increases with the
locality of test function support (see Figsand6).

In constrained mechanics, a physical system must satisfy both the
laws of motion and the constraint of staying on a certain geometric
con guration [Platt and Barr 1988 By adopting the Lagrangian
viewpoint of mechanics, our method chooses the most physical tra-
jectory of all possible trajectories that satisfy the constraint equa-
tions [Marsden and Ratiu 1994This framework leads to theon-
strained Euler-Lagrange equatiofisanczos 198p

79 _
79
g(g;t)= 0: (4)

Mg F(a)+ 17 0;

Here, §(t) is accelerationf represents the forces in the system
(both those arising from the elastic stretching and bending energy
of the surface and any external forceg)s the objective function

(2), and! is the Lagrange multiplier. Our treatment incorporates
vector-valued constraints, so tlgg2 R3™ and/ 2 R3™.

At each instant in time,4) de nes two sets of equations in the
two sets of variableg|(t) and/ (t). The rst equation represents
the physical evolution of the system according to Newton's law, in-

. .. . . - ﬂg
Figure 5: Spatially varying test functionduckling of the tracked ~ C¢orPorating ctitious constraint-maintaining forces 42, whereas

surface is directly linked to the distribution of test functions over the the second equation is used to determine those forces such that the
mesh. A homogeneous distributioleff) results in uniform wrin- constraint is exactly maintained.
kling of the surface, whereas a heterogeneous distributight}

causes larger folds to form in coarser regions and smaller wrinkles e view the method of Lagrange multipliers as a way to automat-
to form in ner-support regions. ically choose, at any instant in timeonstraint forceshat are just

) strong enough to maintain the constraint, but not stronger than nec-
Thus far, we have assumed the existence of a common referencesssary. The Lagrange multipliers themselves control the magnitude

surface\W. In practice, explicit access to the material domain may of the force, and the constraint gradient determines the direction of
not be possibleg.g, because the software is not nite-element the force.

based, or the user asks for tracked and guide geometry of differ-
ing genus. Therefore, we now relax this assumption.

- _ Alternative constraint enforcement methods Many equally
Considerg andq rede ned over twodistinctreference congura- iaple alternatives can be used to enfor@® @uring simula-
tions, WandW. In practice, we use _the undeformeq s_hape as the o0 Different from our approach, the constraints,= 0,
reference con guration. Recall that it)(the test basis induced a may be maintained differentiallyby requiring thatg = 0 (see,

set of weak equalities evaluated over a common domain. Having g 4 witkin and Welch 199)), effectively constraining the allow-
discarded the common domain, we now need a set of mutcaity  gpje accelerations. This approach gives rise to a linear system for

responding test functionsf;g overW, andf f;g overW (for three determining the Lagrange multipliers, even if the constraints
ways to establish this correspondence,set). Then theresulting  hemselves are non-linear. In practice, an additional constraint-
constraint equations are given by correcting force is used to prohibit undesirable drifting of the solu-
. z _ z tion away from the constraint manifold and to bring the initial state
g(@= _qxfidx  g()fi(x)dx; 2) into an allowable con guratior\itkin and Baraff 2001 Since @)
W W de neslinear constraints, we nd it straightforward to work with
where each test function must satisfy the normalization condition 9= 0 directly, which entirely eliminates the problem of drifting.
‘ F()‘()dx_- ‘ Fi(x)dx : 3) Alternatively to Lagrange multipliers, we could have ugeshalty
w T ow : springsto “pull” the system onto the constraint manifold. The
_ problem with this approach is that it requires a predetermined
This condition is always satis able by rescaling edgh WhenWw stiffness coef cient for each constraint, which can be dif cult to

andW have different area measures,ahd &, then normalization choose. Likewise, critically damping a penalty force can be dif-
ensures that the space of permissible con gurations remains closed cult. For these reasons, the penalty method may suffer from
under simultaneous rigid transformation of the tracked and guide unnecessary numerical stiffness, instability, or unsatis ed con-
shapes. We now turn our attention to enforcing the constraints given straints Platt and Barr 1988Witkin and Baraff 2001 Using La-

by (2) and @) in a physical simulation. grange multipliers entirely circumvents these problems.



