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Abstract nition with occluded or partial datBMurase and Na-

. . . yar, 19954[Moghaddam and Pentland, 199&rumm

Appearance matching methods use raw or filtered plxey ! X : k ; '
brightness values to perform recognition. To expedite1996 [Brunelii and Messelodi, 1993 Leonardis and

recognition, subspace methods are used to achieve cor[%'Sczgt'lel23g'cezzzut%hgggrsei:?ﬁéojﬁggfl ?r:e mrtst;?;r;s
pact representations of images. In many cases it is ad: 9, ying p

vantageous to recognize an image based on only a Sugylly. The first three techniques select windows in an im-

set of its pixels, for example, when a part of an imageage based on ad—hoc heuristics that are not generally ap-

. . - licable. The last two methods, at first, randomly select
is occluded, or to expedite recognition. Currently, suchP . ' ' S
P g y a small subset of pixels and then prune the subset with it-

subsets are selected either randomly or using heuriStiCSérative algorithms. However, these iterative schemes are
In this paper, we derive criteria for selecting the pixel g ’ X

subsets through a sensitivity analysis of the subspacémt guaranteed to converge to the desired recognition re-

Based on these criteria, we propose two practical recog-:ﬁgéleqsagdr:tg:n’erre]gfsllmtr'glri]abballzed on very smallrandom
nition algorithms. These algorithms were tested on a 9 y :

large number of images with degraded or partial data. In The more general problem of using partial data has
addition to faster recognition, our algorithms yield high been investigated thoroughly in the context of statistics

recognition accuracy. [Gauss, 1873 Hotelling, 1944 [Ehrenfeld, 1955[ Hu-
ber, 1981 [Cook and Weisberg, 198PBox and Draper,
1 Introduction 1974. These results are insightful but are limited in their

ﬁ\pplicability as they use assumptions that do not hold
true in appearance matching. For instance, the data sets
are assumed to be small (few pixels) and the measure-
ments are assumed to be repeatable (multiple measure-
ments at each pixel).

Appearance matching based on linear subspace met
ods have found many important applications in com-
putational vision, including, face recogniti¢furk and
Pentland, 1991 real-time 3D object recognitiofNa-
yaret al, 1994, and planar pose measuremgftumm,
1996. Appearance matching methods generally use im!n this paper, we derive several criteria for selecting sub-
age brightness values directly, without relying on the ex-sets of image pixels that maximize recognition rate. This
traction of low-level cues such as edges, local shadings accomplished by analyzing the sensitivity of the sub-
and texture. The success of this approach results frorfiPace to image noise. Our criteria are then used to de-
the fact that brightness values capture both geometric an¢elop recognition algorithms that are general in their ap-
photometric properties of the objects of interest. pllcablllty The first algorithm automatica”y selects a
square window within an image as the pixel subset. The
{5e of such a window reduces sensitivity of recognition
image. First, if an image includes occlusion we wouldso occlusion. Thjs is duetq the fact that occlusionis more
' ’ likely to appear in a large image rather than a small win-

like to use OF"V the incorrupted p.IXE|S for recognition. dow. The second algorithm judiciously selects the subset
Secondly, using a subset of the pixels can enhance e k

: SRR ~from the entire image, i.e. the pixels are not restricted
ciency because recognition time in appearance matchm% lie within a local region. Both algorithms are tested
is more or less proportional to the number of pixels used, :

with a large number of noisy images. They demonstrate
A number of attempts have been made to perform recoghigher recognition performance when compared to algo-

rithms that select pixel subsets randomly.

There are at least two reasons that motivate us to use
subset of the pixels in the image, rather than the complet
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2 Overview of Appearance Matching we seek to use a subset of m pixels, where m < n.
That is, b is anm—dimensional vector whose elements

The traditional approach to appearance matching con-

sists of two stages: model acquisition and recognitionf"lre the intensity values that correspond to the pixel sub-

