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Abstract

We describea novel family of PAC model algo-
rithmsfor learninglinearthresholdfunctions.The
new algorithmswork by boostinga simpleweak
learnerandexhibit complexity boundsremarkably
similar to thoseof known online algorithmssuch
as Perceptronand Winnow, thus suggestingthat
thesewell-studiedonlinealgorithmsin somesense
correspondto instancesof boosting.We show that
thenew algorithmscanbeviewedasnaturalPAC
analoguesof the online � -normalgorithmswhich
have recentlybeenstudiedby Grove, Littlestone,
andSchuurmans[16] andGentileandLittlestone
[15]. As specialcasesof thealgorithm,by taking����� and ����� we obtain naturalboosting-
basedPAC analoguesof PerceptronandWinnow
respectively. The ����� caseof our algorithm
canalsobeviewedasageneralization(with anim-
provedsamplecomplexity bound)of Jacksonand
Craven’sPAC-modelboosting-basedalgorithmfor
learning“sparseperceptrons”[20]. Theanalysisof
thegeneralizationerrorof thenew algorithmsre-
lies on techniquesfrom thetheoryof largemargin
classification.

1 INTRODUCTION

Oneof themostfundamentalproblemsin computationallearn-
ing theory is that of learningan unknown linear threshold
function from labeledexamples. Many different learning
algorithmsfor this problemhave beenconsideredover the
pastseveraldecades.In particular, in recentyearsmany re-
searchershavestudiedsimpleonlineadditiveandmultiplica-
tive updatealgorithms,namelythePerceptronandWinnow
algorithmsandvariantsthereof[3, 5, 8, 14, 15, 16, 25, 26,
27, 28, 33, 36].

Thispapertakesadifferentapproach.Wedescribeanat-
uralparameterizedfamily of boosting-basedPAC algorithms
for learninglinearthresholdfunctions.Theweakhypotheses
usedarelinearfunctionalsandthestrongclassifierobtained
is alinearthresholdfunction.Althoughthesenew algorithms	
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areconceptuallyandalgorithmicallyverydifferentfromPer-
ceptronandWinnow, we establishperformanceboundsfor
thenew algorithmswhichareremarkablysimilar to thoseof
PerceptronandWinnow; wethusreferto thenew algorithms
asPAC analoguesof PerceptronandWinnow. We hopethat
theanalysisof thesenew algorithmswill yield freshinsights
into therelationshipbetweenboostingandonlinealgorithms.

Wegiveaunifiedanalysisof ourPerceptronandWinnow
analogueswhich includesmany other algorithmsas well.
Grove, Littlestone and Schuurmans[16] have shown that
Perceptronand(a versionof) Winnow canbeviewedasthe�
��� and �
�
� casesof a generalonline � -norm lin-
ear thresholdlearningalgorithm,where ����� is any real
number. We presentPAC-modelboosting-basedanalogues
of theseonline � -norm algorithmsfor any value ���������� ThePAC-modelPerceptronandWinnow analoguesmen-
tionedabovearerespectively the ���
� and���
� casesof
thisgeneralalgorithm.

The ����� caseof our algorithmcanalsobeviewedas
a generalizationof JacksonandCraven’s PAC-modelalgo-
rithmfor learning“sparseperceptrons”[20]. Theiralgorithm
boostsusingweakhypotheseswhich aresingleBooleanlit-
erals;this is similar to whatthe ����� caseof ouralgorithm
does.Ouranalysisof the ����� casegeneralizestheiralgo-
rithm to dealwith real-valuedratherthanBooleaninputvari-
ablesandyieldsa substantiallystrongersamplecomplexity
boundthanwasestablishedin [20].

Section2 of thispapercontainspreliminarymaterial,in-
cluding an overview of the online � -norm algorithmsfrom
[15, 16]. In Section3 we presenta simplePAC-model � -
normalgorithmandprovethatit is aweaklearningalgorithm
for all ����������� In Section4 we apply techniquesfrom
the theory of large margin classificationto show how our
weaklearningalgorithmcanbeboostedto a stronglearning
algorithmwith smallsamplecomplexity. Finally, in Section
5 wecompareourPAC algorithmswith theanalogousonline
algorithms,extendouralgorithmto thecase��� ��! anddis-
cussthe relationshipbetweenthe ���"� caseof our algo-
rithm andtheJackson–Cravenalgorithmfor learningsparse
perceptrons.

1.1 RELATED WORK

Severalauthorshave studiedlinear thresholdlearningalgo-
rithms which work by combiningweakpredictors.Freund
andSchapire[14] describeanalgorithmwhichcombinesin-
termediatePerceptronalgorithmhypothesesusingaweighted



majority vote (so the final classifieris a depth-2threshold
circuit)# andprove boundson thegeneralizationerrorof the
resultingclassifier. Theiralgorithmdoesnotuseboostingto
combinethePerceptronhypothesesbut ratherweightsthem
accordingto their survival time. Ji andMa [21] proposea
random-search-and-testapproachto find weakclassifierlin-
earthresholdfunctionsandcombinethemby asimplemajor-
ity vote(thusalsoobtainingadepth-2thresholdcircuit). Our
approachis closestto thatof JacksonandCraven [20] who
useboostingto combinesingle literals into a stronghypo-
thesislinear thresholdfunction. As describedin Section5,
the ����� caseof our algorithmstrengthensandgeneral-
izestheir results.More generally, we alsonotethatFreund
andSchapire[12] andSchapire[32] have exhibiteda close
relationshipbetweenboostingandonlinelearning.