4 Building a tracking solver

In this section, we begin by describing how to design and imple-

Step i: We grow regions around the proxies using the algorithm de-
scribed inx3.3 of [Cohen-Steiner et al. 20P4which assigns each
mesh triangle to thelosestproxy while ensuring connectedness of

ment the weak-form constraints when using meshes to represent€gions. To compute the distortion distance between a guide mesh
the guide and tracked surfaces, then show a numerical integrationtriangle, Tj, and a proxyR, we use the error metrie(Tj; R =

scheme for the equations of motion that maintain those constraints,

and conclude by pointing the reader to thin shell simulation models
that can be used within this framework.

4.1 Designing test functions

Recall from @) that in order to create the tracking constraints, we
need to de ne a matching between the guide and tracked con gu-
rations by establishingorrespondingest functions over both sur-

sup Aj(t) %

t2[to;ta]

kxj(t) x(DK2+(1 mknj(t) ne(t)k® ;

wherex;(t) andx(t) are centroids ofj andR respectivelyn;(t)

and ni(t) are unit normals associated 19 and B respectively,
A|(t) is the area offj, A(t) is the total surface area of the guide
mesh, and all the aforementioned variables are functions of time.

faces. We provide one manual and two automatic methods to designThe yser-prescribed coef cienti2 [0;1] controls the bias of the

such a correspondence for meshes.

Figure 6:Constraint resolutionincreasing the number of partitions
(left-to-right: 16, 64, 256, 1024) narrows the support of the test
functions, forcing closer tracking and ner wrinkles.

On-mesh painting  In the most hands-on approach, the user
paints pairs of corresponding regions on the undeformed (refer-

regions toward compactness{ 1) or atness (n! 0).

Step ii: Next, we recompute the prox¥, for each region as an
area-weighted average of its constituent triangles' position and nor-
mal; since geometry is a function of time, so are the proxies.

Figure 7: Animation-aware clusteringResults shown using origi-
nal (left) and animation-awargight) VSA clustering algorithm.

These two steps are repeated until convergence, resulting in a clus-
tering of the guide mesh into regions (see Fig.We use this par-
titioning algorithm only when the undeformed tracked and guide
meshes are identical, so the regions on the tracked mesh are the
same as those on the guide. Once these regions are created, we

ence) guide and tracked meshes. To each painted region on the,yain assign a test functidi to each region on the mesh such that

guide mesh, we associate a test functipde ned to have value 1
for all vertices inside that region and value O otherwise. To deter-
mine the constant value @f within the corresponding region on
the tracked mesh, we use the normalization condition giverBjy (

Mesh subdivision ~ For some examples, (see Figs.8, and9)

fi = 1 for vertices within the region anfd = 0 otherwise (since the
two meshes are identical, we halie= f;).

Our error metric differs from that proposed in VSA due to two
considerations: First, whereas VSAs focus m@meshingprefers
large, at regions, our focus otracking prefers evenly-sized, at

we create the undeformed tracked mesh by linearly subdividing the regions; consequently, we use the Euclidean metric in place of
undeformed guide mesh; such subdivision automatically induces avsAs distance-to-plane metric. Second, whereas VSA partitions

hierarchical basisZorin and Schider 1998 We use the coarsest

a static mesh, we seek a xed partition that is reasonable at any in-

level of the resulting hierarchical basis as the test functions on both stant in timet 2 [ty;t;], for the given animation of the guide mesh.

the guide and tracked meshes fs& fi. These test functions cor-

Therefore, we include a supremum over time. In practice, we ap-

respond to the Lagrange basis functions on the guide mesh: eachproximate the supremum by considering a maximum over a xed

function f; is linear and de ned to be 1 at vertéxon the guide
mesh and 0 at all others.

