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Abstract

We present a new method for the synthesis for logical
initializability of synchronous state machines. The goal is
to produce a gate-level implementation that is initializable
when simulated by a 3-valued (0,1,X) simulator. We build
on the approach of Cheng and Agrawal who constrain state
assignment to translate functional initializability into logic
initializability [4, 5]. We propose an alternative method
which is guaranteed safe and not as conservative. In addi-
tion, we propose necessary and suÆcient conditions on 2-
level and multi-level logic synthesis to insure 3-valued sim-
ulation succeeds.

1 Introduction

It is well known that state encoding can in
uence the logical
initializability of an FSM implementation [4, 5]. If the sole
objective of an \optimal" state assignment is to minimize
the amount of logic, one may end up with implementations
that are logically uninitializable. That is, a 3-valued (0,1,X)
logic simulator may not be able to initialize the circuit even
when its FSM has a synchronizing sequence.

Traditionally, several di�erent approaches to initializ-
ability have been used. Each of these assumes di�erent
models of initializability (such as single- or multi-vector)
and of simulation (such as true-value or 3-value). Further,
while the Wehbeh and Saab [3] algorithm analyzes the gate-
level circuit to determine if it is initializable, there are other
methods that enable one to synthesize for initializability.

We build on the approach of Cheng and Agrawal [4, 5] who
produce a state assignment to translate a functionally ini-
tializable �nite state machine into a logically initializable
gate-level circuit.

The property of initializability is useful for several rea-
sons. It is needed for physically resetting machines should
they go out of synchronism. Logical initializability is re-

quired for several fault simulators and non-scan ATPG's,
such as STG [2] and CONTEST [1] to work e�ectively.

There are two views on initializability. Functional ini-
tializability is a top-level property that implies existence of
a synchronizing input sequence which takes the state ma-

chine into a unique state irrespective of the initial state. On
the other hand, logical initializability is a gate-level prop-
erty, that implies the physical circuit will be initialized to
a unique state under 3-valued simulation. Logical initializ-
ability requires functional initializability, and is, therefore
a stronger property. Our focus in this paper will be on
synthesis for logical initializability.

�This work was supportedby an NSF CAREER Award MIP-
9501880 and by an Alfred P. Sloan Research Fellowship.

1.1 Contributions of this paper
In previous work [4, 5], a method was proposed which at-
tempted to translate functional initializability into logical
initializability by imposing certain constraints on state as-
signment. We demonstrate that these constraints are nei-
ther necessary nor suÆcient. We propose an alternative
method which is not as conservative and is guaranteed to
be safe.

In addition, in [5], it was indicated that combinational
logic synthesis in
uences initializability under 3-valued sim-
ulation. However, the technique of 2-level logic synthesis
proposed in [5] is a heuristic one, and not guaranteed to
succeed. In this work, we present precise (necessary and
suÆcient) conditions on 2-level and multi-level logic syn-
thesis to insure logical initializability.

In short, given a functionally initializable �nite state
machine, our synthesis technique guarantees a logically ini-
tializable gate-level circuit. It handles both single-vector as
well as multi-vector initializability.

2 Previous Work
A typical synthesis path consists of several steps. Initializ-
ability considerations can be incorporated at various levels,
as shown in Fig. 1. The �gure also shows some of the recent
work on initializability at di�erent levels in the synthesis
path.
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Figure 1: Synthesis for initializability

The method of Rho et. al. [6] analyzes a functional de-
scription of a state machine and generates functional ini-
tialization sequences, if any. This method uses BDD's and
produces minimum-length sequences. Wehbeh and Saab [3]
present a method which determines if a gate-level imple-
mentation is initializable. It is able to generate both func-

tional and logical initialization sequences.
The above two methods are not synthesis-for-

initializability techniques; they are analysis techniques to



�nd initialization sequences. The method of Chakradhar
et. al. [7], on the other hand, is a synthesis method for
logical initializability. It targets asynchronous design and
is essentially a search procedure for �nding initialization
sequences and concomitant don't-care assignments for ini-
tializability.