2 PRELIMIN ARIES

We startwith somegeometricdefinitions. For a point $%��& %(')!*�+�*�+!,%.-0/21�3 - and ���54 we write 67$% 698 to denotethe� -normof $%:! namely

60$% 6;8 � < -= >@? 'BA % > A 8DC 'FE 8 �
The � -normof $% is 67$% 6+G ��HJIDK >L? 'NMPOPOPO M - A % > A � For �Q!FRS��4
the R -norm is dual to the � -norm if

'8�T 'U �V4XW hencethe4 -norm and the � -norm aredual to eachotherand the � -
norm is dual to itself. In this paper� and R alwaysdenote
dualnorms. The following factsarewell known (e.g. [37]
pp. 203-204):

Hölder Inequality: A $Y�Z $[ A � 67$Y 698\6]$[ 6 U for all $Y:! $[�1 3 -
and 4^�_���`���
Mink owski Inequality: 60$Y T $[ 698 � 67$Y 698 T 6]$[ 698 for all$Y:! $[a1�3 - and 4^�_���`���

Throughoutthis paperthe examplespaceb is a subset
of 3 - � A linear thresholdfunctionover b is a function c
suchthat c & $%d/e� sign

& $Y�Z $%./ for some $Y�1�3 - (recall that
the functionsign

&gf / takesvalue1 if
f ��h andtakesvaluei 4 if

f ��h ). We notethatthestandarddefinitionof a linear
thresholdfunctionallows a nonzerothreshold,i.e. c & $%./j�
sign
& $Y�Z $% ilk / where k canbeany realnumber. However,

any linearthresholdfunctionof this moregeneralform overm variablesis equivalentto a linear thresholdfunctionwith
threshold0 over m T 4 variables,soour definitionincursno
reallossof generality.

Wewrite 6nb�698 todenoteoFp0qsrtDuwv 67$% 698 � Weusethesym-
bol x ry M v to denotethequantityx ry M v�z*{}|��~L�7�rtDuwv & $YaZ $%d/ & sign

& $YaZ $%d/,/n!
whichis ameasureof theseparationbetweenexamplesin b
and the hyperplanewhosenormalvector is $Y:� We assume
throughoutthe paperthat 6nb�6 8 ����! i.e. the set b is
bounded,andthat x ry M v�� h0! i.e. thereis somenonzerolower
boundon theseparationbetweenthehyperplanedefinedby$Y andtheexamplesin b .

2.1 PAC LEARNING

For $Y�1�3 - let ��b & $Ys!��S/ denoteanexampleoraclewhich,
whenqueried,providesa labeledexample �+$%s! sign

& $Y�Z $%./,�
where $% is drawn accordingto thedistribution � over b � We
saythatanalgorithm � is a stronglearningalgorithmfor $Y
on b if it satisfiesthefollowingcondition:thereis afunction� &�� ! x ! $YQ! b / suchthat for any distribution � over b ! for
all h�� � ! x ��4X! algorithm � makesat most � &g� ! x ! $YQ! b /
callsto ��b & $YQ!,�S/N! andwith probabilityat least 4 i x algo-
rithm � outputsa hypothesis����b ��� i 4X!+4D� suchthat��� tDuD��� � & $%(/��� sign

& $Y�Z $%d/}��� � � We saythatsucha hypo-
thesis � is an

�
-accuratehypothesisfor $Y under � andthat

the function � &g� ! x ! $YQ! b / is thesamplecomplexity of algo-
rithm � �

As our main resultwe describea stronglearningalgo-
rithm andcarefullyanalyzeits samplecomplexity. To dothis
wemustconsideralgorithmswhichdonotsatisfythestrong
learningpropertybut arestill capableof generatinghypothe-
sesthat have someslight advantageover randomguessing
(suchso-calledweaklearningalgorithmswerefirst consid-
eredby KearnsandValiantin [24]). Let  � �n$% ' ! sign

& $YaZ $% ' /,�n!+�*�+�+! �n$%.¡e! sign
& $YaZ $%.¡�/,�

bea finite sequenceof labeledexamplesfrom b andlet �
be a distribution over

  � For h��V¢£�¤4¦¥D�0! we say that���Db � � i 4w!+4+� is a
& 4¦¥w� i ¢§/ -approximatorfor $Y under �

if 4� ¡= >@? ' � & $% > /¨Z A � & $% > / i sign
& $Y©Z $% > / A � 4� i ¢¨� (1)

We say that an algorithm � is a
& 4)¥D� i ¢§/ -weaklearning

algorithmfor $Y under� if thefollowing conditionholds:for
any finite set

 
asdescribedaboveandany distribution � on  ! if � is given � and

 
asinputthen � outputsahypothesis���(b � � i 4w!*4n� which is a

& 4)¥D� i ¢§/ -approximatorfor $Y
under �©� Thusfor our purposesa weaklearningalgorithm
is onewhich canalwaysfind a hypothesisthatoutperforms
randomguessingona fixedsample.

2.2 ONLINE LEARNING AND � -NORM
ALGORITHMS

In the online model, learningtakes placeover a sequence
of trials. Throughoutthe learningprocessthe learnermain-
tainsa hypothesis� which maps b to � i 4X!+4w�X� Eachtrial
proceedsasfollows: uponreceiving anexample %l1 b the
learningalgorithmoutputsits prediction ª«�� � & %d/ of the
associatedlabel «d� The learningalgorithmis thengiven the
truelabel «�1¬� i 4w!*4D� andthealgorithmcanupdateits hypo-
thesis � basedon this new informationbeforethenext trial
begins. Theperformanceof anonlinelearningalgorithmon
anexamplesequenceis measuredby thenumberof predic-
tion mistakeswhich thealgorithmmakes.

Grove,LittlestoneandSchuurmans[16] andGentileand
Littlestone[15] have studieda family of online algorithms
for learninglinearthresholdfunctions(seeFigure1). We re-
fer to this algorithm,which is parameterizedby a realvalue�����0! astheonline � -normalgorithm.Likethewell-known
Perceptronalgorithm,the online � -norm algorithmupdates
its hypothesisby makinganadditivechangeto aweightvec-
tor $f � However, asshown in steps4-5of Figure1, the� -norm



Input parameter: realnumber�����7! initial weightvector $fX­ � &�fw­' !+�*�+�n! fw­- /®1�3 - ! positivevalue ¯ � h
1. set ° ��h
2. while examplesareavailabledo
3. getunlabeledexample $%\±
4. for all ² �
4w!*�+�*�+!,m set ³ ±> � sign

&gf ±> / A f ±> A 8)´ '5. predict ª« ± � sign
& $³ ± Z $% ± /

6. get label « ± 1�� i 4w! T 4D�
7. for all ² �
4w!*�+�*�+!,m set

f ±¶µ '> � f ±> T ¯ & « ± i ª« ± /�%\±>
8. set ° � ° T 4
9. enddo

Figure1: Theonline � -normalgorithm.