Variational clustering Motivated by Variational Shape Ap-
proximation (VSA) [Cohen-Steiner et al. 20P4we propose an
animation-aware extension to Lloyd's algorithm to partition the
guide mesh into disjoint regions (see Fig) and assign a test func-
tion to each region. To initialize the algorithm, we randomly choose

two steps: (i) growing regions and (ii) updating the proxies.

set of randomly chosen frames. Notice that our animation-aware
algorithm tends to align seams between regions to boundaries be-
tween rigidly deforming patches,g, to the character's joints (see
Fig. 7).

For the 3038-vertex Xavier (see Fit), our animation-aware par-
titioning required 32 iterations (less than ve minutes) to generate
a 200-region partition. The choice of cluster-count effectively con-
trols the cut-off point between the scale of the details added through
simulation and those kept intact from the input guide.



4.2 Implementing constraints

In our implementation, we express the test functions on the guide
mesh as linear combinations of the Lagrange basis functigns;

Sivi®;

1

Q)

Qo

fi( =

wheren represents the number of vertices in the guide mesh. To ob-
tain the entries of the matri® we use one of the methods fro@h.1

to evaluatef; at mesh vertices and s§t = fi(X;), wherexj is the
material coordinate of vertejxof the guide mesh. We write the test
functionsf f;g, on the tracked mesh in an analogous mannes)to (

We can now express therconstraints fromZ) and the associated
gradient at time stepas

gk(aK) = @’j—ak M ax and
c c

Nge(a = C; (7)

where we use the abbreviatigp(qx) = 9(gk;tx), and the entries of
the Petrov-Galerkin mass matriy, , are given by

(6)

Mijj= — and

J) 6
Here,A;j denotes the total area of the triangles incident to vejtex
andAj denotes the total area of the triangles incident to efige

(and analogously fav )

The normalization condition fron8f can be satis ed by scaling the
entries in each row df at the beginning of the simulation:

an .
A= 1Gij

C.
I |n 1C|I

&

®

Since the matrice8 and5depend only on the undeformed meshes
and the test functions, they can be precomputed for ef ciency.

4.3 Numerical integration

We describe our implementation of the constrained implicit
Euler method (for alternatives consultHduth et al. 2003
Boxerman and Ascher 200 airer et al. 2008:

MAL T Fge )+ 1] Nge(a = 0
Qk+1h Ak Qee1= 0

Ok+1(dk+1) = 0

Here (q1;92;:::) denotes the time-discrete trajectory of the ne
mesh,(q1;0z;:::) denotes the velocities along the trajectdvyjs

the physical mass matrix, afidrepresents the forces present in the
system (see4.4). The above system can be rearranged as an im-
plicit equation in the unknown variablégy+ 1;/ «), with the update
rule forqy+ 1 given in the second line. We compute a single iteration
of Newton's method per time step, as Bdraff and Witkin 1998
Taking (qk; 0) as the initial guess fdigy+ 1; 1 k) yields:

M hJe(ak+ haw) h[Rge(a)]™ Da _  hF(ak+ haw) .
hNgk(k) I Ok+ 1Ok + hak)

whereJg (gx + hqgy) is the Jacobian of forces evaluatedjat hg,
and the constraint and constraint gradient are evaluated ugjng (
and (7), respectively. We solve this system f@q;/ k) using the
PARDISO [Schenk and @rtner 200fsparse linear solver, then set

Q+1=0k*+ D9 and  Qs1= Ok+ NOkr1:

4.4 Implementing thin shell simulations

Our approach is not tied to a particular way of discretizing shells
or cloth and easily incorporates into an existing solver with its
constituent implementation of bending and stretching forces. We
chose to work with triangle meshes and employed the model of
Discrete Shellg[Grinspun et al. 2003for bending potential en-
ergy andConstant Strain Triangl¢Zienkiewicz and Taylor 2000

for in-plane stretching potential energy. As these mod-
els (and several variants surveyed iNg[and Grimsdale 1996
Thomaszewski and Wacker 2QDP6are by now well known and
widely employed by the graphics community, we refer the reader
to the above references for details.