Cheng and Agrawal [5] introduce a synthesis-for-
initializability method for synchronous circuits. This
method includes a novel state assignment step to insure
logical initializability.

Banerjee et. al. [8] present a technique that targets the
highest level in the synthesis path|it modi�es the top-level
functional speci�cation (signal transition graph) for initial-
izability of asynchronous circuits. However, initializability
is achieved only at the cost of some reduction in concur-
rency.

The synthesis procedure we present in this paper builds
on the state assignment method of Cheng and Agrawal [4,
5]. Additionally, our method provides for a complete com-
binational logic synthesis step, which is shown to be critical
for logical initializability.

3 Background

The Cheng{Agrawal Method
In this Section we review the Cheng and Agrawal state as-
signment method [4, 5]. The basic approach is as follows:
given a �nite state machine and a synchronizing sequence,
constrain the state encoding step to insure logical initializ-
ability.

We �rst show how state encoding can a�ect logical (3-
valued) initializability. Consider the functionally initializ-
able machine M in Fig. 2. At startup, the machine can be
in any state, i.e. the initial state group consists of all states:
(S1S2S3S4). I = 100 is a synchronizing sequence of M .
The following is the trace of state groups that result as the
input sequence 100 is applied to M :

(S1S2S3S4)
1
�! (S1S2S3)

0
�! (S1S4)

0
�! (S4)

S1 S2

S3S4

1

1

0

0

0
0

1
1

(S1,S2,S3,S4)

(S2,S4)

0 1

0 1

0

(S1,S4) (S1,S2,S3)

(S1,S4)

(S4) (S1,S3)
1

0
(S1,S4)

1

... ...

...

Figure 2: Example FSM and synchronization tree.

Associated with each state group, after state assign-
ment, is its smallest containing cube, called the group

face. Each group face is represented by a 3-valued vec-
tor. Thus, if state encoding (S1 : 00; S2 : 01; S3 : 10;
S4 : 11) were used, the following group faces would result:

XX
1
�! XX

0
�! XX

0
�! XX:

This sequence does not converge to a single state, there-
fore the circuit realized above is logically uninitializable. A
3-valued simulator can only simulate group faces, not state
groups, so there is a loss of information. Therefore, our aim
is to produce a state assignment that allows the sequence of

group faces to \track" the sequence of state groups, and

therefore insure logical initializability.

Cheng and Agrawal propose that the problem can be
solved by introducing an additional set of face-embedding

constraints into the state encoding step. Each of these is a
k!1 dichotomy constraint, (Gi; sj).

In general, an n!k dichotomy constraint (X;Y ) [10]
is the stipulation that the smallest containing cubes of X
and Y not intersect. Here, X and Y are sets of states of
cardinality n and k respectively. A dichotomy is satis�ed
if some state bit has value 1 for all states in X and value 0
for all states in Y , or vice versa.

In particular, a k!1 dichotomy of the form (Gi; sj) is
introduced for every symbolic state sj not present in the
state group Gi in the state group sequence. That is, a

symbolic state that does not belong to a state group is for-

bidden from being embedded in it. This applies to all state
groups encountered when a synchronizing input is applied
to the machine.

For the above example, the non-trivial dichotomies are:
(S1S2S3;S4); (S1S4;S2) and (S1S4; S3). A state assign-
ment satisfying these dichotomies is: (S1 : 000; S2 : 001;
S3 : 010; S4 : 100), resulting in a correct 3-valued sim-

ulation: XXX
1
�! 0XX

0
�! X00

0
�! 100: Fig. 3 shows

graphically the state group sequence and the corresponding
sequence of group faces resulting from 3-valued simulation.

Input=1 Input=0 Input=0

S1 S2
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S1 S2
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(S2)

000
(S1)
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Figure 3: Groups faces \track" state groups

4 Our Synthesis Method: an Overview
The technique we present in this paper is a synthesis
method for logical (3-valued) initializability. Given a �-
nite state machine and a synchronizing input sequence, our
method consists of the following steps:

Step #1: constrained state assignment

(a) generate face embedding constraints

(b) generate don't-care intersection constraints

Step #2: combinational logic synthesis

5 Constrained State Assignment

5.1 Step #1(a): Face embedding constraints
In [15] we demonstrated that when considering encoding of
symbolic states, the constraints of [4, 5] are unnecessarily
restrictive, and safely relaxed those constraints. In this
subsection, we will review the method of [15] for producing
relaxed face embedding constraints.