algorithmdoesnot usethe $f vectordirectly for prediction
but ratherpredictsusinga vector $³ which is a transformed
versionof the $f vector, namely ³ > � sign

&gf > / A f > A 8)´ ' for all² ��4w!*�+�+�+!,m·� Note that when � �¸� we have $f � $³ and
hencethe online � -norm algorithmis the Perceptronalgo-
rithm. In [16] it is shown thatas ���¤� theonline � -norm
algorithm approachesa versionof the Winnow algorithm.
More precisely, thefollowing theoremfrom [16] givesmis-
takeboundsfor theonline � -normalgorithms:

Theorem1 Let
  � �n$% ' !,«¹'n�N!*�+�*�+! �+$% ¡ !,« ¡ � bea sequence

of labeledexampleswhere $%�1 b and «�� sign
& $YºZ $%./ for

everyexample�n$%:!,«0�®1   �
(a) For any �e������� andany ¯ � h\! if theonline� -norm

algorithm is invoked with input parameters
& �Q! $f ­ �& h0!+�*�+�n!9hX/n! ¯ /N! thenthe mistake boundon the example

sequence
 

is at most& � i 4*/ 67$Y 6n»U 6nb�6n»8x » ry M v �
(b) For any ���¼���V��! if $fw­ satisfies $Y_Z $fw­ � h and¯ � ½+¾¿ÁÀ ÂÄÃ rÅ;Æ Ã}ÇÈÉ 8)´ '�Ê ry]Ë rÅ Æ Ã v Ã ÇÈ ! thenthemistake boundon

 
is at

most & � i 4*/ 67$Y 6 » U 6nb�6 »8x » ry M v < 4 i�Ì $YaZ $fX­67$Y 6 U 67$f ­ 6 8dÍ » C �
(c) Let $fw­ � & 4w!*�+�+�+!+4Á/ and supposethat Y > � h for ² �4X!+�+�*�n!,m·� If ����� and ¯ is as describedin part (b),

thenthemistake boundgivenin (b) convergesto� 60$Y 6 » ' 6Nb�6 »Gx » ry M v <dÎ@ÏXÐ m T -= >L? ' Y
>

67$Y 6 ' ÎLÏwÐ Y
>

60$Y 6 ' C �
2.3 FROM ONLINE TO PAC LEARNING

Variousgenericprocedureshave beenproposed[1, 18, 22]
for automaticallyconvertingon-linelearningalgorithmsinto
PAC-modelalgorithms.In theseproceduresthesamplecom-
plexity of the resultingPAC algorithmdependson themis-
take boundof the original on-line learningalgorithm. The
strongestgeneralresult of this type (in termsof minimiz-
ing thesamplecomplexity of theresultingPAC algorithm)is

the“longest-survivor” conversiondueto Kearns,Li, Pitt and
Valiant1 [22]:

Theorem2 Let � be an on-line learning algorithm which
is guaranteedto make at most Ñ mistakes. Thenthere is a
PAC-modellearningalgorithm �ÓÒ which usesÔ Ì Ñ � Ì Î@ÏXÐ 4x T Î@ÏXÐ Ñ Í�Í
examplesandoutputsan

�
-accuratehypothesiswith proba-

bility 4 i x �
Theorems1 and 2 yield samplecomplexity boundson

a genericPAC-modelconversionof theonline � -normalgo-
rithm. We now describea completelydifferentPAC-model
algorithmwhich hasremarkablysimilar samplecomplexity
bounds.

3 A PAC-MODEL Õ -NORM WEAK
LEARNING ALGORITHM

The � -normweaklearningalgorithmis motivatedby thefol-
lowingsimpleidea:Supposethat

  � �n$% ' !F« ' �n!+�+�*�+! �n$% ¡ !,« ¡ �
is a collectionof labeledexampleswhere « > � sign

& $Y�Z $% > /
for each ² �V4w!*�+�+�+!,�_� Now imaginereplacingeachnega-
tive example �+$% > ! i 4Á� in

 
by theequivalentpositive exam-

ple � i $% > !*4Á� to obtaina new collection
  Ò of examples.Let$f 1�3 - betheaveragelocationof anexamplein

  Ò ! i.e. $f is
the“centerof mass”of

  Ò � Sinceevery examplein
  Ò must

lie onthesamesideof thehyperplane$YeZ $%���h asthevector$Ys! it is clear that $f mustalso lie on this sideof the hyper-
plane. Onemight evenhopethat $f ! or somerelatedvector,
pointsin approximatelythesamedirectionasthevector $Y:�

Our � -normweaklearningalgorithm,whichwecallWLA,
is presentedin Figure2. As in theonline � -normalgorithm,
WLA transformsthe vector $f to a vector $³ usingthe map-
ping ³ > � sign

&gf > / A f > A 8)´ ' � We now show that this simple
algorithmis in facta weaklearner:

Theorem3 WLA is a
& 4)¥D� i ¢(/ -weaklearningalgorithmfor$Y under � for ¢�� ½+¾¿¦À Â» Ã v Ã�ÈwÃ ry Ã}Ö �

1Littlestone[27] gives a conversionprocedurewhich yields a
PAC samplecomplexity boundof ×^Ø¶Ù;Ú.ÛnØÝÜßÞÁàsáwÚâÛ+ã^äæåçåFè Although
this improveson theresultof [22] by a ÜßÞ*à·ä factor, Littlestone’s
procedurerequiresthe examplespaceé to be finite, which is a
strongerassumptionthanwemake in thispaper.



Input parameters: real number���ê�0! sequence
  � �+$% ' !,« ' �N!+�*�+�*! �n$% ¡ !,« ¡ � of labeledexamples,distribution �

oë ver
 

1. set $f ��ì ¡í ? ' � & $% í /ç« í $% í
1. for all ² �
4w!*�+�*�+!,m set ³ > � sign

&gf > / A f > A 8)´ '
2. return hypothesis� & $%(/�î rï:Ë rtÃ rï ÃçÖ*Ã v Ã�È

Figure2: The � -normweaklearningalgorithmWLA.