During model acquisition, a training set is obtained byset' In this contextd, which represents the subspace,

varying a number of parameters (object pose, iIIumina-ConS'StS of the subset of rows that corresponds to the

tion, etc). Each image in the training setis read in arastep'xel subset. In this casd is not ngce;sar!ly orthpnor- .
scan fashion to yield an—dimensional vector, which is mal. Therefore, the orthogonal projection is obtained as:
then norma'lized'to gnitgnergyto achieve invariance yvith Z=(ATA)"1ATh (4)
respect to illumination intensity. Next, the correlation

matrix of the training images is constructed and its eigenfurther, by substituting equation (4) into the linear rela-
values and eigenvectors are computed. Since the trainingon b = Az, we get the projection matrix

images are normalized and the correlation matrix is sym- . Lor

metric, the eigenvectors are orthonormal. In general, a H=AAA)"A (5)
small numberk, of the eigenvectors (the ones with the ) o , ~

largest eigenvalues) are sufficient to capture the primary/NereH is m x m in size. Finally,b andr are also
variations in the training set. These eigenvectors forn{’*-dimensional vectors.

the basis vectors of a subspace called the eigenspace. The results reviewed above are used in the sensitivity
In the next step of model acquisition, each training im-2nalysis of design matrixd. For clarity, the design and
age vector is projected to the subspace by computing thgrOJecthn matrices that correspond to the complete pixel
dot product of it with each of the basis vectors. The pro-Set (full image) are denoted as andH?, respectively.

jections of all the training images yields a set of discrete, S -
points in the subspace. Images that are strongly corre3 Sensitivity Analysis of the Rows of the

lated project to points that are close to each other. The D€sIgn Matrix

discrete points can be interpolatBdurase and Nayar, |n many real world applications the test image is cor-
1995H to get a manifold that represents all possible aprupted by noise. In turn, the noise degrades the estimates

pearances of the object. of the subspace projectignand the reconstructed image

During recognition, each novel image is first normalizedb. In addition, the degradation @fandb also depends on

and then projected to the subspace as follows: the properties of the rows of. In this section we derive
R . the properties that the rows df should satisfy in order
z=A" (1) to minimize the degradation due to noise.

where A is the orthonormal matrix whose columns are \We assume that the noise degrading the test image is ad-
the eigenvectors of the training sétis the normalized ditive, independently distributed, has zero mean, and has
image vector, and is the coordinate vector of the pro- finite variance. That is:

jection. Eventually, the closest manifold point to the pro-

jectionz is found and the test image is identified as the E(e) =0 ©)
one that corresponds to that point.
The projectiornz can also be used to reconstruct the im- E(@T) — 2T @)

age. This is done by substituting equation (1) into the

linear relation between the eigenspace and the test im¥herecis the random noise vector, andis the variance
age namel@: A7 to obtain: of the noise. Hence, the image vectocan be decom-

posed into
= AATb =Hb ) b=1b"+e (8)
. N . whereb" is the underlying incorrupted vector. The noise
where,H_ Is the projection matrix. In tumn, th_e recon- vectore is unobservable since part of it lies in the sub-
struct(_ad image can be used to calculate the fitting erro'épace. Hence® ande cannot be recovered. However,
or residual image: . ~ .
they can be approximated byandr, respectively. If the
r=b _E: (I —H)b 3) approﬁmation is close enough, then the reconstructed
vectorp is a reasonable estimate of incorrupted vector
wherel is then x n identity matrix, and: is the number 5" and the residuat is a reasonable estimate of the un-
of pixels in the image. Note th@ is symmetric and observable noise.

idempotent; therefore, its diagonal elements satisfy o ,seful expression for the residual is obtained by sub-
hsi < 1[Strang, 198D

= stituting relation (8) into equation (3), and usibig =
In the traditional approach to appearance matching, th&Ib":
complete set of alh image pixels is used. In our work, r=(I—-H)e (9)

1)



The i*" row of matrix equation (9) gives the relation 025 ‘ ‘ ‘ _Parabolic functon
between the unknown noise and the residue inithe
pixel [Cook and Weisberg, 1932

Ty = € —6& (10)

j=m j=m
€e; — Z hijej = (]. — h“‘)ei — Z hijej
j=1

J=1j#i

0151

where,e; andé; are, respectively, the actual noise and
the part of the noise that lies in the subspace.