Again, consider the machine in Fig. 2. A synchronizing
sequence for the machine was 100, resulting in state group

sequence: (S1S2S3S4)
1
�! (S1S2S3)

0
�! (S1S4)

0
�! (S4).

The dichotomy constraints produced by the Cheng-Agrawal
method were f(S1S2S3;S4); (S1S4;S2); (S1S4;S3)g and a
minimum length state encoding satisfying these constraints



required 3 bits. In fact, the dichotomy (S1S2S3;S4) is un-
necessary. At the second time instant, the next-state value
of S4 is S4, which happens to belong to the next state-
group, (S1S4). Therefore, if we let S4 be embedded in the
group-face of (S1S2S3), no harm would accrue. Thus, it is
safe to delete the dichotomy (S1S2S3;S4). The resulting
state assignment is (S1 : 00; S2 : 01; S3 : 11; S4 : 10), still

yielding a correct 3-valued simulation: XX
1
�! XX

0
�!

X0
0
�! 10:1 Our solution uses only two bits to encode the

states, whereas the Cheng-Agrawal solution requires three.
In sum, we prune the list of dichotomies proposed by

Cheng-Agrawal|we delete the dichotomy (Gi; sj) when-
ever NS(sj; Ii) 2 Gi+1, because this is a \safe" embedding.
(Here, Gi is the ith state group, Ii is the input seen by Gi,
and NS(current-state, input) is the next state function.)
More formally, the original Cheng-Agrawal face-embedding
constraints (FEC's) were: FEC = f (Gi; sj) j sj 62 Gig :

Our relaxed face-embedding constraints (RFEC's) are:

RFEC = f (Gi; sj) j NS(sj; Ii) 62 Gi+1g (1)

It is easy to see that our RFEC constraints are less
restrictive than the original constraints: sj 2 Gi implies
NS(sj; Ii) 2 Gi+1.

5.2 Step #1(b): Don't-care Intersection Constraints
In this subsection, we demonstrate that the conditions of [4,
5], in general, may be unsafe. We show that even if these
conditions are satis�ed, the resulting circuits may still be
uninitializable. In particular, we show that the issue of
�lling in don't-care entries is important, and cannot be left
entirely to the later stages of synthesis.

S1 S2

S3

1

1

0

0

0,1

(a)  FSM

S1

S2

S3

11

00

01

10

(c)  STATE ASSIGNMENT

1
(S1,S2,S3) (S1)

(b)  STATE GROUP SEQUENCE

Figure 4: The issue of don't-care NS assignment.

Consider the state machine of Fig. 4(a). It has a single-
vector initialization sequence I = 1. Fig. 4(c) shows a state
encoding satisfying the face-embedding constraints (there
are none). It uses two bits to encode three states, thereby
introducing a fourth state (11) that has no symbolic equiv-
alent (a non-symbolic state). If a later step assigns state 11
a next-state (NS) entry of 10 on input 1, then the machine
is no longer initializable; the 3-valued simulation trace is:

XX
1
�! X0. Therefore, if non-symbolic states can be as-

signed arbitrary NS values (during logic synthesis), a non-
initializable circuit may result.

Simulation fails because the NS entry, 10, for state 11
lies outside of the state group being simulated, (S1), thus
throwing initialization o� course. However, observe that if
the NS value were assigned to S1 (00) instead, the circuit

would be initializable: XX
1
�!00. The solution in this case,

therefore, is to assign to the DC next-state entry a value
lying within the next group-face.

1In this example, we use 100 as the synchronizing sequence
even though 00 is a shorter synchronizing sequence. However,
the same problem can arise even startingwith a minimum-length
sequence.

In general, though, there are examples where using the
Cheng-Agrawal method (or our RFEC method) results in a
circuit that is uninitializable for every assignment of don't-

cares.