Proof: Let
  � �+$% ' !,« ' �N!+�*�+�*! �n$% ¡ !,« ¡ � be a sequenceof

labeledexampleswhere $%�1 b and «S� sign
& $YðZ $%d/ for every

pair �n$%:!,«0��1   ! andlet � bea distribution over
  � We will

show that thehypothesis� whichWLA
& �Q!   !��S/ returnsis a& 4)¥D� i ¢(/ -approximatorfor $Y under�©�

To seethat � mapsb into � i 4X!+4+�ñ! notethatfor any $%�1b Hölder’s inequalityimpliesA � & $%./ A � A $³ Z $% A6�$³e6 U 6Nb�698 � 6ò$³e6 U 60$% 6 86ò$³e6 U 6Nb�6;8 � 6B$³e6 U 6nb�6 86B$³e6 U 6nb�698 ��4w�
Now weshow thatinequality(1) from Section2.1holds.

Since� & $% í /®1 � i 4w!*4n� and « í 1_� i 4w!+4w� wehavethatA � & $% í / i « í A ��4 i « í � & $% í /N!
andthus4� ¡=í ? ' � & $% í / A � & $% í / i « í A� 4� ¡=í ? ' � & $% í / & 4 i « í � & $% í /F/� 4� i 4� 6Nb�698 < ì ¡í

? ' � & $% í /�« í & $³ Z $% í /6ò$³e6 U C �
Thusit sufficesto show thatì ¡í ? ' � & $% í /ç« í & $³ Z $% í /6ò$³�6 U � x ry M v67$Y 6 U �
We first notethat¡=í ? ' � & $% í /�« í & $³ Z $% í /ó� $³ Zòôõ ¡=í ? ' � & $% í /ç« í $% í+ö÷� $³ Z $f � ¡=í ? ' A f í A 8 � 60$f 6 88 !
andhencetheleft-handsideof thedesiredinequalityequals67$f 6 88 ¥ 6B$³j6 U � We alsohave6�$³e6 U � < -= >@? 'Óø;A f > A 8)´ '+ù U C ',E U � < -= >L? 'òA f > A 8)C 'FE U� 67$f 6 8 E U8 !
wherein thesecondequalityweusedthefactthat

& � i 4Á/,R���Q� Consequentlythe left-handsidecanbefurthersimplified
to 67$f 6 88 ¥ 6�$³e6 U � 67$f 6 8)´08 E U8 � 67$f 6;8 ! andthusour goal is to

show that 60$f 6 8 � x ry M v ¥ 67$Y 6 U � Since x ry M v � $YºZ & « í $% í / forú ��4w!*�+�+�+!,�_! wehavex ry M v � ¡=í ? ' � & $% í / $Y�Z & « í $% í /û� $Y©Z®ôõ ¡=í ? ' � & $% í /�« í $% í ö÷� $Y©Z $f� 60$Y 6 U 67$f 6 8 !
wherethe last line follows from the Hölder inequality, and
thetheoremis proved.

4 FROM WEAK TO STRONG LEARNING
We have shown that the simple WLA algorithm is a weak
learningalgorithmfor our halfspacelearningproblem. In
this sectionweusetechniquesfrom boostingandlargemar-
gin classificationto obtaina stronglearningalgorithmwith
smallsamplecomplexity.

4.1 BOOSTING TO ACHIEVE HIGH ACCURACY

In aseriesof importantpapersSchapire[31] andFreund[10,
11] have given boostingalgorithmswhich transformweak
learningalgorithmsinto strongones.In thispaperweusethe
Adaboost algorithmfrom [13] whichis shown in Figure3;
our notationfor thealgorithmis similar to that of [34, 35].
The input to Adaboost is a sequence

  � � % ' !F«]'n�n!+�*�+�+!� % ¡ !F« ¡ � of � labeledexamples,aweaklearningalgorithm
WL, and two parametersh��ü¢¨!,ýþ�ÿ4¦¥w�7� Given a distri-
bution �j± over

  ! algorithmWL outputsa hypothesis� ± �  � � i 4w!+4+�ñ� Adaboost successively generatesnew dis-
tributions � ± over

  ! usesWL to obtainhypotheses� ± ! and
ultimately outputsas its final hypothesisa linear threshold
functionover the � ± s.

In [13] FreundandSchapireprove that if the algorithm
WL is a

& 4¦¥D� i ¢§/ -weaklearningalgorithm(i.e. eachcall of
WL in Adaboost generatesa hypothesis� ± suchthat

� ± �4¦¥w� i ¢ ), thenthefractionof examplesin
 

which aremis-
classifiedby the final hypothesis� is at most ý·� Given this
result,onestraightforwardwayto obtainastronglearningal-
gorithmfor our halfspacelearningproblemis to draw a suf-
ficiently large(asspecifiedbelow) sample

 
from theexam-

pleoracle��b & $Ys!��S/ andrunAdaboost on
 

usingWLA as
the weaklearningalgorithm, ¢ asgiven in Theorem3, andý��¸4)¥ A   A � This choiceof ý ensuresthatAdaboost’s fi-
nal hypothesismakesno errorson

  W moreover, sinceeach
hypothesisgeneratedby WLA is of the form � ± & $%d/�� $[ ± Z $%
for some $[ ± 1 3 - ! Adaboost’s final hypothesisis of the
form � & $%(/ð� sign

& $[�Z $%./ for some $[�1�3 - � Usingthewell-
known fact that the VC dimensionof the classof zero-bias



Input parameters: sequence
  � � % ' !,« ' �N!+�*�+�*! � % ¡ !,« ¡ � of labeledexamples,weaklearningalgorithmWL �   �� i 4w!+4+�ñ! two realvalueshS�æ¢¨!,ý_��4)¥D�

1. set � � '»�� Ç Î@ÏXÐ '�
2. for all ² �
4w!*�+�*�+!,� set � ' & % > /�� '¡
3. for ° ��4w!+�*�+�n! � do
4. let � ± betheoutputof WL

& � ± !   /
5. set

� ± � '» ì ¡>@? ' �j± & %
> / A � ± & % > / i « > A

6. set � ± � '» Î � &,& 4 i � ± /F¥ � ± /7. for all ² �
4w!*�+�*�+!,� set � ±¶µ ' & % > /�� � ± & % > /��nK q & i « > � ± � ± & % > /F/� ±
where