0.051

Sum of squares of non diagonal elements along ith row (column)

In equation (10), if the diagonal elemehf; and the
non—diagonal ones;; are both small, them; will be

a reasonable estimate for the unobservable rgisEhe -
diagonal element can be made small by making it equal TP P gona cemen !

to its average valugBox and Draper, 19715 The aver-

age value is given b% since the sum of the diagona
elements off is fixed,

| Figure 1: The sum of the squares of the non—diagonal ele-
ments of the projection matrix in th&" row(column) as a func-
tion of thei” diagonal element. Clearly, for small values of the

n diagonal element the sum of the squares of the non—diagonal
> hii =k, (11)  elements is also small.
i=1
wherek is the rank ofA. The above theorem leads to a useful geometrical im-

—diagonal e|emen,[glication, by regarding the rows ot as vectors ink—
dimensional space. In particular, from the relatidn=
A(AT A)~1 AT we can see that

> hi = hii (12) hii = a;(ATA)"aT. (14)
j=1

whereaq; is theit" row of A. The spectral decomposi-
This relation is derived using the fact that projection ma-tion of A” A, being positive definite, gives eigenvalues

To examine the magnitude of the non
we use their relation with the diagonal ones:

trix H is idempotent and symmetric. By rearranging thispy > pe > ... > ui > 0, with corresponding unit
expression we obtain: eigenvector®y, ps, ..., pr. BY substituting the covari-
ance matrixA” A with its spectral decompositionin (14)
n
we get
il —hi) = S B2 (13 9 b e
J=1j#i hi =Y (FL=)? (15)
2

This expression shows that the sum of the squares of )

the non—diagonal elements in ti#é row or column is ~ Further, lettingd;; denote the angle between anda;,
a parabolic function of;;. This function is illustrated ~We obtain N
in Figure 1. Itis clear from the figure that whé; is hy = aTa, Z cos? Oy (16)
small, then the sum of the squares of the non—diagonal ! Hi

elements is also small. This holds whip lies in the
range0 < hy; < 0.5, which is always the case since

=1

Clearly, the magnitude ok;; depends on two factors,
‘namelyala;, and the summation. Hence, we can make

for a large number of pixels the average value of the dith di el ; ble if ke both f
agonal elementdg, is a very small number, well below € diagonal elements comparablé If we make both tac-
tors comparable. Considering the first we obtain:

0.5. Hence, by examining the conditions that keep both
the diagonal and non—diagonal elements of the projection

matrix small. we have shown that: e Condition (1): The magnitudes of the rows ofA

should be comparable.

THEOREM 1 The residuals will be close to the un- The second factor is a summation of the projections of
known noise if the diagonal elementstbfare equal. the inverse of the eigenvalues of all eigenvectors in the
direction of rowa;. The summation of the projections
This relates to a theorem of Hublgfuber, 1981 which  must be comparable for all rows. In general, rows lie
says that the maximum diagonal elementHbfshould in almost all directions in space. Hence, the summation
tend to zero. must be the same for all directions in space, that is, it



must be independent of orientation. In other words, weéMe could use any variant of this hierarchical algorithm, a
have: sequential algorithm, or an algorithm based on the prin-
cipal components afi” A[Cook and Weisberg, 1982
e Condition (2): The energy of the row vec-

tors of A should be uniformly distributed in k- 4 Practical Algorithms and Results
dimensional space. . - .
The conditions, the heuristic, and the clustering al-

Note that the energy of a row is its euclidean length. Thegorithm presented above were used to implement two
two conditions lead to the conclusion that, ideally, thepractical algorithms that use pixel subsets for recogni-
rows of A should be uniformly distributed on the surface tion. The training set for both algorithms is the SLAM
of a sphere. databasé¢Neneet al., 1994. It consists of 1440 images

. . . ) . that correspond to 72 poses of each of 20 objects. Two
There is no mathematical technique to find the opti of the objects are shown in Figures 2(a) and (b).

mal subset that most closely satisfies the two conditions.
Hence, the optimal subset can only be found by examThe recognition algorithms were applied to images of the
ining all (::z) possible combinations of: pixels. The training set corrupted with Gaussian noise of zero mean;
number of possible combinations is a very large numberin some images the standard deviation was- 10 and
hence, the computational complexity of finding the op-in otherss = 20. Two of the noisy images are shown in
timal subset is very high. However, the complexity of Figures 2(c) and (d). For each noisy image we find the
finding a suboptimal subset is significantly lower. A sub-identity of the object. If the object is correctly identified,
optimal subset can be found by techniques that approx¥e estimate its pose. We compute and plot the average of
imate the conditions. As a first approximation we give these estimates for 500 test images, for each noise level.
priority to the rows that lie in under—represented direc-In order to compare, we also plot the recognition and
tions in space, in order to satisfy condition (2). The rowspose estimation results for randomly selected subsets of
are selected from the complete senabws, which gives ~ Pixels corrupted with noise of the same two levels.