S1 S2 S3

S4 S5 S6

S7 S8 S9
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00

00

00
00

00
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01 01

11 11 11
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Sx= unassigned
state code 

S1

S2

S4 S5

S6

S7

S8

S9

00

00

01

01

11

11

10

10

Sx

(a)  FSM (b)  STATE ASSIGNMENT

S3

Figure 5: Second example illustrating the issue of

don't-care NS assignment.

Consider the example of Fig. 5(a).2 Applying a
synchronizing sequence gives the following state groups:

(S1S2S3S4S5S6S7S8S9)
11
�! (S1S2S3)

00
�! (S7S8S9)

01
�!

(S4S5S6)
00
�! (S3). A state encoding that satis�es the

above constraints is shown in Fig. 5(b). Bit-vector 0111
is a non-symbolic state with an as yet unassigned NS value.
A careful analysis shows that this non-symbolic state can-
not be assigned any NS value for input 00 while preserving
initializability! In particular, state 0111 is embedded in the
group-faces of (S1S2S3) as well as (S4S5S6). The latter em-
bedding mandates the NS value of this non-symbolic state
to be set to S3. The former embedding requires the NS
value to be set to a state in the column containing (S7S8S9).
These two conditions are not simultaneously satis�able. For
example, assuming the NS value is set to S3, the resulting

simulation trace is: XXXX
11
�! 0X1X

00
�! XXXX

01
�!

XXXX
00
�! XXXX:

To insure that there are no con
icting demands on the
assignment to a don't-care, we can draw up pairs of group-
faces and force them to be disjoint. Then, no non-symbolic
state can belong to both of them, so the above problem is
circumvented. One way to do this is to introduce an n!k

dichotomy constraint between each Gj and Gk in the state
group sequence, represented as (Gj;Gk), if Gj and Gk are
followed by the same input vector but Gj+1 and Gk+1 do
not intersect. In this case, a DC entry in Gj \Gk may not
have any consistent NS assignment. In the above example,
we therefore add dichotomy (S1S2S3;S4S5S6). This results
in the state encoding of Fig. 6(b).

S1

S2 S3

S4 S5

S6

S7

S8

S9

00

00

01

01

11

11

10

10

(a)

S1

S2 S3

S4 S5

S6

S7

S8

S9

00

00

01

01

11

11

10

10

(b)

Figure 6: (a) bad state encoding, (b) good encoding

The constraints introduced above are called the \don't{
care intersection constraints" (DCIC) and are formalized as
follows:

DCIC = f(Gj ;Gk) j (Ij = Ik) ^ (Gj+1 \Gk+1 = �)g
(2)

2This state machine is incompletely-speci�ed, but our analy-
sis also applies to completely-speci�ed machines.



DCIC, as well as RFEC, are dichotomies; these constraints
can always be solved using existing algorithms (See [10]).

Together, RFEC and DCIC are suÆcient to produce a
state assignment for logical initializability.

6 Step #2: Combinational Logic Synthesis
In [5], Cheng and Agrawal mention another issue: that com-
binational logic synthesis in
uences 3-valued simulation,
and hence initializability. They surmise that initializability
can be preserved by separately optimizing each output, as
opposed to doing multi-output optimization. However, we
discovered that this is neither necessary nor suÆcient.

In this section, we introduce necessary and suÆcient
conditions for combinational logic synthesis to insure 3-
valued simulatability. In particular, we show that these
conditions correspond precisely to hazard-free synthesis re-
quirements (cf. Nowick [12], Eichelberger [11]). Our condi-
tions apply to both 2-level and multi-level logic.

6.1 How logic synthesis a�ects 3-valued simulatability
The following example illustrates how logic synthesis can
a�ect 3-valued simulatability, and hence initializability.