� ± ��ì ¡>@? ' � ± & % > /��+K q & i « > � ± � ± & % > /F/ is anormalizingfactor(sothat � ±¶µ ' will beadistribution)
9. enddo
10. output asfinal hypothesis� & %d/Bî sign

& c & %d/,/N! wherec & %d/B� ì
	± ? ' � ± � ± & %./ì 	± ? ' � ± �
Figure3: TheAdaboost algorithm.

linear thresholdfunctionsover 3 - is m·! the main resultof
[7] impliesthatwith probabilityat least 4 i x thefinal hypo-
thesis� is an

�
-accuratehypothesisfor $Y under � provided

that A   A ��� &�� ´ ' & m Î@ÏXÐ &�� ´ ' / T Î@ÏXÐ & x ´ ' /F/,/ for someconstant� � h\�
This analysis,thoughattractively simple,yieldsa rather

crudeboundon samplecomplexity which doesnot depend
on theparticularsof thelearningproblem(i.e. $Y and b ). In
therestof thissectionweuserecentresultsonAdaboost’s
ability to generatea large-margin classifierand the gener-
alization ability of large-margin classifiersto give a much
tighter boundon samplecomplexity for this learningalgo-
rithm.

4.2 BOOSTING TO ACHIEVE A LARGE MARGIN

Supposethat ����b �
� i 4w!*4D� is a classifierof the form� & %./J� sign
& c & %d/,/N! where c maps b into � i 4X!+4n�}� We say

that the margin of � on a labeledexample � %s!,«0� is « c & %./nW
note that this quantity is nonnegative if andonly if � cor-
rectlypredictsthelabel « associatedwith %Q�

The following theorem,which is an extensionof The-
orem5 from [34], shows that Adaboost generateslarge-
margin hypotheses.

Theorem4 SupposethatAdaboost is run on an example
sequence

  � � % ' !F«]'n�n!+�+�*�+! � % ¡ !F« ¡ � usinga weaklearning
algorithmWL �   � � i 4w!*4n�}� Thenfor any value k �5h we
have A � ² 1¬�]4w!;�7!+�*�+�N!F�¬� � « > c & % > /®� k � A�� � 	 	
± ? ' � � ' ´��± & 4 i � ± / ' µ � �

The theoremstatedin [34] only covers the casewhenWL
maps

 
to � i 4X!+4D�]� We needthis moregeneralversionbe-

causethe weakhypothesesof Theorem3 map
 

to � i 4X!+4+�
ratherthan � i 4w!+4w�X� Theproofof Theorem4 is givenin Ap-
pendixA.

Theresultsof Section3 imply that if WLA is usedasthe
weak learningalgorithm in Adaboost, then the value

� ±
will alwaysbeatmost 4¦¥w� i ¢¨! andtheupperboundof The-
orem4 becomes

&,& 4 i �¦¢§/ ' ´�� & 4 T �¦¢§/ ' µ � / 	 E » � Thefollowing
easylemmais provedin AppendixB:

Lemma 5
& 4 i�� %./ ' ´ t & 4 T � %./ ' µ t ��4 i�� % » for he��%��4¦¥ � �

If we set k �ü¢§¥w� andapply this lemmawith %�� k ! the
upperboundof Theorem4 becomes

& 4 i ¢ » / 	 E » and we
obtainthefollowing:

Corollary 6 If Adaboost is run on a sequence
 

of la-
beled examplesdrawn from ��b & $Ys!,�S/ using WLA as the
weaklearner, ¢ as definedin Theorem3 and ý���4¦¥ A   A � !thenthehypothesis� whichAdaboost generateswill have
margin at least ¢§¥w� oneveryexamplein

  �
Proof: Theboundon ý causes� tobegreaterthan »� Ç ÎLÏwÐ '� ��� !
andconsequentlytheupperboundof Theorem4 is lessthan4¦¥ A   A �

In the next subsectionwe useCorollary 6 and the the-
ory of largemargin classificationto establisha boundon the
generalizationerrorof � in termsof thesamplesize ���
4.3 LARGE MARGINS AND GENERALIZA TION

ERROR

Let � be a collectionof real-valuedfunctionson a set b �
A finite set �*% ' !+�*�+�+!F%��]��� b is saidto be � -shattered by



� if therearerealnumbers� 'D!+�+�*�+! � � suchthat for all  �&  '¦!+�*�+�*!  � /�1ê� i 4w!*4D�!�w! thereis a function c#" 1 � such
that c$" & % > /�% � � > T � if  > ��4� � > i � if  > � i 4w�
For � �ÿh0! the fat-shatteringdimensionof � at scale � !
denotedfat& & � /N! is the size of the largestset which is � -
shatteredby � ! if this is finite, andinfinity otherwise.The
fat-shatteringdimensionis usefulfor us becauseof the fol-
lowing theoremfrom [4]:

Theorem7 Let � be a collectionof real-valuedfunctions
on b and let � be a distribution over b(' � i 4w!*4D�X� Let  � �+$% ' !,«]'+�N!+�*�+�n! �n$% ¡ !F« ¡ � bea sequenceof labeledexam-
plesdrawnfrom �©� With probability at least 4 i x over the
choiceof

  ! if a classifier � & %d/Sî sign
& c & %d/,/ with c 1 �

hasmargin at least � � h oneveryexamplein
  ! then�B�É t M )nÊ uD� � � & %d/����«]�Q� �� Ì+* ÎLÏwÐ-,/. �* Î@ÏXÐ &10 �)��/ T ÎLÏwÐ2, �x Í !

where * � fat& & � ¥¹443X/N�
As noted in Section4.1, the final hypothesis� which

Adaboost outputsmustbeof theform � & $%d/ò� sign
& c & $%./F/

with c & $%d/�� $[�Z $% for some $[�1�3 - � Furthermore,since
eachinvocationof WLA generatesa hypothesisof the form� ± & $%d/Ä� $[ ± Z $% with 6]$[ ± 6 U � 'Ã v Ã�È ! Minkowski’s inequality

impliesthatthevector $[ mustsatisfy 6]$[ 6 U � 'Ã v ÃgÈ � We thus
considertheclassof functions� �5% $%�6� $[jZ $% �â6]$[ 6 U � 46Nb�6 8 ! 60$% 6;8 � 6nb�698�7 � (2)