The true power of tracking is most evident when the underlying
(non-tracking) simulator is able to capture the look and feel of many
different materials. In this light, we brie y describe a simple plas-
ticity model that broadened our simulator's expressive power.

Simple model for plasticity Plasticity has been widely studied
within computer graphics: seddrzopoulos and Fleischer 1988
O'Brien et al. 2002 Irving et al. 2004 Gingold et al. 2004
Wicke et al. 2005 and references therein (for an overview of
plasticity, see Zienkiewicz and Taylor 20dD. We brie y outline

a model for plasticity developed primarily with consideration for
(a) simplicity of implementation and (b) proper scaling (material
response should not depend on mesh- or time-resolution).

We start with the bending model used Bdraff and Witkin 1998
Bridson et al. 2003 Grinspun et al. 2003and add two additional
parameters: (i) maximal curvature deviati@kmax2 [0;¥], which
dictates the maximal strain for which response is purely elastic and
(ii) hardening factorh 2 R, which governs the hardening & 0)

or softening [ < 0) of creases due to plastic work. For each mesh
edge, we store the undeformed con guration's bend angleas

well as a per-edge elastic bending stiffndgs At the start of each
time step, we test for plastic updateon each edge (the subscript

is implied). We compute theurvature deviation

_ e, =
Dk=k k= -~ ;
oald @)

whereA is the combined area of the undeformed triangles incident
to edgee, andq (resp. q) is the angle formed between incident
deformed (resp. undeformed) triangle normals. Unlike the change
in bend angleq q), the curvature deviation accounts for spatial
scaling (mesh sampling densitygfinspun 2008 If jDkj > Dkmax

we perform gplastic strain updatavith plastic hardening

q sign(Dk) — (JDkJ Dkmax) ;
kexp(h (jDKj kaax))3

We note that the exponential provides proper temporal scaling.

q
Kk

External forces and collisions
While we focus mainly on material
properties, our method accommodates
wind and other external forces. As itis
single-pass and involves only forward-
dynamics, any existing collision-
response code should be compatible
with our approach; in contrast, space-
time optimization has dif culties under
complex collisions \Wojtan et al. 200p
Our experiments use the robust treat-
ment of collisions and self-collisions
described inBridson et al. 200R

No mercy.



5 Applications

In the following application examples, we demonstraRACKS

by directing discrete shell simulations. The computation times for
the tracking solver are very practical, consuming for the most com-
plex examples comfortably below four hours on a 2GHz processor.
Indeed, we nd that, consistent to our goal, the bulk of our time
and effort is allocated to the artistic process. We consider scenarios
spanning four axes:

To create the input trajectory, we use a rapid-preview physical
simulation inx5.1, procedurally generate motion 5.2, build
on a motion-capture (mocap) sequence5i8, and ask an artist
to animate expressive character gesturebid.

In regards tanput mesh resolutions we test a coarsest possible
input in x5.2 a more re ned input ink5.1andx5.3, and a ne
input inx5.4.

In setting upinput! output combinatorics: the output corre-
sponds to a combinatorially-subdivided inputd. 1, X5.2, and
x5.3, whereas input and output are combinatorially identical in
x5.4.

We consider three techniques foreating test functions in
x5.2-x5.3we use the Lagrange basis of the guide mesh, prolon-
gated onto the ne tracked mesh via linear subdivisiornx5m,

we use a novel extension to Lloyd's algorithm to automatically
construct a piecewise constant basis; but rstxfl, we put
aside the automatic methods, and manually paint a pair of test
functions.