Example. Let Y be the Boolean function of three vari-
ables a; b and c shown in the K-map of Fig. 7(a). Let it be
implemented in 2-level AND{OR logic using two product
terms: Y = ab + �ac:

1

1 1

1

a
bc 00 01 1011

0

1

Y

abc=X11

1

1 1

1

a
bc 00 01 1011

0

1

Y

abc=X11

Figure 7: (a) Non-simulatable, and (b) simulatable im-

plementations of Y

Assume at the current step in 3-valued simulation, the
value of the 3-valued input vector abc is X11. For abc =
X11, Y is functionally equal to 1, as seen from the K-map.
However, a 3-valued simulator may evaluate Y as follows:

Y = ab+ �ac = a+ �a = X +X = X

Therefore, the above implementation of Y is not cor-
rectly simulatable.

The K-map of Fig. 7(b) shows an alternate implemen-
tation of Y which is 3-valued simulatable: Y = ab+�ac+ bc

(where the shaded region represents the added product
term bc).

3-valued simulation in this case yields the correct value:
Y = ab + �ac+ bc = a+ �a+ 1 = X +X + 1 = 1:

The reason simulation succeeds in this case is that the
term bc evaluates to 1 irrespective of the value of a. There-
fore, this implementation of Y is correctly simulatable for
the input combination abc = X11. 2

Thus, we have shown that logic synthesis has an impact
on 3-valued simulatability.

6.2 Simulatability and Hazard-freedom
The covering requirements for simulatability presented in
the previous subsection are very similar to the covering re-
quirements for hazard-freedom (cf. [11, 12]).

Refer once again to Fig. 7. In the simulatability frame-
work, the highlighted column corresponding to abc = X11
represented indeterminacy in the values of the inputs|the

value of a was unknown. In order for Y to be simulatable
to 1 for this input combination, the requirement added was
that the cube bc be covered some term of the cover.

Let us now interpret the above result from the point of
view of hazard-freedom. If the same column abc = X11 is
now regarded as representing an input transition 011! 111
(or 111 ! 011) which spans X11, then the requirement to
insure a glitch-free output Y (static 1 ! 1 transition) is
precisely that cube bc be covered by some product term.
In the hazard framework, cube bc is called a required cube;

some product must cover the required cube for the transi-
tion to be hazard-free (see [11, 12, 9]).

Thus, we are able to relate 3-valued simulation to the
transient behavior for the given example: if the implemen-
tation of Y is not simulatable to 1 over I = X11, then the
same implementation has a static 1 ! 1 logic hazard for
any transition spanning I.

We now formalize and generalize this result: given an
arbitrary multi-level circuit, such as the one in Fig. 8, sim-
ulatability for a given 3-valued input vector corresponds
precisely to hazard-freedom for a spanning input transition.

Xinputs
output

X

multi−level circuit

1
1
0
X
X
X

Figure 8: A general multi-level circuit

Theorem 6.1. Let f be a Boolean function imple-
mented by an arbitrary multi-level network of gates, � be
any 3-valued input vector to be simulated, and Æ be any cor-
responding input transition that \spans" �: Then, 3-valued
simulation and hazard simulation \correspond". That is,
if the result of 3-valued simulation on � is 0 (1), then the
same circuit has a (function- and logic-) hazard-free 0! 0
(1! 1) transition on Æ. If, on the other hand, the result of
3-valued simulation on � is X; then the circuit has either
(i) a static hazard, or (ii) a dynamic (0 ! 1 or 1 ! 0)
transition on Æ.

Proof. Due to constraints of space, the proof is omitted.
The interested reader can refer to [16].

What the above theorem states is that if \indetermi-
nacy" of a 3-valued input is translated into an input transi-
tion, then indeterminacies on wires elsewhere in the circuit
manifest themselves as transients (transitions or hazards)
on those wires.

Let us now consider the special case of interest in our
synthesis procedure: for the given 3-valued input, the cir-
cuit output is functionally equal to 1 (or 0), but 3-valued
simulation is not faithful (yields a value X), as in Fig-
ure 7(a).3 We call such a scenario \non-simulatability." It
is clear that the result of hazard simulation for the output
will be a \transient" (dynamic transition or static hazard),
due to Theorem 6.1. Since the circuit output is function-
ally equal to 1 (or 0), the result of hazard simulation cannot
be a dynamic transition. Therefore, the output exhibits a
static hazard. This is stated in the following corollary.