If we canboundfat& & � /n! thengivenany samplesize �_!
Theorem7 immediatelyyields a correspondingboundon��� tDuD� � � & $%(/ð�� sign

& $YaZ $%d/}� for ourhalfspacelearningprob-
lem. Thefollowing theoremprovedin AppendixC givesthe
desiredboundon fat& & � / �
Theorem8 Let b be a boundedregion in 3 - and let �
be the classof functionson b definedin (2) above. Then
fat& & � /�� »98 :�; � -< Ç �

CombiningTheorem3,Corollary6,andTheorems7 and
8, it followsthatif ouralgorithmusesasampleof size A   A ��_! thenwith probabilityat least4 i x thehypothesis� which
is generatedwill satisfy���rtwuD� � � & $%(/ð�� sign

& $YaZ $%(/}�� Ô < 4� < 60$Y 6 » U 6Nb�6 »8x » ry M v ÎLÏwÐ m ÎLÏwÐ » � T ÎLÏwÐ � x C2C �
Thuswehaveestablishedthefollowing(wherethe $Ô -notation
hideslog factors):

Theorem9 ThealgorithmobtainedbyapplyingAdaboost
toWLA usingtheparametersettingsdescribedin Corollary 6
is a stronglearningalgorithmfor $Y on b with samplecom-
plexity � &�� ! x ! $Ys! b /·� $Ô < 4� Z 60$Y 6 » U 6Nb�6 »8x » ry M v C �

5 DISCUSSION
The samplecomplexity of our boosting-based� -normPAC
learningalgorithmis remarkablysimilar to thatof thePAC-
transformedonline � -normalgorithmsof Section2.1. Up to
log factorsboth setsof boundsdependlinearly on

� ´ ' and
quadraticallyon 67$Y 6 U 6nb�6 8 ¥ x ry M v � Comparingtheboundsin
moredetail,we seethat theonlinevariantdescribedin part
(a) of Theorem1 hasan extra factorof � i 4 in its bound
which is not presentin the samplecomplexity of our algo-
rithm. Variant(a) offerstheadvantage,though,thattheuser
doesnot needto know the valuesof any quantitiessuchas6Nb�6;8 or 67$Y 6 U in advancein orderto runthealgorithm.Turn-
ing to part (b) of Theorem1, we seethat if theparameter̄
is setappropriatelyin the online algorithmthenthe online
bounddiffersfrom ourPAC algorithmboundonly by anex-
tra factorof & � i 4¦/ < 4 iêÌ $YaZ $fw­67$Y 6 U 60$f ­ 698 Í » C
(againignoringlog factors).Part(c)of Theorem1showsthat
as � � � this extra factorbecomesquitesmallevenwhen$fw­ is chosento be

& 4w!+�*�+�*!+4Á/n� We alsonotethat when �`�= & ÎLÏwÐ mQ/ GentileandLittlestone[15] have givenalternative
expressionsfor theonline � -normboundsin termsof 6nb�6+G
and 60$Y 6 '¦� Using an entirely similar analysisthe boundsof
our algorithmcanbe analogouslyrephrasedin this caseas
well.

5.1 ����� AND THE PERCEPTRON ALGORITHM

Sincethe �¬��� caseof theonline � -normalgorithmis pre-
cisely the Perceptronalgorithm,the �
��� caseof our al-
gorithmcanbeviewedasa naturalPAC-modelanalogueof
theonlinePerceptronalgorithm. We notethatwhen �l�¼�
theupperboundgivenin Lemma12 of AppendixC canbe
strengthenedto > * Z 6Nb�6 » (seeLemma1.3 of [4] or Theo-
rem4.1of [2] for aproof). Thismeansthatthefat-shattering
dimensionupperboundof Theorem8 canbe improved to'< Ç ! which removesa log factorfrom theboundof Theorem
9; however this boundwill still containvariouslog factors
becauseof thelog termsin Theorem7.

5.2 ��� � AND THE JACKSON-CRAVEN
ALGORITHM

At theotherextreme,wenow defineanatural��� � version
of our algorithm. Considerthe vectors $f and $³ which are
computedby the weaklearningalgorithmWLA. If we let �
bethenumberof coordinates

f >
of $f suchthat A f > A � 60$f 6 G !thenfor any ² wehaveÎ ~LH8@? G Ì ³ >6B$³e6 U Í � Î ~LH8@? G Ì sign

&gf > / A f > A 8¦´ '& ì ->@? ' A f > A É 8)´ ',Ê U / 'FE U Í� % sign
&gf > /9¥ � if A f > A � 67$f 6 Gh otherwise.

Henceit is natural to considera ��� � versionof WLA,
which we denoteWLA Ò , in which thevector $³ is definedby
taking ³ > � sign

&gf > / if A f > A � 67$f 6*G and ³ > �ÿh other-
wise.All of ouranalysiscontinuesto hold(with minormod-
ificationsdescribedin AppendixD) andwe obtaina �����
stronglearningalgorithm:



Claim 10 Theorem9 holdsfor ����� withWLA Ò in placeof
WLA.

Thereis a closerelationshipbetweenthis ����� algo-
rithm andthework of JacksonandCravenonlearningsparse
perceptrons[20]. Note that if � � 4X! i.e. only onecoor-
dinateof $f has A f > A � 67$f 6+G ! then the WLA Ò hypothesisis� & $%(/�� AÃ v ÃCB whereD is thesignedvariablefrom�*%('¦!+�*�+�*!,%â-d! i %d'D!+�*�+�n! i %â-.�
which is moststronglycorrelatedunderdistribution � with
thevalueof sign

& $Y�Z $%d/n� Thisis verysimilarto theweaklearn-
ing algorithm usedby Jacksonand Craven in [20], which
takesthesinglebest-correlatedliteralasits hypothesis(break-
ing tiesarbitrarily).

