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This supplementary document includes the following
sections. Section1 describes another multiplexed illumina-
tion method using a multiplexing scheme similar to that in
Lemma 4.1 in the paper. The method also extractsN direct
illuminations from2N + 1 images. Section2 shows de-
tailed derivation of the SNR analysis results. Section3 dis-
cusses about the pros and cons of direct/global separation
using checkerboard and sinusoid patterns. Please refer to
the project website (www.cis.rit.edu/jwgu/research/demux)
for more direct/global separation results.

1. Sinusoid Sequential Multiplexing

In addition to the proposed frequency modulated multi-
plexing method (Section 4.2 in the paper), we also designed
another multiplexed method for direct/global separation for
N light sources. This method uses a multiplexing scheme
similar to the idea of the theoretical lower bound in Section
4.1 in the paper, except that it uses high frequency sinu-
soidal patterns instead of checkerboard patterns since read
light sources cannot produce perfect step edges.

Again, at first, we turn on all theN light sources at half
brightness and capture an imageI0:
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Next, instead of setting thei-th light source to be a
checkerboard pattern, we modulate thei-th light source
with a high frequency sinusoid pattern, while keeping all
the otherN−1 light sources at half brightness. Suppose the
modulation sinusoidal pattern is(1 + sin(φ(x)))/2, where
φ(x) is the phase of a scene point with respect to the light

source. The captured image is
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whereαi(x) = L
(i)
d (x)/2 sin(φ(x)). If we shift the sinu-

soidal pattern by3π/2 in phase and modulate thei-th light,
and capture a second image, we have
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where βi(x) = L

(i)
d (x)/2 cos(φ(x)). Since we modu-

late each light twice, together withI0, we need to cap-
ture2N + 1 images. To make the analysis consistent with
the frequency modulated multiplexing, we add an unknown
γ = I0, and thus these2N + 1 equations can be written
in the matrix formS · x = b, where the unknowns are
x := [α1, β1, · · · , αN , βN , γ]T , the captured images are
b = [I0, I

(1)
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1 , · · · , I(1)N , I
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N ]T , and the matrixS of

size(2N + 1)× (2N + 1) is
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. (2)

We note thatdetS = (−1)N+1, and thus it is non-
singular. In theory, this sequential multiplex method can be
used to separate the direct components. We call this method
sinusoid sequential multiplexing. It is easy to implement —
only a single light source is modulated with sinusoidal pat-
terns at any time. However, both theoretical analysis and ex-
periments show this method will amplify noise (see below).



The condition number of matrixS is close toN + 2 that
grows linearly with respect to the number of light sources.
This indicates its robustness decreases as more and more
lights are involved.

2. Signal-to-Noise Ratio (SNR) Analysis

We perform SNR analysis in terms of camera noise. In
our problem, we are interested in theN direct illumination
components,L(i)

d , i = 1, · · · , N . For simplicity, we assume
theN light sources are of the same brightness and the scene
is a flat surface with a uniform albedo. The MSE (Mean
Square Error) of theN direct components is (see appendix
for derivation)
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whereσ is the noise level in each of the captured images,M

is the mixing matrix (for sinusoid sequential multiplexing,
M = S; for frequency modulated multiplexing,M = F.)
Compared to the sequential separation method (i.e., non-
multiplexing,N = 1), the SNR gain,G, is
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where σ0 is the noise level for the captured image un-
der a single light source, andM0 is a 3 × 3 mixing ma-
trix for a single light source, corresponding the matrixF

when N = 1. For the matrixF, we recall thatF =
[
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, and we have
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For the matrixS (defined in Equation (2)), we have

S
T
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Figure 1. Simulation results of the SNR gain for the frequency
modulated multiplexing methods under different noise character-
istics. χ2

= σp/σr describe the relative weight between photon
noise and read noise.
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Therefore, Equation (4) can be simplified as
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whereGF andGS are the SNR gain for the frequency mod-
ulated methods and the sinusoid sequential method, respec-
tively. As shown, for the sequential multiplexing method,
the SNR gainGS < 1 (sinceσ0 ≤ σ), and thus it is not
recommended in practice. Below we analyzeGF in details.

A typical imaging system contains three noise sources:
photon noise, read noise, and dark noise. For a single light
source, suppose the photon noise isσ2

p, the read noise is
σ2
r , and the dark noise isσ2

d. Thus, the total noise should
beσ2

0 = σ2
p + σ2

r + σ2
d. For the multiplexed illumination

case, since there areN lights on, the photon noise should be
Nσ2

p. Assuming the exposure time and ISO setting remain
the same, the dark noise and read noise keep unchanged.
Thus, the total noise isσ2 = N · σ2

p + σ2
r + σ2

d. For typical
DSLR cameras, the dark noise is relatively small compared
to photon noise and read noise, and can be effectively re-
duced via cooling.