rise to the projection matrix/¢ = A°T A¢. Hence, its di-
agonal elements are equalitf) = a¢”a$. However, the
diagonal elements are also given by (16). By comparin this algorithm the pixels of the subset are constraint
ing the two relations foh¢, we conclude that the factor to lie within a window. In addition, the algorithm uses
that represents the summation of the energy in (16) ideuristic (1). In the first step of the algorithm we form
always equal to one. In turn, this implies that the rowan image where the intensity is proportional to the cor-
energy of an orthonormal matrix is uniformly distributed responding diagonal element of the projection matrix.
in space. To achieve the uniform distribution, the row Then, the window in this image that has the largest sum
vectors that lie in under—represented directions are com@f intensities in it is used to recognize all the test images.

pensated by having larger magnitudes. Hence, to giV§ye show the results for images of sizex 61 in Figures
priority to under—represented directions we have: 3(a) and (b). Inthe figures we vary the size of the window
from 10% to 100% of the whole image. The recognition
rate obtained with our algorithm is higher than that of the
random algorithm. Actually, the rate is 100% for sub-
sets of only 45% of the image pixels. Further, the pose
estimated with our algorithm is more accurate than that

ever, we can improve it by selecting rows uniformly from estimated with the random selection one. For both our

all the under—represented directions in space. We assun?égor'ghm and ;he randow on6e(,)£osfer:err.or IS very slmall
that the rows form clusters that lie in different directions 0" SUPS€ts with greater than 6 of the Image pixels.

and use an algorithm that detects these clusters, that ig,2 Pixel Selection Algorithm

perform unsupervised learning. In particular, we chosea . ) ) .
hierarchical clustering algorithiitair et al, 1984 that !n this algorithm t'he pixels are selected from the entire
repeatedly decomposes the set of rows into new clusterda@ge. The algorithm has two steps. In the first step we
Every row belongs to a cluster and every cluster is r(_:,Iorel_Jse the hlerarchpal clustermg algorithm we described in
sented by a seed. At each iteration, first, the row that lied® Prévious section to form different clusters of the rows
farther from the existing seeds is selected as the seed 8f <1 1N the second step, we discard rows from all clus-
a new cluster. Then, the rows that lie closer to the new€'S USing heuristic (1).

seed rather than the preexisting ones become members®he algorithm was applied to images downsampled to
the new cluster. The decomposition stops when the Eu21 x 21 pixels. We plot the results in Figures 3(c) and
clidean distance between the seeds of different cluster&). Inthe figures the size of the subset ranges from 2% to
is large enough compared to the scatter within the clus40% of the whole image. The recognition rate obtained
ters, or when a maximum number of clusters is reachedusing our algorithm is higher than that obtained with ran-

4.1 Window Selection Algorithm

e Heuristic (1): Pixels that correspond to diago-
nal elements ofH® which have large magnitudes
should have higher selection priority.

The above heuristic is a useful first approximation, how-



(d)

(@) (b)

Figure 2:Images that were used to train and test the two algorithms. In particular, the images in (a) and (b) were used to train the
algorithms. The images in (c) and (b) are corrupted versions of those in (a) and (b), with noise of standard deviagi@nand
were used to test the algorithms.
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Figure 3: The recognition rate and pose estimation error plotted as a function of the size of the pixel subset. In (a) and (b) we
show the results for the window selection algorithm, and in (c) and (d) for the pixel selection algorithm. The plots represent two
different levels of noise, namely, = 10 in (a) and (c), and = 20 in (b) and (d). In all experiments, the recognition rate obtained

with our algorithms is higher than that obtained with the random selection algorithms. For the pixel selection algorithm it is 100%
accurate for subsets consisting of only 6% of the image pixels. Further, the pose errors estimated with both of our algorithms are
lower than those estimated with the random ones. In addition, the random algorithms give more incorrectly recognized images,
whose erroneous pose is not considered.