Corollary 6.1 (non-simulatability () static
logic hazard transition). If a circuit is non-simulatable
for a 3-valued input �, then that circuit has a static logic

3It can easily be shown that RFEC and DCIC constraints
insure that the output is functionally 1 (or 0) for each 3-valued
input of interest [16].



hazard for every transition Æ, where Æ \spans" �. And,
conversely, a static logic hazard implies non-simulatability.

Proof. See [16].

6.3 Logic Synthesis
The key result of the previous subsection was that for 3-
valued simulatability, the circuit should be static hazard-
free for certain input transitions. Conversely, any circuit
realization that is free of static hazards for those input
transitions, is also simulatable. This, then, provides us a
technique for 2-level logic synthesis for simulatability.

For the special case of a 2-level AND-OR implemen-
tation, the conditions for hazard freedom were presented
in [11, 12, 9]. To eliminate static logic hazards ([9, 11]), the
covering requirements are of the form of cubes that must be
covered by some product term of the cover|these are called
required cubes.

4 Techniques for minimization of hazard-free
logic based on required cubes can be found in [12].

The duality between simulatability and hazard-freedom
enables us to do multi-level logic synthesis for simulatability
as follows: (a) do 2-level hazard-free logic synthesis, and (b)
use those multi-level transformations that do not introduce
any static-hazards for input transitions that span the 3-
valued input vectors (see [13]). Corollary 6.1 provides the
basis for the correctness of this procedure. Alternatively,
direct multi-level hazard-free synthesis methods based on
BDD's can be used [14].

7 Results
Table 1 presents the results of our synthesis-for-
initializability method on several synchronous state ma-
chine examples. We only focus on the state assignment
step (Step 1) here.

Column I/S indicates the number of inputs and the
number of states respectively, for each example. Column
Coding Length compares the length of the state encoding
produced by three methods: (1) the Base method which
does not incorporate initializability considerations; (2) the
Cheng-Agrawal synthesis-for-initializability method (CA);
and (3) Our method. For each of these examples, our
method used the same number of state bits as the Base

method, whereas the Cheng-Agrawal method used more
bits in 2 cases. Therefore, for the examples considered,
our method was able to achieve initializability without in-
curring any additional cost in terms of coding length.

Column #Constraints lists the number of encoding
constraints generated by the Cheng-Agrawal method and
by our method. Our method uses fewer face-embedding-
constraints (FEC's or N ! 1 dichotomies) than the Cheng-
Agrawal method for almost all of the examples, and it
never uses more. Moreover, our method needed to gen-
erate a don't-care intersection constraint (DCIC or N ! k
dichotomy) for only one circuit.

The columns Init? report whether or not the implemen-
tations produced were actually initializable. Our method
always produced correct initializable implementations. In
fact, it guarantees initializability. On the other hand, the
Cheng-Agrawal method produced incorrect results for one
example: for c-4, the implementation produced by the CA
method is not initializable. In contrast, our method used
fewer face-embedding-constraints, and only one additional

4The transitions are function hazard free, since the function
value is all 0 (1) throughout the transition. Therefore, the con-
straints for static logic hazard-freedom can always be solved [12].

Coding length #Constraints

Circuit Our CA Our method

Name I/S Base CA Method FEC Init? RFEC DCIC Init?

c-1 1/4 2 2 2 6 Y 4 0 Y

c-2 1/4 2 3 2 3 Y 2 0 Y

c-3 1/3 2 2 2 0 Y 0 0 Y

c-4 2/9 4 4 4 18 N 12 1 Y

c-5 2/8 3 4 3 10 Y 3 0 Y

Table 1: Results: comparison of state encoding methods

DC intersection constraint (N ! k dichotomy) and was
able to guarantee initializability.

8 Conclusions
In this paper we have presented a new synthesis for logical
initializability method. We have included a state assign-
ment step and a combinational logic synthesis step. For
state assignment, we �rst reviewed our relaxed face embed-
ding constraints presented in [15]. We then introduced the
new don't-care intersection constraints and constraints on
combinational logic synthesis. Our method guarantees log-
ical initializability for the resulting circuit under 3-valued
simulation. Preliminary results show little logic overhead.
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