For the frequency modulated multiplexing, if the imag-
ing system is read noise limited (e.g., in low light), we have
σ2 ≈ σ2

0 , and thusGF =
√

(2N + 1)/3. If it is photon
noise limited (e.g., for long exposures), we haveσ2 ≈ Nσ2
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2/3, which means this is
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Figure 2. Using conventional light multiplexing [2] for di-
rect/global separation for multiple light sources. For N light
sources, the sequential separation method [1] will need 3N im-
ages. For each light sources, we modulate it with three shifted si-
nusoidal patterns (shown as columns in the above figure). One can
perform conventional light multiplexing using Hadamard codes by
first grouping these3N images into three groups (shown as rows)
and perform multiplexing for each group. This method will still
need3N images, but it will have SNR benefits for dim scenes.

no benefit for multiplexing in terms of SNR.GF depends
on the noise characteristics (i.e., the relative weight of read
noise and photon noise) of the imaging system. This con-
clusion is similar to that of conventional light multiplexing
without direct/global separation [3]. We defineχ2 = σp/σr

as a measure for noise characteristics. Figure1 shows the
SNR gain versus the number of light sources for differentχ2

values. The curves are computed via simulation. As shown,
when read noise dominates (i.e., smallχ2 values), the SNR
gain is proportional to

√
N . As photon noise increases (i.e.,

largeχ2 values), the SNR gain reduces and finally fix on
a constant value

√

2/3. The simulated results match well
with our theoretical analysis.

In addition to the sequential separation method which
turns on a single light source at a time, one can em-
ploy the conventional Hadamard code based multiplexing
scheme [2], as explained in Fig.2. While it still needs3N
images, for dim objects and read noise limited situation, it

increases SNR by
√

(N+1)2

4N . Compared to this Hadamard
based method, the proposed frequency modulated multi-

plexing method has a SNR gain of
√

4N(2N+1)
3(N+1)2 ≈

√

8/3 ≈
1.6. Overall, our proposed method has higher SNR, while
requiring fewer images (2N + 1 vs. 3N ).

Bright Objects: So far, we assume the exposure time and
ISO setting are common. For bright objects, to avoid satu-
ration, we need to vary these settings. We assume the ISO
setting is fixed and discuss the effect of the exposure time
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Figure 3. One of the direct components of a V-groove scene un-
derN = 3 light sources. (a) is the result of the sequential sep-
aration using a checkerboard pattern [1], (b) is the result of the
sequential separation using sinusoid patterns, and (c) is the result
of the proposed frequency modulated multiplexing. As shown, the
checkerboard method has the highest quality but requires much
more images. The proposed method has better quality than the se-
quential separation using sinusoid patterns, while requiring fewer
images (2N + 1 versus3N ).

to the SNR gain (similar conclusion can be derived for ISO
settings). SupposeLd is the typical readout for exposure
time t0 for single source case. Suppose for multiplexed il-
lumination, the exposure time ist, and thus the direct com-
ponent will beLdt/t0, and thus the SNR gainGF is
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photon noise and dark noise increase with respect to expo-
sure time. Suppose the saturation threshold for the imaging
system isLmax, we have

N · Ldt/t0 ≤ Lmax (12)

In this case, the SNR gainGF (in either the photon noise
limited or read noise limited case) is given by
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Thus, multiplexing will actually reduce SNR (since we have
to shorten exposure time to prevent saturation, which under-
mines SNR).

3. Checkerboard vs. Sinusoids vs. Frequency
Modulated Multiplexing

Nayar et al. [1] proposed two practical methods for di-
rect/global separation for a single light source. The first
method is to use a checkerboard pattern, which is shifted
multiple times in bothx and y directions. To overcome
color bleeding, optical defocus, screen door, and other prob-
lems in projectors, usually we need to shift the pattern 25
times or more [1].



The second method is to use three sinusoid patterns with
different phases and solve a3 × 3 linear system to com-
pute the direct and global components, as reviewed in Sec-
tion 3 in the our paper. While it requires only three im-
ages, because of the quantization error and image noise for
the projected sinusoid patterns, it is much easier to have
artifacts presented in the separated components. Figure3
shows an example of a V-groove under three light sources.
Figure3(a) shows one of the direct components using the
checkerboard methods (with 25 images per light source).
Figure3(b) shows the direct component using three sinu-
soid patterns, which clearly shows the vertical stripe arti-
facts. Therefore, in our experiments, to fairly evaluate the
performance of the proposed method, we used the checker-
board method (with 25 images per light) to obtain high-
quality direct/global components as ground truth for com-
parison. The minimum number of images required for a
satisfactory direct/global separation will vary with boththe
imaging system settings and the scene.

Figure3(c) shows another interesting fact. It shows the
separated direct component using the proposed method. In
total, our method requires2 × 3 + 1 = 7 images. The re-
sult is comparable to that of the checkerboard (Fig.3(b)),
and is better than that of the sequential sinusoid method
(Fig.3(b)). In other words, we can obtain better results with
few images. This is expected, since as shown in Section2,
the SNR gain is

√

(2× 3 + 1)/3 = 1.63.

References

[1] S. K. Nayar, G. Krishnan, M. D. Grossberg, and R. Raskar.
Fast separation of direct and global components of a scene
using high frequency illumination. ACM Transactions on
Graphics (SIGGRAPH), 25(3):935–944, 2006.3

[2] Y. Y. Schechner, S. K. Nayar, and P. N. Belhumeur. A theory
of multiplexed illumination. InProceedings of IEEE Interna-
tional Conference on Computer Vision (ICCV), Nice, France,
October 2003.3

[3] Y. Y. Schechner, S. K. Nayar, and P. N. Belhumeur. Multiplex-
ing for optimal lighting. IEEE Transactions on Pattern Anal-
ysis and Machine Intelligence, 29:1339–1354, 2007. ISSN
0162-8828. doi: http://doi.ieeecomputersociety.org/10.1109/
TPAMI.2007.1151.3