domly selected subsets. Actually, our algorithm is 100%[Cook and Weisberg, 1982R. Cook and S. Weisberg.
accurate for subsets consisting of only 6% of the image Residuals and Influence in Regressi@hapman and

pixels. Further, the pose estimated with our algorithm is  Hall, 1982.

more accurate than that estimated with random selectiofiEhrenfeld, 195F S. Ehrenfeld. On the efficiency of ex-
This algorithm is useful for small images, or when the ~Perimantal designsAnnals of Mathematical Statis-
subsets of pixels are small. If both the image and the UCS 26:247-255, 1955.

subset of pixels are large, the performance of random sdGauss, 1878 C.F. Gauss.Theoria Combinationis Ob-

lection is adequate. This is due to the central limit theo- Servationum Erroribus Minimis Obnoxiagierke 4,
rem[Huber, 1981 Section 35, Gottingen, 1873.

éHairet al, 1984 J.F. Hair, R.E. Anderson, R.L.

Tatham, and W.C. BlackMultivariate Data Analy-

sis with Readings1984.

fHoteIIing, 1944 H. Hotelling. Some improvements in

weighing and other experimental techniquésinals

of Mathematical Statisti¢c4.5:297-306, 1944.

uber, 198] P.J. HuberRobust statisticswiley, 1981.

Krumm, 1998 J. Krumm. Eigenfeatures for planar
pose measurement of partially occluded objects. In
Proceedings of the IEEE Conference on Computer Vi-
sion and Pattern Recognitippages 55-60, San Fran-

) sisco, California, June 1996.

5 Conclusion [Leonardis and Bischof, 1996A.  Leonardis  and

In this paper, the appearance matching method based on H. Bischof. Dealing wit.h occlusions in the eigenspace
partial data has been enhanced with techniques that are @PProach. InProceedings of the IEEE Conference
analytically derived. These techniques are applicable in ©n Computer Vision and Pattern Recognitigrages
general, they accelerate recognition, and have the poten- 453-458, San Francisco, California, June 1996.

tial of recognizing occluded images. They are derivedMoghaddam and Pentland, 199B. Moghaddam and
based on low-level sensitivity analysis. The techniques A. Pentland. Probabilistic visual learning for ob-
judiciously select a subset of pixels to perform recogni- ject detection. InProceedings of the 5th Interna-
tion, rather than selecting subsets with ad—hoc arguments tional Conference on Computer Visiopages 786—
or randomly. The validity of the analysis, and its possi- 793, Cambridge, Massachusetts, June 1995.

ble applications have been demonstrated experimentallMurase and Nayar, 199bad. Murase and S.K. Na-

using two practical algorithms. yar. Image spotting of 3d objects using parametric
eigenspace representation. Rroceedings of the 9th

Scandinavian Conference on Image Analygiages

323-332, Uppsala, Sweden, June 1995.

I[Murase and Nayar, 199biH. Murase and S.K. Nayar.

" Visual learning and recognition of 3d objects from ap-

pearance.International Journal of Computer Vision

14(1):5-24, January 1995.

[Nayaretal, 1994 S.K. Nayar, S.A. Nene, and
H. Murase. Real-time 100 object recognition system.
In Proceedings of the IEEE International Conference
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Both our algorithms are less sensitive to noise than th
corresponding random ones. Hence, the performance of
our algorithms compared to the random ones improve
for higher levels of noise. Further, both our algorithms
have better worst—case performance than the correspond-
ing random ones. This is because the random algorith
can lead to a bad selection of pixels, whereas both OTJP
algorithms always lead to a suboptimal subset. Finall
our algorithms are real-time since matkk and hence
the subsets, can be computed off—line.

y,

The sensitivity analysis of the design matrix would be
more complete if we included an analysis based on the
columns of the design matrid. The column analy-
sis shows that the design matrix should be orthonormal
Further, the window selection algorithm would be im-
proved if we used a circular rather than a square window.
Finally, the pixel selection algorithm could use a better
clustering technique.

early draft that have helped improve the paper. H. Murase. Software library for appearance matching
(slam). InARPA Image Understanding Workshop
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