The proof that this “best-single-literal”algorithm used
in [20] is a weak learningalgorithm is due to Goldmann,
HåstadandRazborov [17]. However, the proof in [17] as-
sumesthat the examplespaceb is �Áh\!+4D� - and the target
vector $Y hasall integercoefficients;thus,asnotedby Jack-
sonandCraven in [20], their algorithmfor learningsparse
perceptronsonly appliesto learningproblemswhich arede-
fined over discreteinput domains. In contrast,our ���£�
algorithmcanbeappliedon continuousinput domains– the
only restrictionsarethattheexamplespaceb andthetarget
vector $Y satisfy 6Nb�6 G �`� and x ry M v � h\�

WealsoobservethatTheorem9establishesatightersam-
ple complexity boundfor our ����� stronglearningalgo-
rithm thanwasgiven in [20]. To seethis, let b �£�Áh0!*4D� -
and supposethat the target vector $Y51�3 - hasall integer
coefficients,so thealgorithmfrom [20] canbeapplied.For
thislearningproblemwehave x ry M v � = & 4Á/ and 6nb�6+G �
4XW
letting E � 67$Y 6 '¦! Theorem9 impliesthatour ���
� strong
learningalgorithmhassamplecomplexity roughly E » ¥ � (ig-
noring log factors).This is a substantialimprovementover
the roughly E � ¥ � samplecomplexity boundgiven in [20].
More generally, thesamplecomplexity boundgivenin [20]
for learning“ E -sparseF -perceptrons”is roughly F+E � ¥ � W the
analysisof this papercaneasilybe extendedto establisha
samplecomplexity boundof roughly FGE » ¥ � for learning E -
sparseF -perceptrons.

6 OPEN QUESTIONS

Our resultsgive evidenceof thebroadutility of boostingal-
gorithmssuchasAdaboost.A naturalquestionis how much
further this utility extends:aretheresimpleboosting-based
PAC versionsof otherstandardlearningalgorithms?Wenote
in thiscontext thatKearnsandMansour[23] haveshownthat
variousheuristicalgorithmsfor top-down decisiontree in-
ductioncanbeviewedasinstantiationsof boosting.Another
goalis to constructmorepowerful boosting-basedPAC algo-
rithms for linear thresholdfunctions. All of the algorithms
discussedin thispaperhaveaninversequadraticdependence
ontheseparationparameterx ry M v W linear-programmingbased
algorithmsfor learninglinear thresholdfunctions(see,e.g.,
[6, 7, 9, 29, 30]) do not have sucha dependence.Is there
a naturalboosting-basedPAC algorithmfor linearthreshold
functionswith performanceboundssimilar to thoseof the
linear-programmingbasedalgorithms?
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A PROOF OF THEOREM 4
Theproof combinesideasfrom [34], whereit is shown that
Adaboost with binaryvaluedhypothesesgeneratesa large
margin classifier, and [35], wherean analysisis given for
Adaboost with real valuedhypotheses.As in Theorem5
of [34], if « > c & % > /®� k then« > 	= ± ? ' � ± � ± & %

> /®� k 	= ± ? ' � ±
which impliesthat�nK q < i « > 	= ± ? ' � ± � ± & %

> / T k 	= ± ? ' � ± C ��4w�
Following [34], we thushaveA � ² 1��X4w!;�7!*�+�+�+!,��� � « > c & % > /Ä� k � A�� ¡= >@? ' 4� ZIHJ�+K q < i « > 	= ± ? ' � ± � ± & %

> / T k 	= ± ? ' � ± CLK� �+K qNM k ì 	± ? ' � ±CO� ¡= >@? ' �+K q < i « > 	= ± ? ' � ± � ± & %
> / C

� �+K q < k 	= ± ? ' � ± C < 	
± ? ' � ± C ¡= >L? ' � 	 µ ' & %
> /

� �+K q < k 	= ± ? ' � ± C < 	
± ? ' � ± C (3)

wherethesecondequalityfollowsfromthedefinitionof � ±¶µ '
andthefinal equalityis because� 	 µ ' is a distribution and
hencesumsto 1. Our goal is thusto boundtheright sideof
inequality(3).

If we let � ± � ¡= >L? ' � ± & % > /ç« > � ± & % > /
thenusingthefactthatA � & % í / i « í A �
4 i « í � & % í /
wefind that

� ± � ' ´�PCQ» � Substitutinginto thedefinitionof � ±
weobtain � ± � 4� Î � Ì 4 T � ±4 i � ± Í �

Following [35] for simplicity of notationwe now fix °
andlet Y > �¼« > � ± & % > /N! � � � ± !X� �5� ± ! � � � ± ! � � � ± !
and � � � ± � As notedin [35] a simpleconvexity argument
showsthat . ´�R y � 4 T Y� . ´�R T 4 i Y� . R



for any � 1l3 andany Yæ1 � i 4w!+4+�ñ� Since Y > alwayslies in
theintervS al � i 4w!+4+�ñ! wecanapplythis inequalityto obtain� � ¡= >L? ' � & % > / . ´�R y!T� ¡= >L? ' � & % > / Ì 4 T Y

>� . ´�R T 4 i Y >� . R Í � (4)

As in Section3.5 of [35], substituting� into inequality(4)
yields � ± � � 4 i � »±� U 4 i & 4 i � � ± / »� �+U � ± & 4 i � ± /n� (5)
Substitutinginequality(5) into inequality(3) andusingthe
definitionof � ± yieldsthedesiredboundof thetheorem.

B PROOF OF LEMMA 5
We show that& 4 i�� %./ ' ´ t & 4 T � %./ ' µ t ��4 iV� % »
for h �¸%ê� 4¦¥ � � Using a simpleconvexity argument,it
canbeverifiedthat � P ��4 i & 4 i � / � for any � ��h and
any h�� � ��4w� This inequalityimpliesthat

& 4 i�� %./ ' ´ t �4 i�� % T � % » and
& 4 T � %./ t ��4 T � % » ! soconsequently& 4 i2� %./ ' ´ t & 4 T � %d/ ' µ t � & 4 i-� % T � % » / & 4 T � %d/ & 4 T � % » /n!

which is atmost 4 iV� % » for h��æ%¬� 4)¥ � �
C PROOF OF THEOREM 8
Thetheoremis avariantof Theorem1.6from [4]. Theproof
follows from combiningthe inequalitiesproved in the fol-
lowing two lemmas.