5.1 Simulation design with fast, coarse previews

Fleshing out a coarsely-run simulation is a prototypical use of our

solver. As shown in the accompanying video and Bjghe director

intends for the ying cloth to get stuck on a branch. We search for Figure 8: Material axes.Traditionally, after an animation is com-
initial conditions and material coef cients usingrapid preview pleted, the lighting and rendering crew adjust and compare various
design cycle: working with a coarse mesh (35 vertices), after twenty rendering alternatives. WitARACKSan artist enjoys thpost facto
design iterations, or about 100min working on a 2GHz notebook, freedom to also adjushaterial and dynamicaproperties: {op)

we establish our desired parameters (see Figft). If instead, bending and stretching stiffness control the shape of wrinkles dur-
the full-resolution mesh (1625 vertices) were used during design, ing a twist; (niddle plastic yield and hardening control whether
the consequent simulation cost (30+ hours) would require a batch the material rebounds or the wrinkles persisgtton) damping and
process, instead of a rapid and thus more intuitive design cycle.  mass density control oscillations such as vibrations and wobbliness.

Unfortunately, the preview's parameters do not translate well to the
high-resolution simulation as shown in F@gmiddle Indeed, de- quadrisection and a linear geometric stencil), and we choose as our
spite great care in designing a system of meshing-independent sim{piecewise linear) test functions the coarsest subdivision basis.
ulation parameters.€., a system that incorporates well-reasoned
scaling factors), the bifurcations and complex con guration land-
scape of quasi-inextensible surfaces that buckle and fold make it
very unlikely that a coarse and ne simulation will agree.

The viewer witnesses an inanimate object come to life, as the ne
box simultaneously achieves two objectives: (i) it clearly tracks the
non-physical coarse motion while (ii) exhibiting dynamical mate-
rial properties. Bydynamica] we mean that similar effects could
Using our tracking method ensures that the nal, expensive, high- N0t be achieved by post-processing each frame of the coarse an-
resolution computation produces the expected results on the rst imation in isolation. For example, at the end of the sequence, the
run. We use four hand-painted test functions on the ag because C08/S€ mesh sqdde_nly stops moving, yet the tracked mesh continues
our goal is to guarantee a global trajectory for the cloth, not to con- © MOVe under inertia.

trol its ne shape. The ne mesh is a combinatorially-subdivided

version of the input one. 5.3 Motion-captured back ip

By combining multiple constitutive laws and dynamical controls,
TRACKS:nables an artist to apply a broad range of material behav-
) . . . .. lorsto a prede ned coarse motion. SINERACKS's a framework

A more challenging scenario is one in which the coarse motion is jcornorated over existing simulation code, it inherits the expres-
not physically based. Our simplest such experiment begins with a gjye power and material realism existent in the underlying simula-
coarse box modeled with eight vertices (see Big.which is an- tion software.

imated with procedurally-generated rigid motion of the top face
while the bottom face is xed to the ground. We produce the cor- In this example, we begin with mocap data of a breakdancer's back-
responding ne mesh by linearly subdividing four times (triangle ip. As depicted in Fig.9 and the accompanying video, we apply

5.2 The simple box



Figure 9:Reusing motion-capture trajectoriedle navely rig a coarse mesh and use off-the-shelf motion-capture data tio ¢tixtaanimation
showntop-left which, while riddled with self-collisions, serves as input to the automati&imggrocess. The following sequences depict
snapshots of a collision-free 1297-vertex mesh tracking the coarsermumder a variety of dynamical and material parameters.

the mocap sequence to a coarse (88 vertices) triangle mesh using acomplex collisionsBuilding on this, we perturb the undeformed

industry-standard rigging tooMutodesK. To create the initial ne
mesh (1297 vertices), we twice subdivide the initial coarse mesh.

con guration with noisy offsets in the normal direction, achieving
the appearance of a crinkled cellophane bag. The rough surface

Once again, we use the subdivision basis functions of the coarsefeatures did not noticeably alter runtime: tracking is affected by

mesh as the test functions for the weak constraints.

Holding the input trajectory xed, we run the tracking algorithm us-
ing various dynamical and material parameters, obtaining a diverse
range of results (refer to video and Fi@). The coarse mocap-
induced motion is riddled with surface self-intersections, which are
fully resolved during tracking.

