











Natural Boundary Conditions for Smoothing in Geometry Processing « 39:11

> ~ Enr,
] //

=t A

Fig. 15. The Bunny flows along Li-minimization of the Hessian (local energy density in pseudocolor). Energy concentrates at creases and the bunny develops
smooth, nearly flat regions. This minimization achieves crease-aware smoothing of surface geometry. Minimizing the L1-norm of the Laplacian leads to

energy concentration at points and a prickly appearance.

these locations we see the behavior of natural boundary conditions
of the smoothness energy. Effectively, they become boundaries be-
tween low-energy regions. In Fig. 14, we smooth a toy function (a
triangle wave plus noise). While Ly smoothing Eyy2 also rounds the
peaks, L1 smoothing Eyj: smooths away the noise but maintains the
sharp creases.

In Fig. 16, we smooth the noisy height data of a cathedral rooftop.
Minimizing the Li-norm of the Laplacian (E51) concentrates energy
at isolated points, producing a circus tent appearance. In contrast,
minimizing the Li-norm of the Hessian (Eg1) concentrates energy
along creases, producing a piecewise planar rooftop.

Under the Li-norm, the difference between minimizers does not
rely on the presence of a boundary. Indeed, even for closed surfaces
with no boundary, we see very different behavior. In Fig. 15, we treat
the surface’s geometry as the input data f and take smoothing steps
where the data-versus-smoothness weight acts as an implicit time-
step parameter controlling a geometric flow. The Ey: flow of the
Bunny forms 1D creases bounding smooth, near-developable (low
Gaussian curvature) patches. This application is inspired by image
smoothing with sparse norms [Xu et al. 2011] and as such the results
are reminiscent of surface contrast enhancing methods (e.g., [He
and Schaefer 2013]). In contrast, the E5: flow quickly concentrates
energy at isolated points suspended in a near-minimal (low mean
curvature) surface.

7 CONCLUSION & FUTURE WORK

Energies built with the Hessian rather than the Laplacian unlock
high-order boundary conditions that are especially useful when
boundaries are to be conceptually ignored during problem modeling.

In future work, we would like to investigate formulations of Eg
for curved surfaces that account for the covariant derivative, as well
as corresponding discretizations (see Section 5.3.1). For flat domains,
it would be interesting to explore boundary-only discretizations
(cf. [Chen and Weber 2015]) or subspace deformation for solid ob-
jects. Initial derivations suggest that point constraints may not lead
to smooth minimizers of second-order smoothness energies for
solids. One possibility, however daunting, may be to consider the
squared Frobenius norm of the three-tensor of third derivatives, an
energy with only quadratic functions in its null space.
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Fig. 16. Smoothing a cathedral roof. Unlike Ly minimization, the behavior
of Ey1 = / |[Au| dA and Eyn = f |Hu |F dA are dramatically different in
the interior.

We hope that our work sheds new light on familiar problems and
provides insights into the power of the natural boundary conditions
of the squared Hessian energy for geometry processing problems.
Many applications that are currently using the squared Laplacian
energy with zero Neumann boundary conditions can potentially
profit by trying the squared Hessian energy with natural boundary
conditions alongside it.
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A FINITE DIFFERENCES

In order to discretize Epz over a domain Q embedded in a grid

with n total nodes and 7 interior nodes, we define a sparse ma-
T N

trix H = |HL, H;y \/EH)TCy] € R3™" 50 that each row of Hyx

approximates the second derivative of the unknown function at
the corresponding interior grid node: H., u ~ %u(x;)/dx* and
analogously for rows in Hyy and Hyy.

We use standard, second-order stencils for each term, i.e.,:

Wiyj—1 = 2Uij + Ui, j+1

i _
Hxxu - hz (28)
; Ui-1,j = 2Uj,j + Ui+1,j
H u= J J J
yy h2
Uj—1,j—1 T Ui-1,j+1 — Ui+1,j—1 T Ui+1,j+1

i —yi -
Hyju=H u= e

B MIXED FINITE ELEMENTS

Solving the piecewise-linear discretization of Equation (25) by differ-
entiating with respect to all degrees of freedom, we have a system
of linear equations in matrix form:

VXX‘
- \%
M D'AG *y
G'TAD 0 Vyx |=0 (29)
v
yy
u

where M e RA1x417] repeats the mass matrix M(i, i) along the
diagonal, A € R?™2™ js a diagonal matrix containing triangle
areas, and D € R2mx4lil computes the matrix divergence defined
by:

[ G(x,i) G(y,i) 0 0

- 0 0 G(x,i) G(y,i) |’

where G € R2™" is the usual gradient operator and G(x, i) selects
the rows and columns corresponding to the x-compo-nents and
interior vertices respectively. Finally, if we use lumped mass matri-
ces we can efficiently condense this system and use it to define a

D (30)

discretization of our original energy:

Egpe(u) ~ u"GTADM'DTAGu. (31)

C L; MINIMIZATION

In the smooth setting, the L' Frobenius norm of the Hessian is:
[ il aa (52)
Q

This can be minimized by introducing an auxiliary matrix-valued
variable equal to the element-wise absolute value of the Hessian
Y = |H,| and solving the constrained optimization problem:

min / 17Y1 dA (33)
u,
Q
subjectto H, <Y, H, >-Y, andY >0, (34)

where 1 is a vector of ones (with appropriate length).
Using our discrete matrices, this becomes a linear program

min 1TMy (35)

Ly
subjectto Hu > -y (36)
Hu<y (37)
y =0, (38)

where y € R*" is a vectorization of per-vertex 2 X 2 matrices on a
mesh with A interior vertices and H = DTAG.

When combined with other quadratic energies such as a data-
term, this transforms into a quadratic program. We solve such prob-
lems with Mosek [Andersen and Andersen 2000].
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