Lemma 11 Let� � % $%�6� $[jZ $% �.6]$[ 6 U � 46nb�698 ! 67$% 698 � 6Nb�698 7 �
If the set � $% ' !*�+�+�+! $%�Ww� is � -shattered by � thenevery  �&  ' !+�*�+�*!  W /®1_� i 4w!*4D�XW satisfiesYYY ì W>@? '  > $%

>
YYY 8 � � * 6nb�6 8 �

Proof: Supposethat � $% ' !*�+�+�*! $%�WD� is � -shatteredby � as
witnessedby the real numbers� ')!*�+�*�n! � W � Then for every � &  ' !+�*�+�n!  W /Ä1�� i 4X!+4D�XW¦! thereis a vector $[ " 1¬3 - with6]$[ "Á6 U � 'Ã v Ã�È suchthat  > & $[ " Z $% > i � > /®� � for ² ��4w!*�+�+�+! * �
Summingthese* inequalitiesandrearranging,weobtain$[ " Z < W= >@? '  > $% > C � � * T W= >L? '  > � > � (6)

Therearetwo casesto consider. Case1 is if ì W>L? '  > � > ��h\W
if this is true,wehave46Nb�6 8 Z YYYYY W= >@? '  > $% > YYYYY 8 � 6]$[ " 6 U YYYYY W= >@? '  > $% > YYYYY 8� $[ " Z < W= >@? '  > $% > C� � *

(wherethefirst inequalityis by thedefinitionof � ! thesec-
ond inequality is Hölder’s, andthe third is from inequality
(6)), which yields the desiredinequality 6 ì W>L? '  > $% > 698 �� * 6nb�698 �

In the secondcase, ì W>@? '  > � > ��h0� If this is the case
thenlet �J� & �*'D!+�+�*�n!�� W /2� & i  '¦!+�+�*�+! i  W /n� We thenhaveì W>L? ' � > � > � h\! so Case1 implies that 6 ì W>L? ' � > $% > 6 8 �� * 6nb�6 8 ! andthelemmafollowssinceYYYYY

W= >L? ' � > $% > YYYYY 8 � YYYYY i W= >@? '  > $% > YYYYY 8 � YYYYY
W= >L? '  > $% > YYYYY 8 �

Lemma 12 For any set � $% ' !+�*�+�n! $%�Ww� with each 67$% > 6;8 �6Nb�6;8 ! if � �¤� then there is some  � &  ')!+�+�*�+!  W /�1� i 4X!+4D� W such that YYY ì W>L? '  > $%
>
YYY 8 � > � * Î@ÏXÐ � mºZ 6nb�6 8 �

Proof: Theproofusestheprobabilisticmethod.Weconsider
the randomvariable $f � ì W>@? '  > $% > where

&  ')!+�+�*�n!  W / is
uniformly distributedover � i 4X!+4w�!W¦� For any coordinate

ú 1�X4X!+�+�*�n!,m¨� we have
f í � ì W>L? '  > % >í andhence� � f í ����h0�

Let Z í � A % 'í A » T Z*Z+Z T A %�Wí A » ; Hoeffding’sbound[19] onsums
of independentrandomvariablesstatesthatfor any ° � h we
have ��� � A f í A � ° �s�`�[�nK q Ì i ° »� Z í Í �
As a consequence,taking ° � U � Z í ÎLÏwÐ � m we have that��� � A f í A � ° ��� 4¦¥w�)m·� Using the union boundacross

ú �4w!;�7!+�*�+�n!Fm·! we have thatwith probabilityat least 4¦¥w� every
coordinate

f í of $f satisfiesA f í A � U � Z í Î@ÏXÐ � m·! andhence60$f 698 � ôõ -=í ? '¨A f í A 8 ö÷ 'FE 8� ôõ -=í ? ' M U � Z í Î@ÏXÐ � m O 8 ö÷ 'FE 8� U � Î@ÏXÐ � mºZô\õ ôõ -=í ? '^] A % 'í A » T Z*Z+Z T A % Wí A »`_ 8 E » ö÷ » E 8 öba÷
',E »

(7)

Since�����7! we have �d¥w���¼4 andhenceMinkowski’s in-
equalityimpliesthatôõ -=í ? '^] A % 'í A » T Z*Z+Z T A % Wí A »b_ 8 E » ö÷ » E 8� cd -=í ? ' A % 'í A » 8 E »feg » E 8 T Z+Z*Z T cd -=í ? ' A % Wí A » 8 E »heg » E 8� 67$% ' 6 »8 T Z+Z*Z T 67$% W 6 »8� * 6nb�6 »8 � (8)
Thelemmafollowsby combininginequalities(7) and(8).



D PROOF OF CLAIM 10

We first show that Theorem3 still holds in the case���� with WLA Ò in placeof WLA. The proof is unchangedup
throughthepointwherewemustshow thatì ¡>@? ' � & $% > /�« > & $³ Z $% > /6�$³e6 ' � x ry M v67$Y 6 ' �
Theleft-handsideof this inequalitycanberewrittenas$³ Z $f6B$³e6 ' � ì � ÅiT � ? Ã rÅ ÃCB sign

&�f > / f >ì � Å T � ? Ã rÅ Ã B 4� ì � Å T � ? Ã rÅ Ã B 60$f 6 Gì � Å T � ? Ã rÅ Ã B 4� 60$f 6 G !
andhenceit sufficesto provethat 67$f 6+G � x ry M v ¥ 60$Y 6 ' � This
is establishedat theendof theproofof Theorem3, soTheo-
rem3 holdswith ����� andWLA Ò substitutedfor WLA.

Therestof theanalysisgoesthroughunchangedexcept
for inequalities(7) and(8) of Lemma12. Since 6nb�6 G �oFp0qsrtwuwv HJI)K í ? 'NMPOPOPOPM - A % í A ! wehavethat Z í � * 6Nb�6 »G for allú ! andhencein placeof inequalities(7) and(8) wehave67$f 6 G �`HJI)Kí A f í A � HJI)Kí U � Z í ÎLÏwÐ � m� U � * ÎLÏwÐ � mºZ 6Nb�6 G !
whichprovesthelemma.