Elasticity The rst animation depicts a red vinyl material. Notice
the ne vertically-oriented wrinkles and folds formed as the top
of the bag contracts in the rst snapshot, the crinkly top and boxy
backside corners in the third snapshot, and the vertically-rippled ap-
pearance due to slight lateral contraction in the nal snapshot. We
achieve this look using a highly damped elastic shell model. Ob-
serve that damping affects only the matenalf the coarse motion.

Damping The second animation depicts a owy, undamped mate-
rial reminiscent of an orange silk satchel. Because we use identical
elastic parameters, in the rst snapshot the red vinyl and orange
owy materials appear to be similar. However, since the second
material is relatively undamped, its appearance diverges from the
rst as time advances. The impact of the back ip's hard landing
(third snapshot) causes owy, larger-wavelength horizontal waves
(subtly, the smaller-wavelength vertical ripples due to the bag's lat-
eral compression remain discernable).

Undeformed con gurations The next pair of animations use our
ability to track the coarse mesh using differing undeformed con g-
urations. Applying coarse horizontal folds effects an accordion-like
geometry on a purple bag; likewise, we obtain the appearance typi-
cal of a woven red-ribbon gift bag with a set of ne vertical ridges
(refer to video). Altering the undeformed shape affects the objects'
silhouettes and in uences the formation and positioning of addi-
tional wrinkles, buckles, and folds (compare snapshot four to mate-
rials with a at rest state)—these effects exceed what is achievable
purely during rendering.

collisions much like an ordinary simulation; in contrast, many op-
timization methods rely on smoothness properties that are annihi-
lated by rough collision landscapes.

External forces The nal example incorporates a strong external
wind force. This force excites the material without disturbing the
gross motion, creating a psychedelic effect.

Unlike the coarse input, the tracked output is free of self-
intersections. While one could conceivably attempt these material
effects by subdividing the coarse motion and procedurally superim-
posing crinkly geometry or owy motion, a simulation-based ap-
proach excels at producing temporally-evolving wrinkles and folds
while steering clear of collisions present in the input data.

5.4 Physically detailed characters

Figure 10: Synergy of art and scienc&/e underscore the anima-
tor's broad gestureddft) with a simulated headwindight). For
equal comparison, both are rendered using 16-frame motion blur.

Our nal example explores the role GfRACKSas a catalyst for
synergy between art and physics. The artist models and animates



Xavier, an X-shaped biped (see Fids6,10) made of thin, exible tracking formulation with a form of constraint regulation that ef-
material. In doing so, she disregards physical details, such as wrin-fectively bounds constraint forces so that, when desired, theytaffec
kling and buckling, and focuses on expressive motion, such as shift- bending but not stretching modes. Furthermore, in the future, we
ing body weight, sudden movement, and keeping time to the mu- would like to explore methods for constraining thiéhouettesof

sic. The tracking process enables us to out t Xavier's motion with animated characters, since art-directing the silhouettes is common-
different materials and physical effects. As Xavier walks past his place in traditional animatiorifhomas and Johnston 1981

friends, observe the perfect roll-through of his feet—painting ne . . ) . .

test functions on the feet enables us to precisely echo the artist's T7acking offers the opportunity to experiment with a diverse range

intent. Next, Xavier encounters a strong headwind (see Fy. of thin shell appearances that defy emulation via geometric subdivi-

We underscore Xavier's struggle by introducing wind forces that Sion or per-frame post-processing. While our examples focused on
thin plates and shells, the theory behilRACKSequires only the

make his body rapidly utter. This would have been painstaking . . . :
to achieve by hand. In the next scene, Xavier steps on a live wire, existence of a computationally-tractable Lagrangian formulation,

and by altering the undeformed con guration between a crinkly and €-9» Such aﬁ tho;e known lf?r uids arlzd Isolid elaStif.a' Therefore,
smooth state, we (regrettably) simulate the consequent electrocu-V€ €xPect that this general framework also nd applications in an-
tion (see Fig.l). Fortunately, Xavier “shakes off” the remaining imation of smoke, liquids, biological tissue, and solid elastica. We
charge and returns to his unruf ed state. hope that this paper will spur exploration in these and other direc-

tions.
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